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—Au = he" — f, (1.1)

where A is the Laplace-Beltrami operator. It comes from the prescribed Gaussian
curvature problem [5,7,16], and also appears in various contexts such as the abelian
Chern-Simons-Higgs models [3,20,21].

The existence of solutions to the Kazdan-Warner equation has been studied in recent
decades. Denote by dus the area element of 3. If fz fdus = 0 and h # 0, then the
Kazdan-Warner equation (1.1) is solvable [16] if and only if A changes sign and

/he¢’d,ug <0,
b
where ¢ is the unique solution to
fdpus
~ag= IV [
Js 1dps 2

If fz fdus # 0, then the Kazdan-Warner equation (1.1) can be reduced to the following
mean field equation

he" 1
—Au = — 1.2
g (fz; hetdps [ 1duz) 2

where p € R\ {0}. Many partial existence results of the mean field equation have been
obtained for both noncritical and critical cases, see for examples Struwe and Tarantello
[22], Ding, Jost, Li and Wang [8], Chen and Lin [6], Djadli [10] and the references therein.

If the prescribed function h is a positive function and p € R\ 87N*, then every
solution u with [j,udpus = 0 to the mean field equation (1.2) is uniformly bounded.
One can define the Leray-Schauder degree for equation (1.2) as follows (cf. [18, p. 422]).
Given « € (0, 1), consider

X, = uEC’Q’“(E):/ud;@:O ,
b

and introduce a compact operator K, : X, — X, by

- he* 1
K,n(u) =p(=A)~" ( — ) .
p7h( ) p( ) fzheuduz fE 1dMZ

The Leray-Schahder degree is defined by

. Xo
dy = lim _deg (Id — K, BY ,0)



L. Sun, L. Wang / Advances in Mathematics 404 (2022) 108422 3

which is independent of o and h. Here Bl);g@ stands for the ball with center at the origin
and radius R in the Banach space X, equipped with the C%%mnorm. Li [18, p. 422]
pointed out that d, should be determined by the Euler number x (¥) of 3. Chen and

Lin [6, Theorem 1.2] proved that
k—x(%)
d, =
P < k ’

where p € (8km,8(k+ 1)m) and k € N. As a consequence, if the genus of ¥ is greater
than zero, then the mean field equation (1.2) with positive prescribed function h always
possesses a solution provided that p is not a multiple of 8.

In this paper, we consider the following Kazdan-Warner equation on a connected finite
graph G = (V, E):

—Au(z) = h(z)e"™® —¢, zeV, (1.3)

where A is the Laplace operator on G (see (2.1)), h is a real function on V and c is a real
number. This equation was studied by several mathematicians (cf. [11-15,17,19]). For
example, utilizing the variational method, Grigor’yan, Lin and Yang [13, Theorems 1-3]
obtained the following discrete analog of that of Kazdan and Warner [16]:

o when ¢ = 0, (1.3) has a solution if and only if h = 0 or h changes sign and fv hdp < 0;

o when ¢ > 0, (1.3) is solvable if and only if maxy h > 0;

e when ¢ < 0, if (1.3) has a solution, then fv hdp < 0, and in this case, there exists
a constant ¢ € [—00,0) depending on h such that (1.3) has a solution if ¢ € (¢, 0),
but has no solution for any ¢ < ¢y,.

Grigor’yan, Lin and Yang [13, Theorem 4| pointed out that ¢;, = —oo if miny h <
maxy h < 0. Ge [11] proved that ¢, > —oo if h changes sign and obtained a solution for
¢ = ¢y Recently, Liu and Yang [19] studied the following Kazdan-Warner equation

—Au= Kye" — &k (1.4)

where fV kdp < 0, Ky = K+ and miny K < maxy K = 0. They obtained the following
discrete analog of that of Ding and Liu [9]: there exists a A* € (0, — miny K) such that
(1.4) has a unique solution if A < 0, at least two distinct solutions if 0 < A < A\*, at least
one solution if A = A*, and no solution if A > \*.

Our aim is to extend the results of Chen and Lin [6] to graphs. We shall prove that
every solution to the Kazdan-Warner equation (1.3) is uniformly bounded whenever
h # 0. Consequently, the Brouwer degree dj, . for (1.3) can be well defined. We will give
the exact formula for the Brouwer degree dj, .. Meanwhile, we will use the degree theory
to recover some known existence results.
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The remaining part of this paper is briefly organized as follows. In Section 2 we recall
some notions on a graph and state our main results. In Section 3 we recall some basic
facts regarding functions on a connected finite graph. In Section 4 we study the blow-up
behavior for the Kazdan-Warner equation and state a discrete analog of that of Brezis
and Merle’s result in [2]. We will prove a compactness result for the Kazdan-Warner
equation on a connected finite graph. In particular, we give a proof of Theorem 2.1.
In Section 5 we compute the Brouwer degree for the Kazdan-Warner equation case by
case (Theorem 2.3). In Section 6 we shall give new proofs of several known existence
results by using the degree theory (Corollary 2.4 and Corollary 2.6). Hereafter we do
not distinguish sequence and subsequence unless necessary. Moreover, we use the capital
letter C' to denote some uniform constants which are independent of the special solutions
and not necessarily the same at each appearance.

