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Abstract
Let (M, g) be acompact Riemann surface with area 1. We investigate the Toda system

—Auy =2p1(h1e"t — 1) — pa(hye"? — 1),

0.1)
—Auy =2py(hze'> — 1) — py(hye — 1),

on (M, g) where p1, p2 € (0,4r], and k| and h, are two C? functions on M. When
some p; equals 4, Eq. (0.1) becomes critical with respect to the Moser-Trudinger
inequality for the Toda system, making the existence problem significantly more chal-
lenging. In their seminal article (Comm. Pure Appl. Math., 59 (2006), no. 4, 526-558),
Jost, Lin, and Wang established sufficient conditions for the existence of solutions to
Eq. (0.1) when p; = 47w, po € (0,4m) or p; = pp = 4, assuming that /1| and h, are
both positive. In our previous paper we extended these results to allow 41 and /> to
change signs in the case p; = 4w, p2 € (0, 47). In this paper we further extend the
study to prove that Jost-Lin-Wang’s sufficient conditions remain valid even when £
and hj can change signs and p; = py = 4. Our proof relies on an improved version
of the Moser-Trudinger inequality for the Toda system, along with dedicated analyses
similar to Brezis-Merle type and the use of Pohozaev identities.

1 Introduction

Let (M, g) be a compact Riemann surface with area 1 , and let 4(x) be a smooth
function on M . The celebrated Kazdan-Warner problem [20] seeks to understand
under what conditions on the prescribed function / the following sub-linear elliptic
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partial differential equation has a solution:
—Au = 8m(he" —1). (1.1)

This problem is often referred to as the “Nirenberg problem" when M is the standard
sphere, and it has been extensively studied [3-8, 13, 20, 26, 27, 34], among others.
When M is a general Riemann surface, Eq. (1.1) arises in the context of the so-called
Chern-Simons Higgs theory [2, 14, 17, 32], among others. The coefficient 87 in Eq.
(1.1) is critical with respect to the Moser-Trudinger inequality (cf. [9, 11]):

1
logf e'dvg < —/ |Vul*dv, +/ udvg + C. (1.2)
M 167 Ju M

Thus, the existence problem for Eq. (1.1) becomes intricate. Ding-Jost-Li-Wang [9]
addressed this problem using a variational approach by minimizing the functional

1
I(u) = -f |Vu|2dvg+87'r/ udvg (1.3)
2 Ju M
on the set
X = {ueHl(M):/ he”dvgzl}. (1.4)
M

Assuming & is positive, they showed that if
Alogh(p) + 8t —2K(p) > 0, (1.5)

where K is the Gaussian curvature of M , and p is any maximum point of the sum
of 2logh and the regular part of the Green function, then /I attains its infimum in
X and Eq. (1.1) has a minimal solution. Yang and the second author [36] relaxed
the positivity condition on 4 to nonnegativity. Recently, the first author and Zhu [29]
and the second author [38] independently proved that the condition (1.5) remains
sufficient even for sign-changed prescribed functions. All these works are based on
the variational approach. These results were also obtained using the flow method [22,
24, 28, 33].

In this paper, we continue to investigate the Toda system (0.1), which can be viewed
as the Frenet frame of holomorphic curves in CP? (see [16]) from a geometric per-
spective, and also arises in physics in the study of the nonabelian Chern-Simons theory
in the self-dual case, where a scalar Higgs field is coupled to a gauge potential; see
[10, 31, 35]. Our focus is on the existence result, and we aim to explore the variational
approach developed in [9, 18, 19, 21]. Recall that (0.1) represents the critical point of
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the functional
1
ot 1, u2) = 3 / <|Vu1|2 + Vu1Vuy + |Vu2|2> dvg
M

+;01/ Mldvg+,02/ urdvg
M M

on the set
H = {(ul,uz) e H'(M) x H' (M) : / hieldvg :/ hye"2dv, = 1}.
M M

From the Moser-Trudinger inequality for the Toda system

inf  Jp p =—C iff p1, 0 €(0,4n], (1.6)
(up,up)eH

derived by Jost-Wang [18], it is known that J,,, ,, is coercive and attains its infimum
when p1, p2 € (0, 4). However, when either p; or p; equals 4, the existence prob-
lem becomes more intricate. In this paper, we shall focus on minimal type solutions.
Consequently, we assume p; < 4, i = 1, 2, throughout the discussion.

