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Abstract
We consider an evolution problem associated to the Kazdan—Warner equation on a closed
Riemann surface (%, g)

A g ( het 1 >
“Aou =871 _
¢ Jshetdug [z du,

where the prescribed function 2 > 0 and maxy 2 > 0. We prove the global existence and
convergence under additional assumptions such as

AgInh(po) + 87 — 2K (po) > 0

for any maximum point pg of the sum of 2In 4 and the regular part of the Green function,
where K is the Gaussian curvature of X. In particular, this gives a new proof of the existence
resultby Yang and Zhu (Pro Am Math Soc 145:3953-3959,2017) which generalizes existence
result of Ding et al. (Asian J Math 1:230-248, 1997) to the non-negative prescribed function
case.
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1 Introduction

Let X be a closed Riemann surface with a fixed conformal structure. Choose a conformal
metric g in the conformal class such that the area of X, := (X, g) is one. Let & be a non-
negative but nonzero smooth function on ¥. We consider the following Kazdan—Warner

equation
he"
—Agu =8m <7—1). (1.1)
; Js he dug

Here A, is the Laplace—Beltrami operator. The solutions to (1.1) are the critical points of the
following functional:

1 2
J(u) :=/ (7 Vi —I—Sﬂu)dpL —8711n</ he* du )
- 2| 8 |g 8 s g

Many mathematicians have contributed to the study of Kazdan—Warner equation. Forty
years ago, Kazdan and Warner [22] considered the solvability of the equation

—Agu =he" —p,

where p is a constant and /4 is some smooth prescribed function. When p > 0, the equation
above is equivalent to

—Agu = p(he" —1).

In particular, when X, is the standard sphere S2, it is called the Nirenberg problem, which
comes from the conformal geometry. It has been studied by Moser [28], Kazdan and
Warner [22], Chen and Ding [10], Chang and Yang [7] and others.

The Kazdan—Warner equation can be also viewed as a special case of the following mean

field equation:
fe" )
—Au:p(i—l , (1.2)
¢ Js et dug

where f is a smooth function on X. The mean field Eq. (1.2) appears in various context such
as the abelian Chern—Simons—Higgs models (see for example [3,32,33]). When f > 0, the
equation (1.2) is equivalent to the following equation:

eu

Jz et dug
where Q € C*°(X) is a given function such that f 5, @dug = p. The existence of solutions
of (1.3) has been widely studied in recent decades. Many partial existence results have been
obtained for noncritical cases according to the Euler characteristic of £ (see for example
Brezis and Merle [2], Chen and Lin [9], Ding, Jost, Li and Wang [13], Lin [26], Malchiodi [27]
and the references therein). Djadli [14] established the existence of solutions for all surfaces
3 when p # 8km by studying the topology of sublevels to achieve a min-max scheme
which already introduced by Djadli and Malchiodi in [15]. At this point we want to mention
another generalization in [35], where the author considered the mean field equations on a
closed Riemannian surface with the action of an isometric group.

The following evolution problem associated to (1.3) was also well studied by Castéras for
noncritical cases.

—Agu=p 0, (1.3)

de" et

—=A — — 0, 5 0) = 1.4
5 = A AT = 0 HC ) = (1.4)
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where ug € C***(X). This flow possesses a structure that is very similar to the Calabi and
Ricci-Hamilton flows. When Q is a constant equal to the scalar curvature of £ with respect to
the metric g, the flow (1.4) has been studied by Struwe [30]. A flow approaching to Nirenberg’s
problem was studied by Struwe in [31]. The global existence and convergence of (1.4) were
proved by Castéras in [4]. However, the convergence result there does not include the critical
cases, i.e. p = 8k fork € N. Recently, when p = 87, a sufficient condition for convergence
was given by Li and Zhu in [23]. This gives a new proof of the result of Ding, Jost, Li and
Wang in [12] which was extended by Lin and Chen to general critical cases [8] and recently
generalized by Yang and Zhu to non-negative prescribed function cases in [34,36].

Motivated by these results, we consider the following evolution problem for (1.1) with
non-negative prescribed function:

aell
o

hell

=gt s (e -
‘ Jxhet dpg

1>, u(-,0) =uo (1.5)

where g € H*(Z) and h is a non-negative but nonzero smooth function on ¥. Since the
prescribed function 74 may be zero on some nonempty subset of X, the global existence and
convergence of this flow are subtle. Precisely, we can not use the lower bound of & to do
a priori estimates. Therefore, Castéras’s proof of global existence for positive prescribed
function does not apply to our situation. In addition, the condition (ii) of (1.6) in Castéras’s
compactness result [5] actually assumes

deln
Jat

+ pe'r > —C, VxeX,Vn>1,

for a sequence of time-slices u,;, := u(-, t,). This condition was proved in Proposition 2.1 [4].
However, the proof also need the prescribed function % to be positive. Thus, our a priori
estimates in the proof of global existence and blow-up analysis used in the proof of global
convergence are both new.

First, we prove the global existence of the flow (1.5).

Theorem 1.1 (Global existence) For ug € H2(X), there is a unique global solution u €
C® (2 x (0, 00)) to (1.5) with

U € No<r<co (L (0, T: H*(2))NH' (0, T: H' (£)) N H?* (0, T;: H™' (2))).

