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Abstract
In this paper, we study the following Kazdan—Warner equation with a sign-changing pre-

scribed function A
h u
—Au=8r 1
f): het

on a closed Riemann surface ¥ whose area equals one. The solutions are the critical points
of the functional Jg, which is defined by

1
Jgn(u):@/|Vu|2+fu—ln /he” , ue H' (%)
>

z z

We prove the existence of the minimizer of Jg, by assuming
Alnh* + 87 — 2k >0

at each maximum point of 2 In ht + A, where « is the Gaussian curvature, 47 is the positive
part of 4 and A is the regular part of the Green function. This generalizes the existence result
of Ding et al. (Asian J Math 1:230-248, 1997) to the sign-changing prescribed function case.
We are also interested in the blow-up behavior of a sequence u, of critical points of Jg,_
with [ 5 he''s =1, g% Jsr—¢ (1g) < oo and obtain the following identity during the blow-up

process
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e 167
- 87 —&)h(pe)

where u, takes its maximum value A, at p.. Moreover, p, converges to the blow-up point
which is a critical point of the function 2In 2™ + A.

[AInh(pe) + 87 — 2k (pe)lhee™ + O (e77¢),

Mathematics Subject Classification 35B33 - 58J05

1 Introduction

Let ¥ be a closed Riemann surface whose area equals one. Let & be a nonzero smooth
function on X such that max h > 0. For each positive number p, we consider the following

functional

1
Jp(u)=—/|w|2+7[u—1n /he“ , ue H' (®).
2p Jz
b b
The critical points of J, are solutions to the following mean field equation

Au = Le” 1 (1.1)
_u_p<f2he”_) .

where A is the Laplace operator on X.

Mean field equation has a strong relationship with Kazdan—Warner equation. Forty years
ago, Kazdan and Warner [15] considered the solvability of the equation

—Au = he" — p,

where p is a constant and £ is some smooth prescribed function. When p > 0, the equation
above is equivalent to the mean field Eq. (1.1). The special case p = 8 is sometimes called
the Kazdan—Warner equation. In particular, when ¥ is the standard sphere S, it is called
the Nirenberg problem, which comes from the conformal geometry. It has been studied by
Moser [21], Kazdan and Warner [15], Chen and Ding [6], Chang and Yang [3], and others.
The mean field Eq. (1.1) appears in various context such as the abelian Chern-Simons-Higgs
models. The existence of solutions of (1.1) and its evolution problem has been widely studied
in recent decades (see for example [1, 2, 4, 5, 9-12, 16, 19, 20, 22, 23] and the references
therein).

In this paper, we consider the existence theory of Kazdan—Warner equation (p = 8m)
with sign-changing prescribed function. The key is to analyze the asymptotic behavior of the
blow-up solutions u, (see (1.2)) and the functional Jg,. We prove the following identity near
the blow-up point, whose analogue was proved by Chen and Lin in [4] when the prescribed
function £ is positive.

Theorem 1.1 Let h be positive somewhere on ¥ and u, a blow-up sequence satisfying
—Auy = 8m —¢) (he"s —1), inX (1.2)
and

lim Jg;_ . 1.3
al\I‘I(l) 8r—e (Ueg) < 00 (L.3)
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Then up to a subsequence, for p. € X with
Ae = MaxXug = us (Pe),

we have
16

© T B —oh(pe)

where k denotes the Gaussian curvature of X.

[Alnht(pe) + 87 — 2k (p)lhee ™ + O (e77), ase \,0,

This yields a uniform bound of minimizers as & \ 0 provided that AIn 2™ +87 — 2« > 0
at all blow-up points. Let G (g, p) be the Green function on ¥ with singularity at p, i.e.,

AG(, p)=1—3p, /G(-, p) =0.
z

Under a local normal coordinate x centering at p, we have

81 G(x, p) = —41In x|+ A(p) + b1x1 + baxs + c1x12 + 2cpx1x0 + C3x% + 0 (|x|3) .
(1.4)

By Lemma 2.4, we know the blow-up point has to be a critical point of 2In AT (p) + A(p).
Thus, we get an existence result. That is, we have the following

Corollary 1.2 Let ¥ be a compact Riemann surface and k be its Gaussian curvature. Suppose
h is a smooth function which is positive somewhere on X. If we have the following for all
critical points of 2Inht + A

Alnht +87 — 2k > 0,
then Eq. (1.1) has a solution for p = 8m.