Let us review the existence result when one of p; and p; equals 47, which was
obtained by Jost, Lin, and Wang when /| and &, are both positive.

Theorem 1.1 (Jost-Lin-Wang [19]) Let (M, g) be a compact Riemann surface with
Gaussian curvature K. Let hi, hy € CZ(M) be two positive functions and py €
(0, 4m). Suppose that

Aloghi(x) + @m —p2) —2K(x) >0, Vxe M, (1.7)

then Jaz p, has a minimizer (uy, uz) € 'H which satisfies

—Auy = 8mw(hie" — 1) — pa(hpe"? — 1),

(1.8)
—Auy =2py(hae"? — 1) — 4m(he"t — 1).

When p; = p2 = 4 and both A1 and h are positive, we have:

Theorem 1.2 (Li-Li [21], Jost-Lin-Wang [19]) Let (M, g) be a compact Riemann
surface with Gaussian curvature K. Let hy, hy € C*(M) be two positive functions.
Suppose that

min{Alogh(x), Aloghy(x)} +4mr —2K(x) >0, Vx e M, (1.9

then Jaz 4z has a minimizer (u1, uz) € ‘H which satisfies

[—Au1 = 8m(he" — 1) — dn(hae" — 1), (1.10)

—Auy = 8m(hpe'?2 — 1) — dmw(he't —1).
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We remark that Li-Li obtained Theorem 1.2 when &1 = hy = 1 and Jost-Lin-Wang
obtained it for general positive 4 and h;.

Motivated mostly by works in [9, 29, 36, 38], we would like to relax the positivity
of i1 and A5 in conditions (1.7) and (1.9). In our former paper [30], we successfully
relaxed the positivity of &; and /5 in (1.7) and proved the following theorem.

Theorem 1.3 (Sun-Zhu [30]) Let (M, g) be a compact Riemann surface with the
Gaussian curvature K. Let hy,hy € C2(M ) which are positive somewhere and
p2 € (0,47). Denote M{" = {x € M : hi(x) > O}. If

Aloghi(x) + (87 — pp) —2K(x) >0, Vx e M,

then Jaz p, has a minimizer (uy, uz) € H which satisfies (1.8).

In this paper, we shall show that the positivity of /2 and A5 in (1.9) in Theorem 1.2
can also be relaxed. Precisely,

Theorem 1.4 Let (M, g) be a compact Riemann surface with the Gaussian curvature
K. Let hy,hy € C2(M) which are positive somewhere. Denote Mi+ ={xeM:
hi(x) > 0} fori =1,2. If

Aloghi(x) +4mr —2K(x) >0, Vxe Mi+, i=1,2, (1.11)

then Jaz 4z has a minimizer (u1, uz) € 'H which satisfies (1.10).

At the end of the introduction, we would like to outline the proof of Theorem 1.4.
For any € € (0,4m), we assume that Jyy ¢ 47— (u§, u5) = infyy Jaz_¢ a7, then
(u§, u5) satisfies a Toda type system. If (u§, u5) converges to some (u1, uz) € H as
€ — 0, then Jyz 47 (11, up) = infyy Jyz 47, and we are done. Otherwise, if (u$, u5)
does not converge in H, we say that (u{, u5) blows up. We show that there are three
characterizations of the definition of blow-up, one of which is that E + u_g — —00
as € — 0. Here, f denotes the mean value of uf on M, fori = 1, 2. Based on this
characterization, we divide the proof into three cases:

o Case l: u§ - —ocoand u§ > —C ase — 0.
e Case2:ui > —C and u5 — —ocase — 0.
o Case3:uj - —ooand u5 — —ooase — 0.