Moreover; for every 0 < T < o9, there is a positive constant C (T, ||M()||H2(Z)) depending
only on T, the upper bound of ||lug |l g2y and Zg,

1/2
T (1 ou) |2 32u() | /
ess supo<i<t lu(®)ll g2y + 5 dr
0 at Hl(z) 8t H_I(Z)
< C (T, lluoll p2s,) » (1.6)
where u(t) = u(-,t). In particular, if uy is smooth, then u is smooth. Here the Sobolev

spaces H*0,T; X) := W52(0, T; X) and W5P(0, T; X) consists of all functions u €
k

LP(X x[0, T) such that ?TI;’ ...cC, 337 exists in the weak sense and belongs to LP (X x [0, T'])

and
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T i p l/p
(" (o + 2y | 22| PYar) 7 1< p < o0,
ess sup (||u(t)||X + Z;{:] ‘ du(t) ) s p = 0.
0<t<T X

ot!
Then it is interesting to consider the convergence of the flow. To do so, we begin with the
monotonicity formula. It gives us that a sequence of positive numbers t,, — 00 as n — 00

W lth
/
P

where u,, := u(t,). If |u,|| H2() is uniformly bounded, then u,, subsequentially converges to
a smooth solution of (1.1). Otherwise, we can get the following lower bound of the functional
J along the flow (1.5).

||M||Wk,p(0,T;X) =

2

ou
1 dug — 0, as n— oo,

at

Theorem 1.2 [fthe flow (1.5) develops a singularity at the infinity, then we have
J(t)) = Co= —4n maéc(A(x) +2Inh(x)) —8mrInm — 8, Vit >0,
xXe

where A is the regular part of the Green function G which has the following expansion in
the normal coordinate system:

G(x,p)=—4Inr + A(p) + bi1x1 + baxs + clxlz + 2cx1x2 + C3x22 + 0@,
where r (x) = distg (x, p).
Last, by imposing certain geometric condition, we get functions whose value under J is
strictly less than Cp. Consequently, when the flow starts with these functions, the previous

u, will converges in H>(X). Moreover, it follows from the ELojasiewicz-Simon gradient
inequality that the convergence of the flow is actually global in time.

Theorem 1.3 (Global convergence) There exists an initial data ug € C*°(X) such that u(r)
converges in H 2() 1o a smooth solution of (1.1) provided that

Agh (po) + 2 (b1(po)k1 (po) + b2 (po) k2 (po))
> — (87 + b (po) + b3 (po) — 2K (po)) h (po) ,

where K is the Gaussian curvature of X, Vgh(po) = (k1(po), k2(po)) in the normal coor-
dinate system, pg is the maximum point of the function g — A(q) + 21In h(q).

(1.7)

Remark 1.4 As pointed by Ding, Li, Jost and Wang in [12, Remark 1.1], the inequality (1.7)
is implied by the following one:

AgInh(po) + 8w — 2K (po) > 0

where pg is the maximum point of the function g — A(g) + 21nh(q).

Remark 1.5 For p € (0, 87) and any initial dataug € C* (X), by using a similarly argument,
the

det Aus + he' ] .0)
— =A,u — 1), u(,0)=u
ot gT e Js het dpg 0
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admits a unique global smooth solution which converges to a solution to

Agtioo + he'™ 1)=0
u _—— =0.
gloo T P fz heti~ d,ug

The remaining part of this paper will be organized as follows. In Sect. 2, we prove the
global existence of the flow (1.5). In Sect. 3, we prove the number of the singularities is at
most one. In Sect. 4, we show the lower bound of J along the flow if the singularity occurs.
In the last Sect. 5, we prove the global convergence of the flow.

2 Global existence

The aim of this section is to prove the global existence of the mean field flow (1.5), i.e.
Theorem 1.1.

Proof of Theorem 1.1 First, we assume uy € C* (X). Since the flow is parabolic, the short
time existence of (1.5) follows from the standard method (e.g. [19]). Thus, there exists 7 > 0
such that u € C*°(X x [0, T']) is a solution of (1.5).

Along the flow (1.5), it is easy to see

d
— “Ody, =0 2.1
dt/):e Mg (2.1
and
4 @y = /"“) CLIOT I 2.2)
a T ar | M '

According to (2.2) and (2.1), we get
1
/E <5 ’Vgu(t)ﬁ + 8nu(t)> dpg < J(uo) + 87 1nm2axh + 87 m/z edp,.  (23)
Recall the Trudinger-Moser inequality (cf. [18, Theorem 1.7])

1
In “dpu, < — Vg
/Ze Mé—16ﬂ/;|&u

where c¢ is a constant depending only on the Riemann surface (X, g). As an immediately
consequence of (2.4),

Zdug+][udug+c, Vue H' (D), (24
x

J(u()) > 8 ln/ e"Ddp, — 8mc — 8 ln/ he"® dpu, 2.5)
z z
and (2.1) imply that

0< C71 exp <_C ”uO”%.Il(E)) = Ahell(t) d/’Lg = Cexp (C ”MO”iII(Z)) . (26)
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Together with
d _ he" (1)
_ pul) 4., — P=Du® (A _u(t 8 —87)d
ar )y Mg p/Ee ( gu (1) + nfzhe“(t) 7 )dug
_ 2
=—p(p— 1)/28(” DO [Vu ()], dug
(1)
+8pr M_/ =) g4y
Js he'® dpug = A
we have
d 2
a/zepu(t) dug < Cpexp (C HMOHH‘(E))/EQPL‘(’) ditg.
Thus,
/ eP D dp, < exp [Cpexp (C ||u0||21(2)> t]/ e’ du,, VYp=1. (2.7)
b )

In order to get the global existence of solution when ug € H'(X), it is necessary to derive
several a priori estimates (1.6). To do this, we split three steps.