Furthermore, if #, is a minimizer of Jg;_., we can show the blow-up point is actually the
maximum point of 2In A+ 4 A.

Theorem 1.3 If u, is a minimizer of J3r—s and blows up as ¢ \( 0, then the blow-up point

Ppo is a maximum point of the function 2In h™ 4+ A. Moreover,

1
inf Jgy=—-1—Inmw — <lnh(po) + fA(po)> ,
ueH () 2

and there is a sequence ¢, € H L(2) such that
1
Jsz (¢e) = —1—Inm — <lnh(l70) + EA(PO))

1
-7 (Alnh(pg) + 87 — 2k (po)) € In e 4o (8 lne_l) .

Hence, we obtain a minimizing solution of the functional Jg,. In other words, we obtain
the following

Theorem 1.4 Let X be a compact Riemann surface and k be its Gaussian curvature. Suppose
h is a smooth function which is positive somewhere on X. If the following holds at the
maximum points of 2Inh™ + A

Alnh +8m — 2k > 0,

then Eq. (1.1) has a minimizing solution for p = 8m.
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Remark 1.5 The condition mentioned in Theorem 1.4 can not hold on 2-sphere with arbitrary
metric. Assume g = ¢>? gy and solve

1 e
Ay = —— — /wdu, —0,
80 |E|g0 |E|g J 80

where | 2|, stands for the area of ¥ with respect to the metric g. Set ho = he*® TPV Then

P
Tpng @) = Jp oo (0= p¥) = 5 / |dyr[3, disgy.
>

where J, o 5 (1) = ﬁ Is |Vgu|§, dug + ﬁ Js udpg — In| [5 he"dp,|. If the condition
mentioned in Theorem 1.4 holds, then there is a minimizer of Jgy . Hence, there is also a
minimizer of Jgz p,,g,- If X is a 2-sphere, we choose go such that the Gaussian curvature is
constant, then 7o must be a constant (see [14]). Thus 4 is a positive function and

8w
— kg =e (Ago Inhg + —— — 2Kg0) =0
1Zlg
which is a contradiction.

Remark 1.6 Zhu [25] also obtained the infimum of the functional Jg; if there is no minimizer
(when & is non-negative). He pointed out the blow-up point must be the positive point of &
and used the maximum principle to estimate the lower bound of the functional Jg, when &
is non-negative. In our case, the maximum principle does not work since 4 is sign-changed.
We will use the method of energy estimate to give the lower bound of the functional Jg .
Such a method also can be used to consider the flow case (cf. [16, 23]) and the Palais-Smale
sequence.

Remark 1.7 The method in the proof of Theorem 1.4 can be used to prove the convergence of
the Kazdan—Warner flow. In other words, under the same condition mentioned in Theorem 1.4,
there exists an initial date uo such that the following flow

he"

5, het
converges to a minimizer of Jg,. This gives a generalization of the previous results [16]
(positive prescribed function case) and [23] (non-negative prescribed function case).

de"
— = Au + 8w

o — 1) , u(0) =ugp

After we release the first version of this paper on arXiv (see arXiv:2012.12840), more
articles have appeared on this topic. For example, Wang and Yang give more details about our
Remark 1.7 in [24]. Chen, Li, Li and Xu [8] consider another flow approach to the Gaussian
curvature flow on sphere and reproved the existence result for sign-changing prescribed
function which was obtained by Han [14].

2 Preliminary

Recall the strong Trudinger—-Moser inequality (cf. [13, Theorem 1.7])

sup /exp (4mu?) < oco.

2
ueH' (D), [5|VulP <1, [ u=03.
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which implies the Trudinger—Moser inequality

1 2
In[e"<— [|Vul"+ [ u+c 2.1)
167
P z x

where c is a uniform constant depends only on the geometry of .

We may assume £ is positive somewhere. If 0 < p < 8, then applying the Trudinger—
Moser inequality (2.1) Kazdan and Warner ([15, Theorem 7.2]) proved that the Kazdan—
Warner Eq. (1.1) admits a solution # which minimizes the functional J, and satisfies

/he”:l.

z

We consider the critical case p = 8x. For every ¢ € (0, 87), let u, be a minimizer of
Jsr e Which satisfies
/ he's = 1.

z

Thus u, satisfies (1.2). It is clear that the function

pr inf J,(u)
ueH (L)

is a decreasing function on (0, 4-00). In particular, u, satisfies (1.3). By the Trudinger—Moser
inequality (2.1), we have

J8—e (ug) > ln/e“é‘ —c. (2.2)
b

Thus (1.3) and (2.2) gives

/e"E <C, Vee(0,4n). (2.3)
b)

One can check that
lim Jgr—e (ug) = inf  Jgz (u).
N0 8 e( e) weHI(S) 871( )
If
lim sup max u, < +00,
e\ 2

then up to a subsequence u, converges smoothly to a minimizer of Jg, .