Case 1 is similar to the situation where p; = 4 and p> € (0, 47), which has been
proved by us in [30]. Case 2 follows from Case 1. Suppose we are in Case 3. Since /|
and &, can change signs, we do not have directly the characterization of the blow-up
set (Proposition 2.4 in [19]). More effort is needed to understand the blow-up set,
which is one of the main contributions in this paper. Since the L! norm of et is
bounded, e d Vg converges to some nonnegative measure (i, and suppu; 7# @, for
i = 1, 2. By Fatou’s lemma, suppp; is a finite set, for i = 1, 2. With the help of the
improved Moser-Trudinger inequality for the Toda system, we know that at least one
suppu; is a single point set. By the Pohozaev identity, we derive that suppu; (j # i)
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is also a single point set, which is different from suppu;. Then we can show that
hipy = 8x; and hopp = 8y, with x1 # x;. Based on this, we derive a dedicated lower
bound for Juz 45 . Finally, we use the test functions (¢, ¢5) constructed in [21] to
show that under condition (1.11), Jaz 47 (¢], @5) are strictly less than the lower bound
derived before. This contradiction tells us that (u{, u5) does not blow up, which proves
Theorem 1.4.

There are some related works which deal with sign-changing potential in the critical
case with respect to Moser-Trudinger type inequalities (cf. [25, 37]). We believe that
our techniques could be used to deal with other nonlinear existence problems with
sign-changing prescribed functions.

The outline of the rest of the paper is following: In Sect. 2, we do some analysis on
the minimizing sequence; In Sect. 3, we estimate the lower bound for J4; 45 in Case
3; Finally, we complete the proof of Theorem 1.4 in the last section. Throughout the
whole paper, the constant C is varying from line to line and even in the same line,
we do not distinguish sequence and its subsequences since we only care about the
existence result.

2 Analysis on the minimizing sequence
In this section, we conduct an analysis on the minimizing sequence.

Given inequality (1.6), it is known that for any € € (0, 4m), there exists a pair
(u§, u5) € H such that

Jag—cam—e (Mia u;) = i;l_‘f Jag—cam—e-
Direct calculations reveal the following equations on M:

{—Auﬁ = (87 —2€)(hie"i — 1) — (41 — €)(hae> — 1), @D

—Au§ = 87 — 2€)(haets — 1) — (4 — €)(h1e'i — 1).

Let uf = [, ufdvy and m§ = maxy uf = uf(xf) for some x{ € M. Assume
x{ — pi as € — 0. The following three lemmas can be derived similarly to those in
[30, section 2].

Lemma 2.1 There exist two positive constants C1 and Cy such that
€
Cy 5/ e'idvy < Cp, i=1,2.
M

Lemma2.2 Foranys € (1,2), [|Vu§|lpsquy < C fori =1,2.

Lemma 2.3 The following statements are equivalent:

(i) m{ +m§ — +ocase — 0,
(ii) [, (IVus|? + Vu§Vu§ + |Vu§|?)dv, — 400 ase — 0,
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(iii) E+u_§—> —ooase — 0.

Definition 2.1 (Blow-Up) We say (u, u5) blows up if any one of the conditions in
Lemma 2.3 holds.

If (u{,u5) does not blow up, then by Lemma 2.3, one can show that (u{, u5)
converges to some (u1, u2) in ‘H which minimizes J45 4. The proof of Theorem 1.4
terminates in this case. Therefore, without loss of generality we may assume (u, u5)
blows up in the rest of this paper.

By Lemma 2.3 (iii), we divide the proof into the following three cases:

Caselul — —00, u2> —Case — 0;

Case2u1 > —C,u5 - —ocase — 0;

Case3ul — —00, u§ — —ooase — 0.

Suppose we are in Case 1, by checking the proofs in [30] carefully, we find that
p2 < 4m is used to show u5 > —C which happens to be the situation in Case 1. And
at any other places po < 47 can be replaced by p» = 4. By Theorem 1.3, if

Aloghi(x) + 4w — 2K (x) > 0 forx € M{",
where MlJr ={xeM: hi(x)> 0}, Jar 47 has a minimizer (u, u2) € H which

satisfies (1.10).
Suppose we are in Case 2, similar as Case 1, we know that, if

Aloghy(x) +4mr —2K(x) >0 forx € M,
where M;' ={x € M : ha(x) > 0}, then Jaz 4, has a minimizer (41, uz) € H which
satisfies (1.10).
Suﬂ)ose we are in Case 3, by Lemma 2.2, there exist G;, i = 1,2 such that
ui —u;—G; weakly in WLs(M) forany 1 <s < 2ase — 0. Since (") is bounded
in LY(M) we may extract a subsequence (still denoted e”f) such that e converges in

the sense of measures on M to some nonnegative bounded measure pu; fori = 1, 2.
We set

Vi =8mhiy —4mwhopy, y2 =8mhopy —4mwhyp
and
Si={xeM:|ly({xP)| =4x}, i =1,2.