Step 1
||I/l(t)||Hl(2) < C (T, ”MO”HI(Z)) for any t e [0, T]
Set

1
A() = {x €x et > f/ e'o dug.}
2 Js
According to (2.1) and (2.7), we have

/e“° djig =/ "M dpg =/ et dug+/ D dyg
b T T\A() At)

1
55/ " dug 4+ C (T, luoll 1 (x)) |A(f)|i'/27
s

where |A(7)], stands for the area of A(¢). This gives

-1
JA(D)|g = C (T, luollgi(sy)” >0, / u(t)dpg| < C (T, lluoll 1 (x))
A(t)
and
la@)] :=‘/ u(r)dug
X
5/ u(t) dug +‘/ u(t) dpg
E\A(1) A(t)

12
<IZT\A@®I'? (/ u(®)® dug> +C (T, lluoll g1 (x))
T\A(1)

<1 C (T, ol z) ™ M@l 2y + C (T ol g 3) -
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Then, by Poincaré inequality, we get
lu@llr2zy <c vau(t) HLZ(X:) + |u ()|
—1
<c vau(t)”Lz(E) + \/1 —C (T, luollgi(sy) lu®l2s)

+ C (T, lluoll g1(x)) -

which implies the following L?-estimate

el 25) = € (T ol sy) (14 | Ve s, ) - 258)
Now, applying Young’s inequality to (2.3), we obtain
C> / Veu ()| dpug — e/ u()? dpg — Ce.
b 8 b
Choosing small ¢, together with (2.8), we can conclude that
le@ll g1 sy < € (T, luoll 1 s;)) - 2.9)
Step 2
T a 2 12
@2z + (fo \ ol . dr) < C(T, luoll y2s;)) forany ¢ € [0, T1.

u(e)
Set w(t) = s a'g(f) . Then

1d 2
34 E|Ag”(f)| dpg
ou(t)
= s Agl/l(t)AgT d//Lg
u he ) _uw
=/2 e 2 IU(I)—87T W—l Ag (6 2 w(t))d//Lg
2 1 2 2
=/ |ng(t)|gdp,g+1 Ew(t) |Vou()|” dug
8 u(n) 1
+ T he @ djey e 2 (Vgh+hVeu(t)), Vew(r) — SWOVeu)

= g /% 8

According to (2.6) and (2.9), we know that

dug.

luOl gy + 77— = C (T, lluollgi(xy) -
H (%) fz het®) dig ( H (E))

Therefore, Young’s inequality implies that
d 2 2
o [ 8u®[ dug < = | |[Vew®l, dug
dr Jx ) 8
2 2
=

Since forall f € H' (¥), we have the following interpolation inequality
||f||i4():) =clfliee 1 lgis) - (2.10)
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We estimate

2 2
/ w(®)? |Veu)|” dpg <c w74z [Veu® | a5,
p))
Zcllw® 2z lwOl g1y lu@ gz lu@Oll g2
<C (T, ||u0||1-11(2)) lw®ll 2z lwE gz lu@ll g2

and

2
”Vgu(t) ||L4(2) Zclullgis lullgrs) =C (T, ”uO”H‘(E)) lull g2z -

Hence
i/ |Agu(t)|*d
ar 51508 Mg

< 2 e Pape + 1 [ wira

=72/ gWiD, Qg T 5 zw Hg
2 2

+ C (Tv ”uO”Hl(E)) ”w(t)”LZ(E) ”u(t)”HZ():)

+C (T, ||u0||1-[1():)) (l + ||’4||1-12(2))

1 2
< —Z/ |ng(t)|g dug + C (T, lluoll 1 (x))
P
x (14 1O, ) (14 ]800 f25))

Thus

d 2 ! 2
o l+||Agu(t)HL2(E)+/O /Z|ng(1:)|gdugdr
= C (T ol griz) (14 1w @12 s,)

Together with ug € H*(X), we obtain

T
ln(l—i—HAgu(t)”iz(E)—i—/O /E}ng(r)ﬁ,dp,gdt)
T
< C (T lolcsy) + € (T Mollny) [ (14100 )

By (2.2), we know that

T 5 T ®
) gyt = [ [ e
/O LG 0 Jx

Consequently, by using Sobolev embedding, we conclude

2
? dpgdt = J (u(0) — J (u(T))) = C.

T 2 /2
u(t)
0 HI(Z)
Step 3
a2l 1/2
u
<f0 7 | o1z dt) <C (T, ||u0||H2(E)) forany r € [0, T].
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Differential the Eq. (1.5) with respect to ¢, we get

he'u he" [ he'iidpug
Jehedig ([ het dug)’

i + et = A + 8 (

where ii = g%‘ andu = g—’f.Thenforall Y € H' () with 1Yl g1y <1, we have

he'u he" [« hetud
/iil/fdpcg:/ e | Ad+ 87 L Jx 20 ) ) v dug
z z Jehetdig  (f he duy)
- / 2 g
)

=— / (Vgit, =Vouy + Vo) e dpg
b

hii h |y he*udp .
+/8n ity ; wdug—/ e
by Js het dug (fs he* duy) by

<C (T, ||MO||1-12():)) Neell g1 sy -

Thus i)l 715y < C (T, luoll2cs)) (] 41, which implies the desired
estimate.

Since we have the following embedding (cf. [16, page 304, Theorem 2] and [16, page
305, Theorem 3])

c,7;H (D) c H' (0, T; H' (2)), C(0,T; L* (%))
cL?(0,7;H ())nH (0, T; H' (D)),

we get

U € No<r<co (L™ (0, T; H* () NH (0, T; H' (2)) N H?* (0, T: H~' (%))

nC(0,7;: H' (2))nC' (0,T; L* ())).

By using the parabolic Sobolev embedding theorems (cf. [6, pages 368-369]) together with
the interpolation inequality (2.10), we get

U € Noer oWy (£ X [0, T]) C No=r=0cC*?(Z x [0, T]), VO <a <l
Here Wp'' (2 x [0, T1) = L? (0; T; WP (£)) N W7 (0, T; LP (X)) stands for the usual

parabolic Sobolev space.
Then the standard regularity theory for parabolic equation gives

lu(®) |l c2ekraciirarz s xpo.ry < C (T k. luollcrerracsy)

for all integer number k > 0. In particular, we can extend this flow to infinity and u is smooth
in X x (0, 00).