2. Settings and main results

Throughout this paper, G = (V, E) is assumed to be a connected finite graph with
vertex set V and edge set E. The edges on the graph are allowed to be weighted. Let
w:V xV — R be a weight function in the sense that w,y = wy, > 0 and

Wey >0 < ay€c k.

G is connected means that for every z,y € V there exist z; € V such that x = z1,y = z.,,
and

Weiin >0, i=1,...,m—1.

We say that G is finite if the number of vertices is finite. Denote by VR the set of
real functions on V. Let u be a positive function (vertex measure) on V' and define the
(u-)Laplace operator A by

Au@y:£¥§:ww@m07u@n, reV, ueVk (2.1)
v yev

For any function f € VR, an integral of f over V is defined by

/fdu =3 f(@) e

\e zeV

We have the following Green formula:

/Awwz—/fmmm% (2.2)
1% 1%
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where I is the associated gradient form:

Let

Denote by L (V) the space of all functions f € VR with finite norm £l oy Which is
defined by

(o [FPdp) P, 1< p < o0,
1Al 2oy =

ess supy | f|, p = oo.

We also consider the Sobolev space W7 (V') which consists of all functions f € VR with
finite norm [ f|[y1.5(y,) Which is defined by

I llwreqry = 1F Loy + IV Al Loy -
For every h, f € VR, we consider the following functional
_ 1 2 u 1,2
In,f(u) = §|Vu| + fu—he" | dy, weW2(V).
v
The critical points of Jj,  are exactly the solutions to the following (generalized) Kazdan-
Warner equation:
—Au(z) = h(z)e"™ — f(z), zeV. (2.4)
We say that v is stable if
2 w2 R
[(ver—nee)auzo. veev®
v

and w is strictly stable if the equality holds only if £ = 0.
The first main theorem is the following a priori estimate.

Theorem 2.1. Let G = (V, E) be a connected finite graph with weight w and measure fi.
Assume that h € VR and c € R satisfy:

1) if ¢ is positive, then h is positive somewhere;
2) if ¢ equals to zero, then h changes sign and the integral of h over V is negative;



[ L. Sun, L. Wang / Advances in Mathematics 404 (2022) 108422

3) if ¢ is negative, then h is negative somewhere.

Then there exists a constant C' depending only on h,c, G,w and p such that every solution
u to the Kazdan-Warner equation (1.3) satisfies

max lu(z)| < C.

Remark 2.2. From [13] (see also Section 1), if A # 0, then the conditions 1)—3) mentioned
in Theorem 2.1 are necessary conditions to solve the Kazdan-Warner equation (1.3). If
h = 0, then the solutions of (1.3) are not uniformly bounded since any constant function
solves it.

Assume that h, f € VR satisfy:

1)’ if [i, fdp > 0, then maxy h > 0;
2)" if [}, fdu =0, then [, he®dp < 0 < maxy h;
3)" if [, fdu < 0, then miny h < 0,

where ¢ is the unique solution to

_ Jy fdp

8 Jv 1du

- f, m‘}nqb =0.
Consider a map
Frop:L>®(V)—L>*(V), u— Fps(u):=—-Au+ f— he".

We denote by Bp the ball with center at the origin and radius R in L (V). Notice that
if u solves (2.4) then

CA(u— &) = heteu—o _ Jv Ak
A(u—¢) = he®e 1’

Applying Theorem 2.1 we conclude that there is no solution on the boundary dBg for
R large. Hence, the Brouwer degree

deg (Fh’f,BR,O)

is well defined for R large. According to the homotopic invariance, deg (Fp ¢, Bg,0) is
independent of R. Let

dp,g =  lim deg(Fh s, Br,0).

If Jy r is a Morse function, i.e., every critical point of Jj  is nondegenerate, then
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deg (Fy, f, Br,0) = > det (DFy ¢ (u))
uEBR,F;L,f(u)=0

whenever 9B N F)~ } ({0}) = 0. For more details about the Brouwer degree and its
various properties we refer the reader to Chang [4, Chapter 3].
The second main theorem is the following

Theorem 2.3. Let G = (V, E) be a connected finite graph and h,c as in Theorem 2.1.
Then

-1, c¢>0;
dhe=1<1, ¢<0 and maxy h <O0;

)

0, c < 0 and maxy h > 0.