Let § = §1 U S,. By Theorem 1 in [1], we have

Lemma 2.4 Forany Q2 CC M \ S, there holds

uf — E is uniformly bounded in 2, i = 1,2. 2.2)
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Proof Vx € M \ S, we have Bs(x) CC M \ S for sufficiently small § > 0. Consider
the equation

—AwS = (87 — 26)h1e"1 — (41 — €)hae"2 := f. in Bs(x),
w{ =0 on 9Bs(x).

Since |y1({x}| < 4w, we have || fell11(py(x)) < 47 for sufficiently small € > 0 and
8 > 0. Fix such a 8. Define w§ = u§ — u_i — wf, then —Aw§ = — (4w — €) in Bs(x).
By Theorem 4.1 in [12] and Lemma 2.2, we have

sup w5 <C
Bs /a2 (x)

ISl By + C)

s = w21y + 195 213y + C)
IVuSlizs oy + 1wl L1 sy + C)
lwill Lt g5y + C) -

A~ N~ —_~

<C
<C
<C

It follows from Theorem 1 in [1] that 111l is bounded in Bs(x) for some s; > 1,
which yields that

lwillL1 sy < C-
So we have

sup w5 <C.
Bs 2 (x)

Then

€ o € €
/ eSluldvg :/ eS]M1651w265|w1dvg
Bs 2 (x) Bs/a(x)

§C/ e”‘wﬂdvg
Bs 2 (x)

<C.

Similarly, we have f Bys/o(x) 25 d vy < C forsomes; > 1 and sufficiently small § > 0.
Then (2.2) follows from the standard elliptic estimates and we finish the proof. O

Since (u§, u5) blows up, we know S is not empty. Otherwise, by using a finite
covering argument and inequality (2.2), we would have [luf — f” roemy < C, which
implies mf < C.This contradicts Lemma 2.3 (i). By the definition of S, forany x € S,

1
> >
mi({x}) > ppe—— or ua({x}) > py——
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In view of w1 and u; are bounded, S is a finite set. We denote S = {xl}lL: |- It follows

from (2.2) and Fatou’s lemma that

Lemma 2.5 We have
L
pi =y wilxhsy, i=12,
=1
where 8 is the Dirac distribution.

Proof For any closed set V. C M, we need to show

L
wi(Vy =Y iV nifud), i =1,2.
=1

In fact, we have B, (x;) N B, (x,,) = @ for sufficiently small r andl # m € {1, - - -

Then

/ e“fdvg :/ e”fdvg +/ e”fdvg
4 VAU Br (1) vo(Uk Bren)

L
€e_T€ € €
:/ eti “ie“idvg+ E / e”idvg.
VAULL) Br (1) =1 JVNB(x)

Since E — —oo and (2.2), it follows from Fatou’s lemma that

lim inf/ e’
=0 Jv\UE, B ()

(2.3)

(2.4)

L)

(2.5)

Letting € — 0 in both sides of (2.5) first and then » — 0, we obtain (2.4) and finish

the proof.

]

It follows from Lemma 2.1 and (2.3) that suppu; # @, = 1, 2. If there are at least
two points in each suppu;, then by the improved Moser-Trudinger inequality for Toda
system (cf. [23, Proposition 2.5]), for any ¢’ > 0, there exists some C = C(¢’) > 0

such that

1

€ € 6/
log/ e"1dv, —i—log/ e"2dvg < + / (IVu§|* + Vus Vus + |Vu§|2)dvg
M M 24 M

+u§ +us+C.
By choosing ¢’ = 1/3 and using Lemma 2.1, we have

1 _
3 /M(|vu§|2 + Vu§ Vs + |Vus|)dvg > —6r (u§ + us) — C.
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This, combining with the fact that Jyr —¢ 47— (1], u5) is bounded, shows that

which contradicts the assumption that (u{, u5) blows up. Hence, either suppj; or
suppu2 has only one point. Without loss of generality, we assume that suppu1 has only
one point and suppu; = {x1} since suppu; C S. By noticing that fM hle”fdvg =1,
we have

hipy = 8y, . (2.6)

The following result which is based on Pohozaev identities is very important in the
understanding of blow-up set.