In the rest of this section, we only assume u, is a solution to (1.2) and satisfies the condition
(2.3).

Assume now {u.} is a blow-up sequence, i.e.,

lim sup max u, = +o0.
a0 T

Denote h™ = max {h, 0} and h~ = (—h)™ by the positive and negative part of & respectively.
Without loss of generality, we may assume 1= e"s dju s converges to a nonzero Radon measure
u* ase — 0. Asin [1, Page 1240], let us define the singular set S of the sequence {u,} by
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S:{erzlul({x})Z%}a

where || = ut + u~. By the Fatou Lemma, it follows from (2.3) that S is a finite set.
Applying Brezis-Merle’s estimate [1, Theorem 1], one can obtain that for each compact
subset K C X\ S (cf. [9, Lemma 2.8])

Uy — /us < Ckg. 2.4
z L>®(K)

Then one obtains a characterization of S by the blow-up sets of {u.} (cf. [1, Page 1240])
S = {p eX:3Ap. X, s.t. lim p, = p, lim u, (p;) :—i—oo.}
e—0 e—0
In fact, on one hand, by (2.4), we know that
{pe ¥:3p. € X, s.t. lim p, = p, limug(pa):—i-oo} cSs.
e—0 e—0

On the other hand, for py € S, we may assume By, (po) U S = {po} and choose p. € B,

with A, = u.(p.) = max u,. One can show that lim A, = +o00 and lim p. = pg (cf. [23,
m =0 e—0

Theorem 3.4]). In particular,

SC {p €eX:3Ap. e X, st limp, = p, lim u, (pe) :—i—oo.}
e—0 e—0
Moreover, S is nonempty and

Iim [ ug = —o0,
=0
b

which implies that u, goes to —oo uniformly on each compact subsets K C X \ S. Thus,
|| is a Dirac measure. By using blow-up analysis (cf. [18, Lemma 1]) and the classification
result of Chen-Li [7, Theorem 1] as in the proof of [23, Lemma 3.5], one can show that

S={pez:u*({p) =1 n(p) >0}

and then = = 0. In fact, fixed po € S, let A, and p, are given before. By choose a conformal
coordinate y centered at xo, we consider the blow-up sequence

Ue(y) = ue (pe + eikﬁ/zy) — Ae.

One can show that i1, will converges to a solution w to the following PDE
—Ap2w = h(pg)Ce"”, / e’ < oo,
R2

for some positive number C. By a classification theorem of Chen-Li [7, Theorem 1], we
know that 2(pg) > 0 which means £~ = 0. Then according the Fatou Lemma, we know that
uwF(po) > 1. Hence, hesduy converges to the nonzero Radon measure u* as ¢ — 0. As
in Lemma 3.5 in [23], we conclude that S = {po} is a single point set and || = u* = 8 po-
Thus
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Lemma 2.1 (cf. Lemma 2.6 in [9]) u, — fz u, converges to 8 G (-, po) weakly in Wh ()
and strongly in L1 (X) for every q € (1, 2), and converges in CZZOC 2\ {po).

For a fixed small 69 > 0 and u, of Jg,, we define p, to be
pe = (8 —¢) / he's
Bs, (po)
and

Ae = Ug(pe) = max u, — +00.
Bs(po)

We may assume

1
B3y (po) = Eh(p(’) >0, max u,— min u, <C, / e" < C.

9 Bs, (o) 9Bs, (o)
By (po)
Li [17, Theorem 0.3] obtained the following local estimate
el
us(p) = In —— =c (2.5)
14 Cge e p — pe?

for p € Bs,(po), where |p — p.| stands for the distance between p and p,. Together with
Lemma 2.1, the above local estimate (2.5) gives the following

Lemma 2.2 (cf. Corollary 2.4 in [4]) There exists a constant C > 0 such that
lug +1e| < C, in X\ Bsy(po).
Lemma 2.3 (cf. Estimate A in [4]) Sef w, to be the error term defined by

we(q) = ueg(q) — peG(q, pe) —Ue, on X\ Bég/Z(l’O)y

where iy = fug. Then we have
p)

e /2
||a)8||C1():\350(p0)) =0(e / )