The Kronecker existence implies that there exists at least one solution if the Brouwer
degree is nonzero. As applications, we obtain several existence results mentioned in the
introduction.

Corollary 2.4 (¢f. [11,15]). Let G = (V, E) be a connected finite graph and h # 0.

(1) If ¢ > 0, then (1.3) is solvable if and only if maxy h > 0.

(2) If c=0, then (1.3) is solvable if and only if h changes sign and [;, hdu < 0.

(3) Ifc <0 and h <0, then (1.3) has a unique (strict global minimum) solution.

(4) If c< 0 and fv hdp < 0 < maxy h, then there exists a constant ¢j € (—00,0) such
that (1.3) has at least two distinct solutions for ¢y, < ¢ < 0, at least a (stable) solution
for ¢ = cp, and no solution for ¢ < cp,.

Remark 2.5. Checking the proof of [11, Theorem 1.1], one concludes that

C' maxy |h|
cp>——

maxy h
if maxy h > 0. The multiplicity of solutions to the Kazdan-Warner equation in the
negative case can also be obtained by using the minimax method (cf. [19]).

Corollary 2.6 (cf. [19]). Let G = (V,E) be a connected finite graph. There exists a
constant A* € (0, — miny K) satisfying:

(1) if A <0, then (1.4) has a unique (strict global minimum,) solution;

(2) if 0 <X < X*, then (1.4) has at least two distinct solutions;

(3) if N = A*, then (1.4) has at least a stable solution, i.e., (1.4) has a solution u
satisfying
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/ (|vg\2 - K,\e“§2> dp>0, veeVR,
\4

(4) if A > X*, then (1.4) has no solution.
3. Preliminaries

In this section, we provide discrete versions of the strong maximum principle, the
elliptic estimate, Kato’s inequality and the sub- and super-solutions principle.

We begin with the following strong maximum principle.

Lemma 3.1 (Strong mazimum principle). If u is not a constant function, then there exists
x1 € V such that

u(zy) = maxu, Au(zq1) <0.
Proof. Choose z,y € V such that
u(z) = maxu, u(y) = mvin u.
Since G is connected, there exist x; € V such that x = 1,y = x,, and
Wezy, >0, t=1,...,m—1.
Since u is not a constant function, we have
u(z) > u(y).

Thus there exists some 1 <4 < m — 1 such that u(zy) = -+ = u(z;) > u(ziy1). Without
loss of generality, we may assume that u (z1) > u(x2). Then u (1) = maxy v and

M) == 3 ey (uly) = u (1)

1 yev

STWINEQ (U(ZL'Q) —u (xl))

<0.
We complete the proof. 0O

Since G is a finite graph, all of the spaces L? (V) and W1P (V) with 1 < p < oo
are exactly VR, a finite dimensional linear space. Note that every two norms on VR are
equivalent. Denote by ||-|| the norm of VR for convenience. Set
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VR = uEVR:/ud,u:O
v

Then all of maxy |Au|, maxy u — miny v and maxy |Vu| are norms of u on ViR. Conse-
quently, we have the following elliptic estimate.

Lemma 3.2 (Elliptic estimate). There is a positive constant C' such that for all u € VR,

max u — minu < C'max |Au.
1% v v

For any function f € VR, we denote by f* = max {f,0} and f~ = (—=f)*. For any
set A we define the indicator

1, teA,
xa(t) ::{0 t¢ A

The following inequality is useful.
Lemma 3.3 (Kato’s inequality).
Au™ > xqusopAu.

Proof. By definition,

Aut(z) = = Z way (ut(y) —ut ().

K "3

If u(x) > 0, then u™ (x) = u(z) and

At () > = S way (uly) — u(x)) = Au(a).
Ha yeVv

If u(x) <0, then u™(x) = 0 and

1
Aut(z) = — Z weyut (y) > 0.
Ha eV

We obtain the desired inequality. O

Let f : V xR — R be a smooth function. We say that ¢ is a sub-solution (super-
solution) to

—Au(z) = f (z,u(z)), VzeV, (3.1)
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if Ag(z) + f (z,6(x)) > (< 0) for all z € V. Denote
a0 = [ (519" = F () d
v

where ‘g—i = f. Then we have the following sub- and super-solutions principle.

Lemma 3.4 (sub- and super-solutions principle). Assume ¢ and 1 are sub-solution
and super-solution to (3.1) respectively with ¢ < 1. Then any minimizer of J in
{u ceVR.p<u< w} solves (3.1).