Lemma 2.6 Denote by h;iu; = o; fori = 1,2, we have

of () + o5 ({u}) — o1 (i hoa () = o1 () + o2 ({x)), 2.7
wherel =1,2,--- , L.

Proof Using (2.2), (2.3) and (2.6), we have G| and G satisfy the following equation

—AG) =87 (8y, — 1) — 4 (ha Y1 2 ({1 )8y, — 1),
—AGy = 87(hy Y ma({u))dy — 1) — 4 (8y, — 1), (2.8)
fM G]dvg = fM ngvg =0.

It follows from standard elliptic estimates that
u§ —uf — G; in CE(M\'S), i =1,2. (2.9)

Let (Bs(x;); (x', x2)) be alocal coordinate system around x; and we assume the metric
to be

gla = e?((dx")? + (dxH?)

with ¢(0) = 0 and Vg2¢(0) = 0. Here Vg2 = (521, 5%). Similar as the proof of in
[21, page 708], we know that

vi{x}) )
T

Gi=—

ogr+vi, i=1,2, (2.10)

where r = /(x!)2 + (x2)2 and v, is a smooth function near x;. In this coordinate
system, (2.1) can be reduced to

—Apau§ = (81 — 2€)e? (h1e'i — 1) — (4 — €)e? (hpe> — 1),

€ ¢ us @ u€ (211)
—Apgau§ = 8w — 2€)e?(hae2 — 1) — (4 — €)e?(h1e"t — 1)
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for |x| < 8, where Ap2 = % + % is the Laplacian in R2. We set

a5 (x) = uj (x) — (4r — )¢ (x),
where ¢ (x) satisfies

Agat = e?™ for |x| < 8,
£(0) =0 and Vg22(0) = 0.

It is clear that £ (x) = O(|x|?) for |x| < 8. By (2.11) we know u$ satisfies

{—ARzﬁ§ — (87 — 26)}:1161?2 — (4n — e)f}ge’f, o
—Ag2it = (8w — 2€)hpe"2 — (4 — €)hies
for |x| < &, where

hi(x) = e®Oh;(x)e® 4D =12, (2.13)
It follows from the choice of ¢ (x) and (2.13) that

hi(0) = hi(x;) and Vgah;(0) = Vh;(xp). (2.14)

From equation (2.12) we have the Pohozaev identities as follows:

ancN> 1
—5/ ( ”1> — | Vg2ii$)? | ds
3Bs (0) ar 2

= (87 — 26)5/ hieids — (87 — 2¢) (2h1e" + x - Vgohye')dx
9B5(0) B;(0)

— (47 —€) x - Vpatihye®adx, (2.15)
B;(0)

and

~ ~ 2 ~ ~
iy dus ous\ oug

—5/ ! 2ds+/ szﬁiszﬁ§+Zx.<sz ’%) L) dx
oBs(0) Or Or B3 (0) pr axi ) axi

= —(4r — 6)5/ flzeﬁzds + (81 — 2¢) ﬁzeﬁg +x- szﬁgﬁleﬁT) dx
0Bs(0)

B5(0) (

+ (47 —€) x - Vpohae®2dx, (2.16)
Bs(0)
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and

3aS ans 2 A4S\ 945
—5/ ! 2ds+/ Ve l§ Vigadds + Y x - <VR2 1.) 2 | dx
oBs0) Or 9r B (0) ! 2 JX_; axJ ) oxi

= —(4m — 6)3/ hie"ids + (8 — 2¢) hyeft + x - szﬁifzzeﬁE) dx
05 (0)

B5(0) (

+ (47 —€) x - Vgohye'idx, (2.17)
B5(0)

and

s> 1
—3/ ( ”2> — |Vged§? ) ds
9Bs (0) or 2

= (87 — 2€)8 / hye2ds — (87 — 2¢) (2h2e™ + x - Vpohye™)dx
3B (0) Bs(0)