Proof Notice that 4 maybe non-positive outside of Bs,/2(po) and in this case we also have
the above estimate. We list a proof here. By Green representation formula, for every g €
X\ By, (po)

uilq) ~ e = 87— &) [ Gla.p) [hp)e® ~ 1] aus(p)
)
= @7 =) [ 6. p) = G @ p) [P ~ 1] dus(p
z

— 87 —o) / (G4, p) = G (q. p)) h(p)e"“ P dus (p)

2\ Bs/2(po)

+ @87 —e) / (G(q. p) — G (@, pe)) h(p)e" P dus (p)

Bsy/2(po)
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+ B —&)G(g, pe)
= 8 —¢)G(q, ps) + O (ef’\*f/z) .

Here we used estimate (2.4) and Li’s local estimate (2.5). By definition,

pe = 8 — &) — (8w — &) / he's = (87 — &)+ O (e77).

2\ By (po)
Thus
ue(q) — ite — p:G(q, pe) = O (¢7*/?), Vg € £\ Bsy(po)-
Notice that
—A(ug — ity — peG(, pe)) = 87 — &)he" + pe — (87 — &)
=0 (e™™), inXZ\ Bs(po)
and

we —ite — peG (-, pe) = O (¢7%/%), on B3, (po).
The standard elliptic estimate gives
lue — itz — pe G-, pf)”Cl(E\Bao(Po)) =0 (e—AS/Z) .

[m}

Based on these facts, we then have the following local estimates. The proofs are same as
those in [4], so we omit them here.

Lemma 2.4 (cf. Estimate B in [4]) By using the local normal coordinate x centering at p.,
we set the regular part of Green function G(x, p.) to be

~ 1
Ge(x) = G(x, pe) + 7 Inlx],
b4
and set
Gi(x) = peGe(x).
Then we get
|V (Inht + G¥) (pe)| = O (e7*/?).

Notice that the Green function is symmetric and we conclude that

87 —
’v (21nh+ + 2z SA) (Pe)| = O (e7*/2).
8
In Bs,(pe), we define the following function as in [4]
el
Ue(p) - 1n 27

(1 + GT=Oh(p) iy qs|2)
where ¢, is chosen to satisfy

Ve (pe) = VInh(p,),
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which implies |p. — g¢| = O (e7**). We also set the error term as

Ns(p) = us(p) — ve(p) — (GE(p) — GE(ps))

and

1
R, = ((87‘[ —;‘)h(l’a)e}%)z 50.

Then we have the following estimate for the scaled function 7. (z) = 7, (SOR; lz) for |z| <
R;.

Lemma 2.5 (cf. Estimates C, D and E in [4]) For any t € (0, 1), there exists a constant
C = C; such that

0 _The e
ne(p)=(4—i)ln|p—ps|+0 Aee” 2 sup el +e™ 2
271' 50
2 =Ip—pel=do

and

@] = C (4 127 (7™ + e 3 |87 = o)

hold for p € Bsy(pe)\Bs,/2(pe) and |z] < Re.
The following lemma shows the relationship between p, — 87 and 7.

Lemma 2.6 (cf. Estimate F in [4])

0
Pe — 8T = — / ansda+0(ef)‘5),
v
3Bsy (pe)

where v denotes the unit outer normal of 9 Bs, (pe).

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 as in [4].
Proof By Lemma 2.2, we have

pe =8m —e+ 0 (7). 3.1)
This implies that we need to control p, —8m, which is equivalent to compute — f 3Bs (pe) %i‘fd o

by Lemma 2.6. To do so, we set

= I —alx _y8|2 for x € R?