Proof. Without loss of generality, assume ¢ # 1. Then

—A(=9)(x) = f(z,9(x)) - f(z,0(z)), zeV.

We claim that ¢ > ¢. Let u be a minimizer of J in {u ceVR. p<u< 1/1}. If u(xg) =
@ (xg) for some xg € V, then u = ¢. In fact, since u — ¢ > 0 and miny (v — ¢) = 0, if
u # ¢, applying Lemma 3.1, then there exists some x1 € V such that

u(ry) —¢(x1) =0, A(u—¢)(z1) > 0. (3.2)

On the one hand, since u is a minimizer of J, we have
d
0 §& J(u+tda,) |0

:/emhfuwm@ﬁu (3.3)

1%
=— Au(z1) — f (z1,u(x1)).

Here for the first inequality we used the fact that ¥ (z1) > ¢(x1), which can be verified
directly. On the other hand, by (3.2) and (3.3), we have

0 <A (u—9¢)(x1)

< — fx1,u@1)) + f (@1, 6(21))
=0,

which is a contradiction. Similarly if u(z) = ¢(x) for some x € V then w = . This
together with the previous fact proves the claim.

If u = ¢, then (3.3) implies that ¢ is also a super-solution and thus w solves (3.1).
Similarly, if u = ¢ then u is also a solution. If ¢(z) < u(z) < ¥(x) for any = € V, then
for every n € VR, since u is a minimizer,
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0= 5 Tl = [ (du=f(ul) dn
\4

Thus w solves (3.1). O
4. Blow-up analysis

First we state the following discrete analog of that of Brezis and Merle’s result [2].

Theorem 4.1. Let G = (V, E) be a connected finite graph. Let u, € VR be a sequence of
solutions to

—Auy (x) = hp(z)e ™ —c,, zeV
where h, € VR and ¢, € R satisfy

lim h,(xz) =h(z), VeV

n—oo

and

lim ¢, =c.
n— oo

Then after passing to a subsequence, we have the following alternatives:

(1) either u, is uniformly bounded, or

(2) uy, converges uniformly to —oo, or

(3) there exists xg € V' such that uy, (zo) converges to +o0o and h(xo) = 0. Moreover,

Uy, 18 uniformly bounded from below in V and above in {x € V : h(z) > 0}.

Proof. If u, is uniformly bounded from above, then Aw,, is uniformly bounded. Applying
Lemma 3.2,

max u, —minu, < C.
% %

If miny u, is uniformly bounded from below, then we obtain the first alternative. If

lim inf miny u,, = —oo, then we obtain the second alternative.
n—oo
If lim sup u,, = 400, then without loss of generality we may assume for some zy € V,
n—oo

0 < up (x0) = max ty, — +09

as n — 0o. According to Lemma 3.3, we get
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—Au; =—A(—up)"

<= X{—up >0} A (—un)
=X{un<0} (Cn - hneun)
<c¢f +hy,.

Thus

e A AL
14

= / Au, dp — / Au, dp

{Au;zo} {Au; <o}

n

<2 / (¢f +hy)dp
{Auﬁ<0}

<C.
Applying Lemma 3.2,
m‘ax U, = méxx U, — m‘;n u, <C.

Thus u,, is uniformly bounded from below.
Since u,, is uniformly bounded from below, we have for every x; € V'

i (1) (1) — ¢, = — Auy, (21)

LS oy (i (1) = waly)

Hoazy yev

<C (un (z1) +1),

which implies
hy (1) < C (up (1) + 1) e~ un(@1)

Taking n — oo, we deduce that
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whenever limsup u,, (z1) = +o00. In other words, u, is uniformly bounded in {z € V :
n—oo

h(z) > 0}.
Now we prove that h (zg) = 0. The above argument yields that h (z¢) < 0. It suffices
to prove that h (xz¢) > 0. Applying the maximum principle, we have

hn (z0) etn(0) _ 0 — _ Ay, (xg) > 0.
Thus
hi (z9) > cpe”un (@)

Letting n — oo, we deduce that

The proof is completed. O
Now we can prove the following compactness result.

Theorem 4.2. Let G = (V, E) be a connected finite graph with weight w and measure .
Assume that there exists a positive constant A satisfying:

(1) maxy (1h] + |e) < A;
(2) if h(z) > 0 for some x € V, then h(x) > A™1;
(3) ifc>0, thenec> A~%;

(4) if =0, then [, hdp < —A~1;

(5) ifc <0, then c < —A~! and miny h < —A~1L.