—(4m —€) X - VgaiiShieidx. (2.18)
B5(0)

Two times both sides of (2.15) and (2.18) and then plus each sides of them with (2.16)
and (2.17), we have

das\?  [oas\*  oas ans
— 28/ + + — ds
aB;(0) ar ar ar ar

+3/ (|szﬁ1|2+ |sza2|2+szzz§szﬁ§) ds
aB5(0)

=34 — 6)5/

(leeﬁT + fzzeﬁ5> ds —6(4n — €)
985 (0)

(lAzleﬁi + ﬁzeﬁi) dx
B5(0)

~3(4m —e) (x Vgahye® 4 x - Vszzzeﬁ§> dx. (2.19)
B5(0)

Letting € — O first and then § — 0 in (2.19), by using (2.9), (2.10), (2.13) and (2.14)
we conclude

21 21 21 21
= — 247 [h (xp) 1 ({x}) + ho(xp) 2 (D] (2.20)

e |:<V1({XI}))2 n <)/2({XI})>2 L nlxb Vz({XI})i|

Recalling that h; u; = o; fori = 1, 2, then (2.20) reduces to (2.7), this ends the proof.
O

Now we show by Lemma 2.6 that suppu; also has one point which is different with
X1.
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We know from (2.6) that o1 ({x1}) = 1 and o1 ({x;}) = O for any [ > 2, taking this
fact into (2.7) we obtain that

o2({x1}) =0 or o2(fx1}) =2
o2(fx}) =0 or oa({x;})) =1, VI = 2.

Combining it with o2(M) = [,, hae“2dv, = 1, we have
o2({xy}) =1 forsomem >2 andor({x;}) =0 VI € {1,---, L} \ {m}.
Without loss of generality, we assume m = 2. Then we have
hapy = 03 = by,. (2.21)

We would like to collect (2.6) and (2.21) as the following lemma.
Lemma 2.7 It holds that hypy = 8, and hapy = 8y, with x1 # x3.

To do blow-up analysis near x; for i = 1, 2, one still needs the upper bound of uj for
Jj € {1,2}\ {i} near x;. In fact, we have

Lemma 2.8 Supposer is a positive number which is less than dist(x 1, x2) /2 and makes
hi > 0in By (x;) fori = 1, 2, there holds

sup <uj. —uj.) <C, i,je(l,2)andi # j.
Brja(xi)

Proof Fori = 1, we consider the solution of

—AVS = (87 — 2€)he"s in By (x1),
v =0 on 9By (x1).

Denote by v§ = u§ — u$ — v§, then
—AV§ = —(47 —€) — (47 — €)h1e"l < —(4m — €) in B, (x))

since h1 > 0 in B,.(x1). By Theorem 8.17 in [15] (or Theorem 4.1 in [12]) and
Lemma 2.2, we have

sup v5 <C (1) llzs( iy + C)
By ja(x1)
=C (llu = WS sy + 15 12+ 8y ) + €)
<C (IVu§ sy + 10§ lzs (8, () + C)
<C (Iv§llLs B,y + C) -
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Since jBr()ﬂ) |h2|e”§dvg — 0 as € — 0, it follows from Theorem 1 in [1] that
fBr(Xl) e"”ﬂdvg < C for some t > 1, which yields that

VS Izs (B, < C.
Then we have

sup v5 <C.
Byj2(x1)

Note that

€ e € €
f eluzdvg :/ eluzelvzelvldvg
By 2(x1) By ja(x1)

SC/ e””ﬂdvg
By j2(x1)

=<C.
By the standard elliptic estimates, we have
0§ llLoe (8, /4y < C-
Therefore, we obtain that
u§ —u§ < C in Byja(xy).
Similarly, we can prove
u§ —u§ < C in By ja(x2).

This finishes the proof. O

Recalling that f — —oo and maxy u§ (x) = u(xf),i = 1,2, it follows from
(2.9), Lemmas 2.7 and 2.8 that

xi —>xj as €e—>0,i=12.