Now assume ug € H? (2) and choose a sequence of smooth functions up  on X such
that ug . converges to ug in H?(Z)ase — 0. Let u, be the unique smooth solution to

dette he

— =Ague + 87 | ———— -1, X x(0,00),
ot fz hets dug

ue(+,0) = ug,e, X
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42 Page 10 of 26 L.Sun, J. Zhu

2 12
dr
H-(D)

U € Mo<r<o00 (L™ (0, T; H* (D)) NH' (0, T; H' (%))
NH?(0,T; H™' (%))

The a prior estimates (1.6) gives the following estimates

T
ess supo< <t llue )l g2(x) + (/ (
0

< C(T.luollp2(x)). YO <T < oo.

9%u, (1)
ar?

2 ‘

dug (1)
ot

HY(%)

Thus we obtain a solution u € C*° (X x (0, 00)) to (1.5) with

and the desired a priori estimates (1.6).
To prove the uniqueness of the solution, we assume that # and v are two solutions to (1.5)
with initial data u and vg respectively. Denote w = u — v. By direct computations, we have

9
aa—l:=Agw+f—bw @.11)

where

1 1
a :/ St qo = / oSut(=s)v Saj 41— s)al ds = aj
0 ' 0 at at a’

1 hequr(lfs)v 1 hesu+(lfs)u fZ hesu#»(lfs)vw dug
f =87r/ po wds — 871/ — 5 ds
0 fZ he d,ug 0 (f): hesut( S)Ud/Lg)

One can check that there is a constant C depends only on 7', ||ugl| H2(S) and ||”0||H2(2) such
thatforall 0 <r < T

O] <C ()] + Tl 2es,) /Ef(t)w(t)fcfzw(t)z.

ou(t)
ot

dv(t)
ot

c'<atmy<cC, b)) < C(

Then we obtain
ow(r)
ot

di/ a(Ow(r)* dug :/ b(t)w(t)zd,ug—I—Z/ a®)w(r) djg
tJ)s bl z

:_2/ |ng(z)|§dug+2/ f(t)w(t)dug—/ b(Hw(t)? dpig
p) z z
5—/ |ng(t)|§du,g+C/ a@w(t)® dug.
X z
Gronwall’s inequality implies
/w(l‘)zdug sc/ a(Ow(t)* djug §Ce’/ a(0)w(0)* dp,
P x P

=Ce' lug = vol o), YO <t <T. (2.12)

The uniqueness then follows from the above inequality and we finish the proof. O
Remark 2.1 One check that the difference of two solutions u and v satisfies

”’/l - U”WZZI(EX[O,T]) =< C (T5 ||u0||H2(2) ) ||U0||H2(2)) ||u0 - vO”Hz(E) .
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The proof is standard. Roughly speaking, (2.11) implies

qw|? 0 2 Jw
g +a |AgU}| —2 g,Agw .
8

Jw 2
a]/z——a_l/zAg =a
ot

Integration by parts,
ow

S d
A(a gw‘ +a 1|Agw|2) d,ug—l—a/z}vgwidug

12 12
<c| |w|2dug+c</ |b|4dug) (/ |w|4dug> .
) P X

Applying the interpolation inequality (2.10) and the L>-estimate (2.12) of the w, we have

A

< C/ luo — vol? dpug
)

Jw
—w
at

2
+a! ‘Agwyz) dpg dt + Or;ltz;xT/z ]ng(t)‘i djig

where the constant C depends only on T, ||u0||H2(E) and ||U0||H2(>:)-

3 Blowup analysis

In this section, we prove an estimate of a Dirac measure at the blowup points. Consequently,
we show the fact that the flow develops at most one blowup point when the time goes to
infinity.

According to (2.2) and (2.5), we know that

/w/eu(t) ou(t)
0 Jz ot

There is a sequence of positive numbers {t,} such thatn <, <n + 1 and

2
dpgdr < C.

s f e 252 =
Set
= U, Vi = fzhge”h% p=tr, f=ewr )
then
—Agtty = Vye' — p — fre"/2, in X, (3.2)
and u,, V,, p, f are smooth functions on ¥ satisfying
p=0, 0=V, <C  lim || fullp2gz) =0. (33)
One can check that
/Ee“” dug < C. 34

@ Springer



42 Page 120f 26 L.Sun, J. Zhu

We say that a sequence {u,} which satisfies (3.2) and (3.3) is a blowup sequence if
lim sup max u,, = +o0.
n—oo X

Lemma 3.1 If {u,} is not a blowup sequence, then {u,} is bounded in H2(%).

Proof By definition, {u;f} is bounded in L*° (X). By the standard elliptic estimates and
the normalization f): dug = 1, we conclude that {u, — i, } is bounded in H 2 (%), where
U, = u(ty) = fz u(t,)dug. By Jensen’s inequality, according to (3.4), we have i, <
C. It suffices to prove that u, > —C. Otherwise, there is a subsequence {unk} such that
lim,,, o0 iy, = —00. Notice that

—Ag (un, — i) = Vi €k e " — o f,,ke'z"k/ze(“”k_ﬁ”k)/z, inX.
We may assume u,, — ii,, converges weakly to i in H 2 (%) and strongly in L' (X). Then

{e"(“"k ~iiny) } converges strongly to e”# in L' () for each p > 0. Thus & is a weak solution
to

—Agu = —p.