Then there exists a positive constant C depending only on A, G, w and p such that every
solution to (1.3) satisfies

max |u(x)| < C.
eV

Proof. We prove the theorem by contradiction. Assume there is a sequence u,, € VR of
solutions to

—Aun = hneun —Cn
satisfying
lim h, =h, lim ¢, =c¢, lim [lu,| = oco.
n—00 n—r00 n—00

Here h,, and ¢, satisfy the conditions (1) — (5).
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If u,, converges uniformly to —oo, then
—-A (un — H%/in un) = h,e"" —c,,

which implies that u, — miny u, is uniformly bounded due to Lemma 3.2. Thus wu,, —
miny u, converges uniformly to a solution w of the equation

—Aw = —¢, minw =0.
%

But this then implies that ¢ = 0 and w = 0. By assumptions (3) and (5), we may assume
¢n = 0. Then the assumption (4) gives

/hnd,u < —-A"h
%

Taking n — oo, we obtain
/hdu < —Ah
%

However,

Oze—minv un/hneu"d/i:/hneun_minvu"d,u—) /hdug _A—l
14 \4 14

as n — oo, which is a contradiction.

Applying Theorem 4.1, we may assume that maxy u, converges to +oo, and u,
is uniformly bounded from below in V, and wu, is uniformly bounded in Q :=
{r €V :h(z) >0}, and {z € V : h(xz) = 0} # 0. For n large, the assumption (2) gives

QC{z eV ihy(z) >0} C{zeV ihy(x) >A'} C{zeV hx)>A4""} CQ,

and therefore all the set inclusions are in fact set equalities. We have

/cndu: h
hpe“rdu + / hpe“rdp

o
[

SC’—/h;e“”du.
v

netrdu
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This implies

/h;e“"du <C.
%

Hence

Bl < [ Ihal i+ < €
14

ACCOrding ‘O Lemma 32, we knOW ha‘
ax Uu < lil u + C
n —= n

By the assumption that maxy u, converges to +oo, we deduce that u, must converge
uniformly to +o0o. Consequently, Q = (), i.e., h < 0. By assumption (2), we may assume

h,, <0. Thus
/cndu = /hne“"d,u <0,

|4 14

with the equality if and only if h,, = 0. If ¢, = 0, then h, = 0, contradicting the
assumption (4). Hence ¢, < 0. By (5) we know that

minh, < —A"L.
Vv
Hence

—CA<L /Cndﬂ = /hne“ndu < _C A eminy un
14 v

This implies miny u,, < C, which is a contradiction. 0O
Example 4.1. For every positive number ¢, we have
—Alne=0==+ (elne — 5) .

Thus v = In € is a solution to the equation —Au = he* —c with h = £1 and ¢ = +e. Thus

the conditions (1), (3) and the first part of condition (5) are necessary since lirr%) Ine =
E—

—oo and lim Ine = +oo.

E—+400
We also have

—A(—=Ilne) =+ (56_1“ — 1),
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which implies that the conditions (1), (2) and the second part of condition (5) are nec-
essary.

Assume h changes sign and fv hdp < 0. The following Kazdan-Warner equation is
solvable (see [13] or Corollary 6.2)

—Au = he".
Let u be a solution to the above equation. Then
—A(u—1Ing) = che" e,
which implies that the conditions (1) and (4) are necessary.
Now we can prove Theorem 2.1.

Proof of Theorem 2.1. For fixed h and c, it is easy to check that the conditions (1) — (5)
in Theorem 4.2 hold under assumptions of Theorem 2.1. Therefore, by Theorem 2.1 we
know that every solution to (1.3) is uniformly bounded by a positive constant depending
only on h,c, G, w and p. O

5. Brouwer degree

In this section, we prove Theorem 2.3. We divided it into three cases: ¢ > 0,¢ = 0
and ¢ < 0. These cases correspond to Theorem 5.1, Theorem 5.4 and Theorem 5.5,
respectively.

Firstly, we compute the Brouwer degree for the positive case: ¢ > 0. In other words,
we prove the following

Theorem 5.1. For every connected finite graph G = (V, E), function h with maxy h > 0
and ¢ > 0, we have dj, . = —1.

Proof. Let u; € VR satisfy
—Auy = (Rt = (1—=t)h7)e" — (1 —t)c—te, te]0,1],

where ¢ > 0 is small to be determined. According to Theorem 4.2, wu; is uniformly
bounded. By the homotopic invariance of the Brouwer degree, we may assume h~ = 0
and c=¢ > 0.

To compute the Brouwer degree dj, s, we may assume h vanishes nowhere in V. In
fact, without loss of generality, we may assume =1 and V = {1,2,...,m}. In this case
L:=-A= (llj)

mxm 18 @ symmetric matrix which can be characterized by
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li; <0, Vi#j,
Zj lij = O’ VZ&

and dimker L = 1 (see Remark 5.2). Since L is a symmetric diagonally dominant real
matrix with nonnegative diagonal entries, we know that L is positive semi-definite. This
can also be seen from Green’s formula (2.2).