Let (2;; (x!, x2)) be an isothermal coordinate system around x; and we assume the
metric to be

glo; = ¥ (([dx")* + (dx*)?), ¢i(0) =0.
Similar as Case 1 in [21] and Lemma 2.5 in [9], we have

ui (xj +rix) —mi; — —2log(l +mhi(x)|x)?), i=1,2,
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€
where m§ = maxy uf and rf =e "™ /2,

By taking (2.21) into (2.8), we have

—AG) =81(8y, — 1) =4 (6, — 1),
—AG) =87 (8y, — 1) —4m (6, — 1),
fM Gldvg = fM ngvg =0.

Recalling that for any s € (1,2), fori = 1,2, we have uf — u_f — G; weakly in
WS (M) and strongly in Clzoc(M \ {x1,x2}) ase — 0.
It was proved by Li-Li in [21, page 708] that, in 21,

Gi(x,x1) = —4logr + A1(x1) + f1, Ga(x,x1) =2logr + Ax(x1) + g1,

where r2 = x% + x%, A;i(x1) (i = 1,2) are constants and f], g1 are two smooth

functions which are zero at x;. In 5,
Gi(x,x2) =2logr + Ai(x2) + f2, Ga(x,x2) = —4logr + Ax(x2) + g2,

where A;(xp) (i = 1,2) are constants and f;, g» are two smooth functions which are
zero at xp.

3 The lower bound for J47 45 in Case 3

In this section, we shall derive an explicit lower bound of J45 4, under the assumptions
(u§, u5) blows up and Case 3 happens.
Following closely the calculations in [21, Section 3], we have

J4ﬂ—e,47r—e(”iv u;) > —4m — 4w log(why(x1)) — 2w Ay (x1)
—4r — 4w log(mwhy(x2)) — 2w Aa(x2)
+0e(1) + oL (1) + 0s(1).

By letting € — O first, then L — 400 and then § — 0, we obtain finally that

i%f Jag ax > —4mw —4mlog(mwhi(x1)) — 2w A1 (x1)

—4m — 4m log(mwhy(x2)) — 2w Az (x2)
> —8m —8rlogm —2m max, Qloghi(x) + A1 (x))

xeM,

— 2w max 2logha(x) + Ax(x)) . 3.1

XeM,
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4 Completion of the proof of Theorem 1.4

In this section, we shall use the test functions constructed in [21] to finish the proof
of our main theorem.
Let ¢{ and ¢5 be defined as [21, Section 5]. Suppose that

2loghi(pi) + Ai(pi) = max+(210gh,-(x) + A;j(x)) fori =1, 2.
XEM;

Following directly the calculations in [21, Section 5] and [30, Section 4], we obtain

Jag an (97, ¢5) < — 8m — 8w logm — 4w loghy(p1) — 2w A1 (p1)
— 4w logha(p2) — 2w Az(p2)
— [Aloghi(p1) + 47 — 2K (p1)] €2(— log€?)
— [Alogha(pa) + 47 — 2K (p2)] €*(—log e?)
+ 0(62(—10g€2)).

Then under the condition (1.11), we have for sufficiently small € that

Jar 4 (91, #3) < — 8w — 8w logm — 4 loghy(p1) — 27 A1(p1)
— 4 log ha(pa) — 2w A2 (p2).

It is easy to check that fM hie‘f’t‘edvg > 0 fori =1, 2, we define

¢;=¢;—1og/ hie% dvg, i=1,2.
M

Then (¢¢, 55) € H. Since Jyz 4z (1 +c1, u2 +¢2) = Jag 47 (uy, uz) forany cy, ¢z €
R, we have for sufficiently small € that
inf Ji gx <Jin dn (@5, 05) = Jam,ax (05, 05)
< —8m —8mlogm — 27w max (2loghi(x) + A1(x))
xeM4

-2 max (2logha(x) + A2(x)) . “.1)

xeMy

Combining (3.1) and (4.1), one knows that (u§, u5) does not blow up. So (uf, u5)
converges to some (ug, #2) which minimizes J4z 4, in H and solves (1.10). The
smooth of u1 and u, follows from the standard elliptic estimates. Finally, we complete
the proof of Theorem 1.4. O
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