V= I+alx — ye|?

where a = W&e. Then 1 satisfies
Aoy + (8 — &)h(pe)e” Y =0, (3.2)
where Ay is the standard Laplacian in R2. On the other hand, by (3.1), we have
Aone = Agug — Agve — AoGE

3.3
=87 — &)h(pe)e”™ W H(x,n:) + O(e™), G-
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52 Page100f16 L. Sun, J. Zhu

where

h* . .
Hx,t)= T}gxieﬁcg(x)fcg(o) 1
&

and h*(x) = h(x)e2?™), ¢ (x) comes from the metric ds? = ¢2?® dx2 with ¢ (0) = 0 and
V¢ (0) = 0. By using (3.2), (3.3) and integration by parts, we get

ane 0
[ (v )ar = [ wson - nowpax

Jv
6350(172) BSO(PS)
=— / Y ()87 — &)h(pe)e ™ (H (x, 1s) — ne(x))
BBO(PS)
+ 0 (e_)‘”).
Since  satisfies
2
N=—1l4—" =140 (e™) and |Vy¥(x)| = O (e
¥ (x) T — (e7*) [V (x)] (e7*)

for x € 9Bs,(pe), we have

e _
- / " 4o = — / Y ()87 — &)h(pe)e™ ™ (H (x, ne) — ne(x)) + O (e77).

v
3 Bsy (pe) By (pe)
Recall
]’l* * *
H(wme) = o) = ) G060y )
h(Ps)
= H(x,0) + H(x,0)n. + O(D)[ne|?,
where

Hx,0) = W8 Grw-cro _
h(pe)
_ b 216 -G o) _
h(pe)
= (be. x) + (Bex, x) + O () |x|**F,
where b, and B, are the gradient and Hessian of H (x, 0) at x = 0. By Lemma 2.4, we have
be| = O (e7*/?).
Let z and z, satisfy

ke (h(pg)(Sn —s))i
xX=e 2 —5 z,

i (h(pg)(Sn —e))‘i
Ye =€ 2 f Ze-

Then we get
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/ e (bg, x)dx| < Ce™* / (1+1]z— Z5|2)_2 lzldz = O (e7*),

50 (Pe) lzI=Ro
24 -2 _
/ e |x*Pdx < Cem 2 / (1+1zP) " 2P Pdz = 0 (e7)
Bsy (pe) l21<Ro

and

/ ¢ (tq — Pe.a)(¥g — pep)dx

BBO(PE)
h -2 -2
= ((871 —8) (§£)> e e / (1+ 1z — z:*) " zazpdz
|z|<Ro
h -2 .
- ((871—8) %’”) e_ASn[BaﬁlnRg—i—O(e_%)],

where x,, stands for the @-th coordinate of x and 1 < «, 8 < 2. Putting those estimates above

together, we have

327

TS (BN + BP) e, + O(1)e .
&

/ (8w — &)h(pe)e™ H(x,0)dx =

By, (pe)

Note that AgG#(0) = pe = 87 — &) + O (e7**) and —Ag¢(0) = k(p;). By Lemma 2.4,
we know

1
B!' 4+ B2 = 580H(0,0)

1 —Xx
= 5(Alnh(pg) + 81 — & —2k(pe)) + O (e77).

For the remainder terms, we use Lemma 2.5 to get

/ e’ H(x,0)ne(x)dx = O (e_}‘s)

BSO(PS)
/ e ni(x)dx = O (e7* + e ™87 — ps) .
Bsy)(pe)
Therefore,
167 o .
e — 8 [Alnh(pe) + 81 — 2k(pe)l ke + O (e77)

~ 87— e)h(pe)

and this completes the proof. O
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4 Proof of Theorem 1.3

Proof On one hand, checking the proof in [23, Theorem 1.2] step by step, we have

1
inf  Jgz(u) = lim Jgz (ue) > —1 —1Inmw — <ln h(po) + fA(po))
ueH (%) e—0 2 @1

1
> —1—Inm — max <1nh+(p) + 7A(p)> )
peX 2
We sketch the proof here. Without loss of generality, up to a conformal change of the metric,

we may assume that the metric is the Euclidean metric around pg and we also assume py is
the origin 0 € B C . Choose p, — po such that

Ae = Ue (Pe) = mEa)(LgE — +400.

—e/2

Setr, =e¢ and

e = ue (ps +rex) +2Inre, x| <rgt (1= 1pel).
Then it converges to w in Cp;. (]Rz) where

w(x) = —21n (1 + 7h(po) Ix[?).

We denote by o0.(1) (resp. or(1), 05(1)) the terms which tents to zero as ¢ — 0 (resp.
R — 00,5 — 0). Moreover, o, (1) may depend on R, §, while og(1) may depend on §. We
have

1 1 -
i |1Vl = o [ VAP = (e R) < 1+ 0.(1) + onD,
Br

B, r(pe)
According to Lemma 2.1, a direct calculation yields

1

1
— / Vel = =218 + = A(po) + 0 (1) + 05(1).
167 2

Z\Bs (pe)

Under polar coordinates (r, 6), set

2
1
ul(r) = E/ug (Pg + reﬂg) de.