It is well know that z € C* (X) and p = 0 which is a contradiction. Therefore, {u,} is
bounded in H2 (). m]

From now on, we assume {u, } is a blowup sequence. Since {V,¢""} is bounded in L'(3),
we may assume {V,, et'n dug} converges to a nonzero Radon measure p on ¥ in the sense of
measures. By using the method of potential estimates (cf. [20, Lemma 7.12]), we get

len — ﬁn”wlvp():) <Cp, Vi=<p<2

We may assume {u, — i} converges weakly to G in W7 () and strongly in L? (X) for
every 1 < p < 2. Hence G satisfies

—AgG=p—p, inZX,
f): Gdug =0,

in the sense of distribution. Define the singular set S of the sequence {u,,} as follows
S={xeX:nu{x}) =4n}

It is easy to check that S is a finite nonempty subset of X.
Recall Brezis-Merle’s estimate ([2, Theorem 1]).

Lemma 3.2 (cf. [12]) Let 2 C X be a smooth domain. Assume u is a solution to

—Agu=f, inQ,
u=0, on 082,

where f € L' (Q). For every 0 < § < 4, there is a constant C depending only on 8 and S

such that
dr — 5
R LI P
Q (WAl FAre)

As a consequence, we have the following Lemma (cf. [12, Lemma 2.8]).
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Lemma3.3 Ifx ¢ S, then there is a geodesic ball Bf (x) C £\S and a positive constant
C = C, such that

llun — ”_‘n”LOO(Bé'(x)) <C.
Proof There exist§ =8, € (0,27),r =ry € (0,inj(X) /4), N = N, € N such that
/ ‘Vne”” — fne“”/zydug <47 —28, Vn>N.
By (x)
Solve

—Agyn = —p, inBj (x),
yn =0, on dBj (x).

It is well know that {y,} is bounded in L*° (B4gr (x)). Solve

(3.5)

—Agw, = Vye'n — fne“"/z, in Bfr(x),
wy, =0, on 3B (x).

According to Lemma 3.2, we have
47 —§

He‘wnl o > 1
4r — 26

<C,
e - P

In particular, {w,} is bounded in L! (B4gr (x)). Since h, = u, — U, — y, — W, is harmonic
in Bfr (x), we have

Wl oo 52 (o) <C Inll 1 52 )
<C (Nt = inll 3 (35, oy + 1l (85, oy + 1012155 o))
<C (Nitn = il 1z + 10l 1 5 o + 190112185 o))
<C.
Thus
e ”LP(Bzgr(x)) =C.
Applying the standard elliptic estimates for (3.5), we get
lwall oo (g (ry) = C-
Hence

lun — L_‘n”Lw(Bf(x)) <C.

m}
Theorem 3.4 If {u,} is a blowup sequence, then S is nonempty and
S = [x €T :3(x)C X, lim x,=x, lim u, (x,) = +oo.}
n—oo n—o0
Moreover limy,_, oo 1, = —00. Thus {u,} converges to —oo uniformly on compact subsets of

S\Sand =Y g1 ({x}) 8y is a Dirac measure.
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Proof According to Lemma 3.3, we know that {u,, — i,,} is bounded in Lp5 (X\S).

If S = @, then {u,, — u,} is bounded in L*> (X) which implies that {ujl'} is bounded in
L (X) which is a contradiction.

We claim that lim,,_, o i, = —00. Otherwise, there is a subsequence of {u,} which also
denoted by {u,} such that

u, > —C.

For x € §, choose r > 0 such that Bé”r (x) NS = {x}. According to Lemma 3.3, {u,} is

bounded in L2 (BS. (x)\ {x}). In particular, M := sup,, |[uy o0 (258 (xy) < 00- Solve

—Agzy = Vye'n — p — fre/2, in BE (x),
n=—-M, on Bf (x).

By potential estimates, we know that z, is bounded in W7 (Bf (x)) forall 1 < p < 2.
Thus, up to a subsequence, z, converges weakly to z € W7 (Bf (x)) forall 1 < p < 2and
strongly in L4 (BF (x)) forall 1 < g < co. Then z is a weak solution to

—Agz=pn{x}) 8 — p, in Bf(x),
7=-M, on B (x).

Thus

z(-) = —M;{;}) Indistg (-, x) — C.

Since u ({x}) > 4m, we get

/ e“dug = oo.
Bf (x)

On the other hand, the maximum principle implies that z, < u,. By Fatou’s Lemma,

o0 = efdug < liminf/y emdug < liminf/ e"dug <C,
BE(x) Bf (x)

4 n—oo n—o0
Bf (x)

which is a contradiction.
Hence {u,} converges to —oo uniformly on compact subsets of X\S. Thus for every
domain Q C ¥

1w (R) = lim / Vae' dpig
n—0o0 Q

=Y lim lim Vie" dptg + Y lim lim Ve dpig
xeS xeS

r—0n—o0 Q\Bf(x) r—0n—o0 QﬂBf(x)

= Z lim lim Vye'n dug

r—0n—>o0 Bf(x)

= > nxh

xeSNQ
=1 (QNS).

In other words, i = Y ¢ it ({x}) 8 is a Dirac measure.
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According to Lemma 3.3, we obtain
[x eX:d{x,}C X, lim x, =x, lim u, (x,) = +oo.} cS.
n—oo n—oo
For xg € S, choose a geodesic ball Bzgr (x0) such that Bigr (x0) NS = {xp}. Choose x, €
BE (xp) such that

Ap = max u, = u, (x,) .
B (x0)

Fact 1. lim,, o0 A, = 00.
Otherwise, up to a subsequence, {u;"} is bounded in L (Bf (x¢)). Thus {¢""} is

bounded in L (B (x0)) which is a contradiction.
Fact 2. lim,_, « x, = Xxo.

Otherwise, up to a subsequence, lim,,_,oc X, = X € B, (x0)\ {x0}. Thus X is not a
singular point which is impossible according Lemma 3.3 and the above claim.

Consequently,
Sc {x €T:3 () C T, lim xy =x, lim uy (xp) = +oo.}
n—00 n—oo
m]

Now we want to prove that u ({xo}) > 87. We assume additionally that V,, converges to
Vin CO (D).