Now the Kazdan-Warner equation (2.4) is equivalent to

71 hie® — f1
T2 h2€gc2 P

L . - )
Tm hme®m fm

where x; = u(i), hy = h(i), fi = f(i). We also assume hy #0,...,h, #0,hpy1 =+ =

h,y, =0and 1 <7 < m. Write
_ (P Q7
=G %)

where P is a r X r matrix. If » < m, then R is positive definite (see Remark 5.3 for
details). Now (2.4) is equivalent to

x1 hie™ — fi
(P— QTR Q) 96‘.2 _ hge“62 f2
.73.7- hrez’“ — fr
where
f:l bit fre1
fa _ f.z _oTR! fr-+2
i fr fm

One can check that R~ = (rij) satisfies 77 > 0 (see [1, p. 137]) and L := P—QTR'Q =
(l~”) satisfies

and dimker L = 1. Thus, we can construct a connected finite graph G = (V, E) with
vertex V = {1,2,...,r}, weight &;; = —I;;, measure ji = 1 and L = —A. Moreover,
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T B m

SN h=> 1
i=1 i=1

and

det (L — diag (h1€™, ..., hpme™™)) = det R - det (L — diag (h1e™, ..., hye™)).

We conclude that

dh"f = dh‘f/#f.
Applying Theorem 4.2 again, by the homotopic invariance of the Brouwer degree, we

may assume h =1 and p = 1.
We consider

—Au(z)=e"" —¢, zeV. (5.1)
Notice that
/e"duzs/ld,u.
v v
We obtain
eMv it < Ce.
If w solves
—Aw =e" —¢g,
then

—Alu—w) =e" —e",
which implies
|A(u —w)| < max {e*,e"} |u —w| < Celu—w|.
Applying Lemma 3.2, we have
max (u—w)— m‘;n (u—w) < Cem‘ixx |u — w|

< Ce (m‘ax(u—w) —mvin(u—w) + ’m‘}n(u—w)’)
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Thus for small € > 0, we have
max (u — w min (u — w 5 min (u — w)| .

If u # w, then e — e™ # 0. Since

/(e“ —e”)du =0,
%

we must have
i — 0 — .
m‘}n(u w) < <m‘§x(u w)
Hence
0 < max (u—w) < min (u — w) — = min (u—w) = = min (u—w) < 0
max (u — w) < min (v —w) — gmin (u —w) = g min (u—w ,

which is a contradiction. Therefore, the Kazdan-Warner equation (5.1) has a unique
solution u = Ine if € > 0 is small.

Note that —A is a nonnegative matrix and 0 is an eigenvalue of —A with multiplicity
one. We have for small € > 0,

det (DFy . (In€)) = det (—A —€ld) < 0.
Consequently, by the homotopy invariance of the Brouwer degree,
dpe=lim dy . =sgndet (DF; ¢ (Ine)) = -1
eN\0

and the proof is finished. O

Remark 5.2. The condition dimker L = 1 is equivalent to that the graph G = (V, E) is
connected, i.e., has only one connected component. This further guarantees that no rows
of L can be zero and therefore [;; > 0 for each 1.

Remark 5.3. Here we give details explaining why R is positive definite. First, since L is
positive semi-definite, we know that R is also positive semi-definite. Therefore, all the
eigenvalues of R are nonnegative. If R is not positive, then it has an eigenvalue 0. Let Y

be an eigenvector for the eigenvalue 0. For any column vector X € R™™" let Z = (if) .
We have

7707 = (X7, Y7 (g %T) <§> — XTPX +2XTQTY.
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Since L is positive semi-definite, we have XTPX + 2XTQTY > 0 for any X € R™".
Therefore, we must have Q7Y = 0. Note that

PX
= (50).
It turns out that when Y # 0, (O,YT)T is an eigenvector of L of the eigenvalue 0.
However, by the definition of L, we know that (1,1,---,1)T is an eigenvector of L

corresponding to the eigenvalue 0. Since we have assumed that dimker L = 1, we have
ker L = span(1,1,---,1)T.

This implies that Y = 0, which contradicts the assumption that Y is an eigenvector of
R.

Secondly, we compute the Brouwer degree for the flat case: ¢ = 0. We prove the
following

Theorem 5.4. For every connected finite graph G = (V, E) and sign changed function
h e VR with [, hdu < 0, we have

dno = —1.
Proof. Let u; € VR be a solution to
—Auy = he™ —1t, te][0,1].