0

Then
uz(6) = /us —4Ind + A(po) + 0:(1) + 05(1),
X
ul (r:R) = =2Inr, — 2In (7h(po) R?) + 0. (1) + og ().

Solve

—A& =0, inBs (pe) \ BrgR (pe)
& = uj, on d (Bs (pe) \ By & (o)) -
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We have
1 1 2
= N
Bs(pe) \Bfg R(Pe) Bs(pe) \B)'g R(Pe)
2
= 167 7 8(ns —In(r:R))
Bs(pe)\Brgr(pe)
Thus
2
1 5 (i) —ui(reR)) In (R/$)
— [Vug|” > 1+
167 —8Inrg —Inrg
Bs(pe)\Brg r(Pe)
2
Te+ [u, —2lnr, 5
A\ g T It s
N —81Inr, 8 Inre = Inrg
- / ue —4In (R/8) — A(po) — 2In(mwh(po))
)
+or(1) +o0s(1),
where

Te =up(8) —ul (reR) — /u‘9 +2Inr,
)
=41In(R/8) + A(po) + 21In (wh(po)) + 0:(1) + 05(1) + or(1).
Hence, we get

C > Jgr (ue)

1
> —1—Inm —Inh(py) — EA(PO)

) 2
+(r£+f2u£_21nr£) +1((2+ Te +f2145> _16>1n(R/3)

—8lInr, 8 Inr,  Inr,

+0:(1) + or(1) + 05(1)

which implies

[umsro()
)
and we obtain (4.1).

On the other hand, checking the proof in [9, Theorem 1.2] step by step, for each p with
h(p) > 0, there exists a sequence ¢, € H 1 ($) such that

Jsr @) = —1 —In7r — <1nh<p) + %A(p)>

— % (Alnh(p) + 871 — 2k (p) + ‘V (lnh + %A) (p)

2
)slnel

@ Springer
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Here we used the fact that the Green function G is symmetric. These test functions ¢, can
be constructed as following: without loss of generality, assume p = 0 and

87G(x,0) = =2In|x| + A(p) + bix1 + baxz + B(x),

and take
—21In(|x|* + &) + bixy + boxs +Ine, x| < aev/e,
d:(x) = 187G (x,0) — n (o /2 x]) B(x) + Ce +Ine,  ae/e < |x] < 2a,4/E,
87G(x,0) + Ce +Ine, x| > 20 /e,

where 7 is a cutoff function supported in [0, 2] and n = 1 on [0, 1] and the positive constants
o, and C, are chosen carefully. The assumption # is positive in [9] is used only to ensure that

lim | he?s > 0.
e\
=

If p is a critical point (e.g., a maximum point) of the function 2In 2™ + A, then
Jor 00 = =1 = tux = (inh(p) + S )
- % (Alnh(p) + 87 — 2« (p)) elne™ +o(slne™").
This gives

1
inf  Jgz(u) = —1 —Inmw — max (lnh*(p) + 7A(p))
ueH' (%) peX 2

1
=—1l—-Inm — <lnh(p0) + EA(pO)> .
In particular, the blow-up point py must be a maximum point of the function Inh* + A. 0O

Remark 4.1 One can write down the o, (1) as follows. By Lemma 2.3 and (1.4), direct com-
putations give us

! / el = (1= 5+ 540
167 el = 4r " 64n2 ¢
S\Bs (pe)

(—21n6 + %A(pg) +0(e7*) + 05(1)> + 0 (e)

1 e 1 _
=-2Iné+ EA(pg) e (—21n5 + EA(pS) + 0 (e7) +05(1)>
+0 (%) + 0 (e7*) + os(1).
From the proof of Theorem 1.1, we also get the following
/ Vel = 0 (£°8) + 0 (e ™),

Bs(pe)
1

o [Vve|? = In (mh(po) R?) — 1 + og(1),

Brg R(Pe)
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IVG*[ = 0 (5%
Bs(pe)
and
1 2 _
o / |VG*|" = 0 (r}) = O(e ™).
By r(pe)
These imply that
% / IVie | = In (wh(po)R?) — 1 + O (826_%5) + 0 (e7) +or(1).

B}'g R (pﬁ)

On the neck, o, (1) are the convergent rates in Lemma 2.1 and i1, — w.

Data Availability Data sharing not applicable to this article as no datasets were generated or analyzed in this
study.
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