Lemma 3.5 For each xo € S, we have V (xg) > 0 and ju ({xo}) > 8.

Proof The proof is similar to [25, Lemma 1]. Assume Bzgr (x0) NS = {x0}. Choose x,, €
Bfr (x0) such that

Ap = max u, = u, (x,).
Bf (x0)

It is easy to check that
lim A, = 400, lim x, = xq.
n—00 n—00
Now choose a conformal coordinate {x} centered at xo. We have g = e?™) |dx|? and
—Apou, = VyePeltn — e?p— fne¢’e”"/2, x| < 27F.
Consider
iy (x) = uy, (xn + e_}‘"/zx) — Ans
then for |x| < e*/2F,
— Agaiin (x) =V (4 e741/2x) P lnte %) i)

) P S (xn + e 7172x) P (ante ™4 1/20) = /2 iin () /2

We have i, <0, u,(0) = 0 and

/ el dupe < / e du, < C,
B /25 B3 (xo)
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'/BL)‘" /25

Thus up to a subsequence, {ii,} converges weakly to iy in leoc (RZ) and strongly in

NPT
i (0 + €721/ 2x) P lonte %) ’\"/2‘ duge < / frdpg — 0.

B, (x0)

HZL . (Rz). In particular, it is a weak solution to
—Aprlige = V(xo)e¢(0)e’z°°, in R2,
Jx2 e dug: < o0o.

By a classification theorem of Chen-Li [11], we know that
/ V(xo)e‘z’(o)e’ho dug: = 8.
R2
In particular V (xo) > 0. By Fatou’s Lemma, we have

/ V(xo)e¢(0)e';°° dug: = lim V()co)e‘p(o)e'ZOC dup2
R2 R—o00 Bg

< lim lim lnf/ Vn (-Xn + e—)»n/zx) e¢(Xn+e’)»n/2X)el;n(X) d,LLRZ
Br

R—o0 n—00

R—o0 n—00

= lim lim inf/ V, (x,, + eik”/zx) e dug
B g

< lim lim inf/ Ve dug
Bf (x0)

r—0 n—o0
=i ({xo}) .
Thus

u ({xo}) > 8.

In our initial model (3.1), we must have u ({xo}) = 87 and #S = 1. Moreover,

. . 8mh 8mh
V =1limYV, = lim =
n n—o0 f): hetn dg h(xo) fE e dug

and h(xg) > 0.

4 Lower bound for the functional

In this section, we give a lower bound for J(u(¢)) along the flow, i.e. we give the proof of
Theorem 1.2.

Proof of Theorem 1.2 Suppose our flow develops a singularity as time goes to infinity, we
will analyse the asymptotic behavior of the flow near and away from the blow-up point and
derive a lower bound of J (). From the previous compactness argument, there is only one
blow-up point when p = 87, denoted by xg. Then there is a sequence of points {x,} such
that

lim x, = x9, Ay = u,(x;) = maxu, = maxu(t,) = +00,
n—oo z z
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where #, — oo asn — oo. In an isothermal coordinate system {x} around xg, we still denote
u, and x, in this coordinate by u,, and x,, respectively. Set r, = e /2 and

Uy i=Up (Xp +7pX) — Ap.
Then we have i1, weakly converges to il satisfying

7e®©®

oo = —21In (1 Na=-———
Uoco n( + alx| ),a fze"odug

and
li 1/ |du,|>d li 1/ \dii, |*d
im — = lim —
n—o0 2 BfnR(Xn) i & Mg n—00 2 Br(xy) o fee
R 2
=71/ rdr
0
aR? s
=87 ———ds
/0 (1 +s)2 4.1

aR?
1 1
:871/ — ——— s
0 l+s (1+9)2

=87 <1n(1 +aR? +

dar
1+ ar?

- -1
1 +aR? )
= 87 In(@R?) — 87 + og(1).

Here and in the following, we use og (1), 0,(1), 05(1) to denote those functions which con-
verges to zero as R — 400, n — 00,8 — 0 respectively.

Since u, — ii, converges to G weakly in W?(Z) for 1 < p < 2 and strongly in
HZZOC(E\{xo}) (see Proposition 3.5 in [23]) and G satisfies

—AG =87(8y — 1), T,
5 Gdpg =0.

1 1
lim f/ duy *djg = lim 7/ du|*d g
n—>00 2 E\Bf(x,,) n—00 2 E\B;’(Xo)

1
:5/ 1dG|*d g
T\ B§ (x0)
1/ 1 3
=—= GA,Gdu —f/ G—Gdu
2 s 2agteg v E

1 3
:471/ Gdu —f/ G—Gd,,
B (x0) 2 oty v E

where v is the normal vector field on BB(‘Sg (x0) pointing to the complement of Bf (x0).
In normal coordinate, G has the following expansion

G(x) = —41n|x — xo| + A (x0) + (b, x — x0) + (x — x0)” ¢ (x — x0) + O (Ix — x0l*).
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Then
1
lim — / |du,,|2dpLg = —167Iné + 4w A (xg) + 0s(1). 4.2)
T\ B (x)

Define

* _i 27[ i0
u”(r)_2rr A uy (x, +re' ) deo.

Then for r, R <r < s < §, we have (cf. [24, equation (3.4)])
/ ldu* |*dx < /
By \Br B,\B,
Notice that

lim (i; (ra R) +21nry) = = 2In (1 +aR?) = ~21In (aR?) + o (D),

ouy, 2

ar

dx.