We claim that there exists a positive constant C' such that

m3x|ut| <C, Vte]|0,1]. (5.2)
It suffices to prove
lim sup max |u| < C. (5.3)
oV

We prove it by contradiction. Suppose (5.3) is not true. According to Theorem 4.1, after
passing to a subsequence, there are two cases:

(1) u; converges uniformly to —oo, or
(2) ¢ is uniformly bounded from below in V' and uniformly bounded in {z € V' : h(z) >

0} # 0.
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For the first case, arguing similarly as in the beginning of the proof of Theorem 4.2,
we know that u; — miny u; converges uniformly to 0. We conclude that

0 hdp = 1i h wy—miny Utdy = i t — miny utdy > 0
~ / K tl\%/ ‘ K tl\r(%/ © =5
1% Vv 74

which is a contradiction.
For the second case, we have

/ |h| e“tdp = / he*tdy — / he*tdu
\% {zeV:h(z)>0} {zeV:h(z)<0}

=2 / he“‘du—/he“"du
{z€V:h(z)>0} \%4

=2 / he"tdp — /tdu
{z€V:h(z)>0} %

<C.

This implies
minwu; < C.
1%

Moreover, it also implies

max |Aug| < max |hle*t +1 < C.

1% 1%
Applying Lemma 3.2, we have
max 4y < minu + C max |Au| < minwu; +C < C,
1% % 1% %

which is a contradiction.
The a priori estimate (5.2) implies

dpo=limdy; = —1.
ho = [ Cht
Here we used the homotopic invariance of the Brouwer degree and Theorem 5.1. 0O

Finally, we compute the Brouwer degree for the negative case: ¢ < 0. We prove the
following
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Theorem 5.5. For every connected finite graph G = (V, E), function h with miny h < 0
and ¢ < 0, we have

dhc:

)

1, maxy h <0,
0, maxy h > 0.

Proof. Since ¢ < 0, a necessary condition for the existence to the Kazdan-Warner equa-

tion (1.3) is
/hdu <0.

\4

This was proved by Grigor’yan, Lin and Yang [13, Theorem 3]. For the sake of complete-
ness, we reproduce its proof here. In fact, if u solves (1.3), then

/hdu :/ce_“du—/e_“Audu
v 1 1

< - /e*“Aud,u (since ¢ < 0)

= Dy (ule) — u(y)) (7 — e W) (by (2.2))

First we assume maxy h < 0. Let u; € VR satisfy
—Auy = (—t+ (1 —t)h)e"t —ec, te€]0,1].

According to Theorem 4.1, u; is uniformly bounded. By the homotopy invariance of the
Brouwer degree, we may assume h = —1 and p = 1. We claim that u = In(—c) is the
unique solution to

—Au=—e"—c.

It suffices to prove that v is a constant function. For otherwise, applying Lemma 3.1, we
have

—efBVY >, —e™MVY _c<0
which is a contradiction. Thus

dp,c=d_1,.=sgndet (DF_1 . (In(—c))) = sgndet (—A — cId) = 1.
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Second, we assume maxy h > 0. Let v; € VR satisfy
—Avy = (tha + (1 —t)h) e’ —¢, te]0,1],
where

A, h(x) >0,
-1, h(z) <0,

and A > 0 is large to be determined. According to Theorem 4.1, v; is uniformly bounded.
By the homotopy invariance of the Brouwer degree, without loss of generality, assume
h = hp. Choose A large such that

/h,\du =A / 1dp — / 1dp > 0.

v {z€V:h(z)>0} {z€V:h(z)<0}

Consequently, there is no solution if A is large. Thus, according to Theorem 4.1, by the
homotopy invariance and Kronecker existence of the Brouwer degree,

dh,c = lim dhA.c =0.
A—+o0 ’

We finish the proof. O
6. Existence results

As consequences of the degree theory, we state and prove several existence results in
the literature. Specifically speaking, we give proofs of Corollary 2.4 and Corollary 2.6.
While some proofs and techniques are borrowed from the literature, the main new in-
gredient in our proofs is that we apply the degree theory to analyze the existence of
solutions.

Corollary 6.1 (Solvability for positive case). If ¢ > 0, then (1.3) is solvable if and only if
maxy h > 0.

Proof. If there is a solution u, since fv hetdy = fv cdp > 0, we must have maxy h > 0.
Under the assumption maxy h > 0, by Theorem 2.3 we have dj, . = —1. In particular,
(1.3) has at least one solution. O

Corollary 6.2 (Solvability for flat case). If c =0 and h £ 0, then (1.3) is solvable if and
only if h changes sign and fV hdp < 0.