1 2T . (4.3)
lim (u:(S) - 12”) =-_ / G <3619) dO = —41Ind + A (xg) + os(1).
n— o0 2 0

Let w,, be the harmonic functions in the neck domains Bé" (xn)\Bf; & (X)) such that
wn|33§(xn) = u:(a)a wn'agf RGn) = u: (raR) .
Then we have

[ du; Pd g
BS (en)\BE, ()

| =

T2 /19§<xn)\BfnR<xn)
2,

= 2B a\BE, )
_ Ty ®) — uz(ra R))?
- In§ — In(r,R)

Set v, :==u}(8) — u)(r,R) — u, — 21nr,. It follows from (4.3) that

ldw, |*d g

lim 7, = —41n8 + A (x0) +21In (aR?) + og(1) + 05(1).

n—oo

Then we get
1

>/ g P
BY (cu)\B g (xn)

7 (T + iy + 210 ry)° (1 _ 1n(R/6>>‘1

—Inr, —Inr,

7 (tp + ity — 21Inry)?
—Inr,
—161n(aR?)

— 8mu, + 32w In§ — 8w A(xp)

Tn Up 2
+mx(2+ + In(R/8) + or(1) + 0s(1)
Inr, Inry,

4.4)
for large n.
Thus, (4.1), (4.2) and (4.4) give us

J(up) = 87 In (aR?) — 87 — 167 In 8 + 47 A(x0) + 87 (ﬁn —Inh(xg) — ln/ emo dug>
X
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7 (T, +u, —2In r,,)2
—Inr,

— 8ii, + 327 In§ — 87 A (xo) — 161n (aR?)

2

T

pr(2+ 2+ ) I(R/S) + or(1) + 0s(1) + 0n(1)
Inr, Inry,

= —47(A(x9) +2Inh(xp)) — 87w Inzm — 8w 4+ or(1) + 05(1) 4+ 0, (1)

i — 21Inr,)? ) in \?
+71(Tn+un nry) —|—7'r|:<2+ n + u,) —l6i|1n(R/5)-

—Inr, Inr, Inry,
Since J (u,) < J(ug), we have lim,,_, o, 4,, — 21nr,. Hence,

lim J(u,) > —47 max(A(x) +2Inh(x)) — 87 Inmw — 8.
n—00 xXex

By the monotonicity formula (2.2), we conclude that

J(u(@)) > Cop = —4n ma%((A(x) +2Inh(x)) — 8w lnmw — 8x, Vi >0.
xe

5 Global convergence

Proof of Theorem 1.3 Notice that there is a sequence of positive numbers {#,} such that n <
t, <n+1and

2

du(t
g

at

lim [ ()
n—o0 b))

By the lower bound of J along the flow stated in Theorem 1.2, the existence of mean field
Eq. (1.1) is reduced to construct a function whose value under J is strictly less than Co. In
fact, such kind of functions were constructed in [12] provided that

Agh (po) + 2 (b1 (po) k1 (po) + b2 (po) k2 (po))
> — (87 + bf(po) + b3 (po) — 2K (po)) h (po)

where K (x) is the Gaussian curvature of X, Vh(pg) = (k1(po), k2(po)) in the normal
coordinate system, pg is the maximum point of A(q) + 21nh(q) and b1 (po), b2(po) are the
constants in the following expression of Green function G:

G (x, po) = —4Inr + A (po) + b1 (po) x1 + b2 (po) x2
+ clxlz + 2cox1x2 + C3x22 + 0 (r3) ,

where r(x) = distg(x, po). The sequence {u,} can not blowup by our assumption. By
Lemma 3.1, {u,} is boundedin H2(X) and there is a function us, € H*(Z) and asubsequence
{un, } of {un} such that

Up, — Uso Weakly in HZ(Z)
and

Up, = Uso in C*(X)
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for o € (0, 1) as ny — oo. It is easy to see that u, is a smooth solution to
het
Js hetodpg

To obtain the strong convergence for {u e }, please notice that

2
/ (Ag“nk - Ag“OO)
T
de'nk g het'e he'k 2d
B /Z‘ ot oo fZ hett d/’Lg fz he'nk dﬂg fe

9 2
SC/ (euoo_euﬂk)zdug_"_c/ ‘ﬂ
) > at

—Agutoo +8m = 87

e" dpg — 0

as ngy — +oo.

We use Lojasiewicz-Simon gradient inequality to get the global convergence of the flow.
When i > 0, one can refer to [4] for non-critical cases, i.e. p # 8km and [23] for p = 8.
In both papers, the authors just provided the paper by Simon [29] and no more details were
given. In this section, we give a detailed proof and some references. We divide the proof of
the global convergence to several steps.

Step 1
|‘”(t)+’|L°°(2) =C.
Since
ou

— <e "A,u+C.
or — 8

Applying the maximum principle, we have % (maxy u(t) — Ct) < 0. By using the
fact {u,} is bounded in L*® (X) and n < 1, < n + 1, we conclude that u(¢)" is
bounded in L™ (X).

Step 2

luOllg1zy = C.

Denote
1
A() = {x €Y :et® > f/ e”odug}.
2 Js
Then
1
/ u(r)dpg = In (5/ e dug) A0y = =C,
A1) )
and
/ u(t)dpg < / M0 < / et =/ &M < C.
A1) A(r) ) )
Thus

<C.

/ u(t)dug
A1)
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/e“(’ dpg =/ et dug
b b

=/ "M dyg +/ e dyg
VA1) A1)

1
55/26”0 dug + C A,

Notice that

1
=5 [ " dug + ClAW,
by
we get
-1
|A(D)]g = C™.
By Poincaré inequality,

lu()ll 25y <C | Veu@|] 25 + 120

_|_

=C |[Veu®| o5, + ’/A(t)u(t) dug /Z\A(Z)u(t) dug

<C [ Veu®) | 25y + € + JIENAD I )]l 23, -

lu@®llp2sy <C va”(’)HLZ(z) +C.

Hence

Notice that
1
E/ |vgu(z)|§dug = J(u(r)) — 8wii(t) + 87 ln/ he"® dp, < C + Ci(t).
by =
By Young’s inequality, we conclude that

lu g1z = C.
Step 3

2
dug =0.

du(t)
ot

lim; o0 [ et

We will follow the argument of Brendle [1] (see also [4]). For every ¢ > 0, there
exist ko such that for all k > kg

/E ()

Assume for all k > ko,

my = inf [t >ty / P
b

For t,, <t < my, we have

/ eu(t)
=

ou (t,,k)

ot

dug < e.

ou(t)
ot

2
dug > 28] < 00.

2

BO N gy < 26,

ot
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Since u(¢) is bounded in H! () and u(r)* is bounded in L™ (X), we conclude

that
|Au()| < Ce+C, Vi, <t =< tly,.
Thus
lu@llposy < Cllu@lpgrsy < Cey Vin, <t < my.
Set
du(t) |?
= [ 0|2 du,.
y() /Ee Y /'Lg
Denote by i = ?T';’ i = %273’ Notice that
8mh
y — —u A _ 8 .
u e ( gu 7T) + fz hett dMg
We get
87h [« he'udu,
i =e " Agit —ue™" (Agu — 8) — fz—l;é
(f het dpeg)
87 hii 8mh [« hetud
=e "Agui —u? 4+ 7Tuu _ Js l;g.
f): he dug (f): hett d/v"g)
Hence

¥ =/ (it + 2¢"iii) dpeg
z

hei? du, he'iidu, \ 2
o il [ 050 B (b
> )

Js he* dpug J5 he dpug

5—2/ |Vgit|2du,g—/e”it3du,g+Cy.
b> b

We estimate the second term in the RHS of the above inequality as follows: for all
Iny =1 < my,

—/ e"i® duug §C/ i dpeg
X D)

<C il o) il (s

5 1/2
<Cey (y +/ |V, dug) :
z

Since fE e"udug = 0, applying the Poincaré inequality to obtain

1 2
.2 .
/e”u dug < . / |Veugl/l
b lLetg Jx

1
g dppeng =
.12
§C/ |Vgit, dusg.
z

.12
)\l,e"g /E ’Vgu’gdﬂg
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Thus for all 1,,, <1t < my,

12
—/ i’ dpg < Cey'/? </ Vil dug> :
) P 8

which implies
y < Cey.

Hence

v (tm,) Sy(rnk)+cg/ v dr.
1,

"k

Thus

o0
e < Cg/ y(@)dt - 0, as t, — o0
Iny
which is a contradiction. Therefore

2

du(t
Wy g

ot

lim P
—00 b))

Step 4
||”(t)||1-12(2) < C which implies that [lu(?)[|cy(z) < Cy forevery0 <y < 1.
This is a direct consequence of the standard elliptic estimates and Sobolev inequal-
ities.
Step 5

Since
de A, s he" he'e
= u—1u T - s
dt # * [ghetdug [y heto djug
we get
ou(r)
| Ag () = uoo)| = € (|52 4+ () = ool + u(t) = soll 15y

which implies

du(t)
ot

lu@) —uooll g2z < C (‘ + llu(t) — Moo||L2():)) .

LX(Z)

The claim follows by letting t — +o00.
Step 6

There are positive constants o and 6 € (1/2, 1) such that

Vue H* (D), lu—uslizg <o = [J@) —J W)’ < IMW 2 -

@ Springer



42 Page240f 26 L.Sun, J. Zhu

Notice that the functional J : H! (Z) — R is analytic and the gradient map
M:H' () — H7' () is given by

M) = —Aqu —8 ( he” 1)
u u)=—-Agu —8n | ———F——-1]).
! Jzhet dpg

The Jacobi operator L : H'(Z) — H™' () of J at a critical pointu € C*® (%)
of J is given by

$+—>£(5)=_Agg_8n( he's _heutheuédug>

f): he d//“g (fz het d,ug)2

is a Fredohom operator with index zero. Since M (H? (£)) C L* (%), applying the
Lojasiewicz-Simon gradient inequality (cf. [21, Proposition 1.3] or [17, Theorem
2]), there are positive constants 6 and 6 € (1/2, 1) such that

Vu € H? ), lu —uxcllpriz <o = ) — J(uso)l” < M@l 25y -

Hence we obtain this claim by choosing o small.
Step 7

lim;— 00 lu(t) — uoollz2(x) = 0 which gives the global convergence.

We will follow the approach of Jendoubi [21]. For every 0 < ¢ << o, there exist
ki such that for all k£ > ki,

lu () — uoollz2(xy < &
Assume for all k > ki,
s = inf {t >ty (@) — uoollf2(zy = a} < Q.
Then for all ny <t < s¢,
lu@) —ucoll2(s) < 0 = llulsk) — uoollz2(xy -

Without loss of generality, assume J (u(t)) > J(uoo) forallz > 0.Fort,, <t < s,
we have

d 1-6 — d
@ (J@®) = J(oo)) 7 == 1 =0) () = J(ux)) El(u(t))

du(r) ||?
=(1=0) (J@(®) = J (o)™ | "2 ==
t LZ(E)
>1 -0 ‘ ou(t) .
- C 8t LZ(E)
Thus
k| Qu(r) c 1-6
dr < —— (J(u(t, —J(u .
/ | gy &S T ) = T )
Since
L ut) - usoll sy < ‘ ou)
— lu@) —u ,
dt o LZ(E) - 8t LZ(E)
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we get
o = llulsk) — Moo”LZ():)
Skl ou(t)
< Jutn) = el 5, + | dr
R PR A el I
C 1-6
= ”M(tnk) — Uoo HLZ(Z) + m (J(u(tl’lk)) - J(MOO))
which is a contradiction when n; — 4-00. Hence we have s, = +00 for some k.
We conclude that
| Qu(t
N
0 at LZ(E)

which gives

Jm (7)) = ucoll 2z = 0.
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