Proof. If (1.3) has a solution u, then since fV he*dp = 0, we know that h must change
sign. Moreover, similar to (5.4), we have
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/hdu = % Z wgy(uw(x) —uly)) (e_"(‘"”) - e_“(y)) <0, (6.1)

v z,yeV

and the equality holds if and only if u(z) = u(y) whenever w, , > 0. Since V' is connected,
this can happen only when « is a constant. But then h = 0, contradicting the assumption.
Hence we have fv hdp < 0. We remark that the proof here follows the lines of [13, p.
92].

Conversely, under the assumption that fv hdy < 0 and h changes sign, by
Theorem 2.3 we have dj, o = —1. As a consequence, (1.3) has at least one solution. 0O

In the rest of this section, we consider the negative case. First, we have the following

Lemma 6.3. If ¢ < 0, then (1.3) has a solution if and only if there is a super-solution to
(1.3).

Proof. When A is large enough, the constant function —A satisfies
~A(=A)+c—he Tt =c—he ™ <0.

Thus —A is a sub-solution to (1.3) since ¢ < 0. Applying the sub- and super-solutions
method (Lemma 3.4), we complete the proof. O

Corollary 6.4. Assume ¢ < 0 and fv hdp < 0.

(1) If h <0, then (1.3) has a unique (strict global minimum) solution.

(2) Ifmaxy h > 0, then there exists a constant ¢, € (—o0,0) such that (1.3) has at least
two distinct solutions for ¢, < ¢ < 0, at least a (stable) solution for ¢ = ¢j, and no
solution for ¢ < ¢y,.

Proof. If h < 0, we have dj, . = 1 for every ¢ < 0. Consequently, the Kazdan-Warner
equation (1.3) is solvable. Since h < 0, every solution to (1.3) is stable. Applying the
strong maximum principle, one concludes that the solution to (1.3) is unique. The fact
dp,. = 1 then implies that the unique solution to (1.3) is the strict global minimum of
Ihc-

From now on, we assume maxy h > 0.

Applying the sub- and super-solution method, Grigor’yan, Lin and Yang [13] proved
that (1.3) is solvable for every ¢ € [cg,0) where —¢y > 0 is small. In fact, arguing in a
way similar to that of Grigor’yan, Lin and Yang [13, p. 10], solve

hd
—Av:h—w, /vduzO.
Jv 1du

For constants a > 0,b = In a, we compute
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—~A(av +b) =a <h _ ﬁj flljz)

hd
—he™ Tl _ah (e® — 1) — aM
fv Ldp
hd
Zheav+ba<|h|eav1|+fv ,LL)
Jy 1du

Choose a and —c small to obtain a super-solution u = av 4+ b. Thus there exists some
¢1 < 0 such that (1.3) has a solution u., for ¢ = ¢;. For any ¢ € [c1,0), it is easy to see
that

Aug, + he'r —c=¢; —c<0.

This means that u., is a super solution for (1.3), and hence (1.3) has a solution by
Lemma 6.3. Let

cp, =1inf {c € R : (1.3) has a solution} .

Then ¢;, € [—00,0) and (1.3) has a solution if ¢ € (¢;,0) and no solution if ¢ < ¢y,.
Moreover, (1.3) has a strict local minimum solution for ¢ € (¢p,0). In fact, following
the idea of Liu and Yang [19], let uy € VR satisfy

—Aug = he"® — ¢y > he' — ¢,
where ¢ € (¢p,0). Choose A > 0 large such that ug > —A and
~A(=A) <he ™ —ec.
Choose u € VR such that —A4 < u < ugy and

J] = i J] .
ne(w)=_ min Jhe(v)
Applying Lemma 3.1, one can prove that —A < u < ug and conclude that u is a local

minimum of Jj, . (cf. [11]). Moreover, u is a strict local minimum. In fact, following the
lines of [19, p. 10-11], if there exists 0 # & € VR such that % Jhe (u+t8)],_, = 0, then

— A& = he“.

This implies that £ is not a constant function since h # 0. Since u is a local minimum of
Jh.c, analyzing the Taylor expansion of Jj, (u + t£) at the point ¢t = 0, we deduce that

3 4

d d
@ Jh’c (U+tf)|t:0 = 07 @ Jh,c (u+t§)|t:0 2 0.
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However,

4

d
i e t)l g =~ [ heveta
\%

— [ ¢ aga
1%

1

== 5Dy () — €) (€(@) — €))

<0

which is a contradiction. In other words, u is strictly stable which implies that u is a
strict local minimum.

If h <0 and miny A < 0, then we conclude that ¢;, = —oo since (1.3) is solvable for
every ¢ < 0. If ¢, = —o0, then Ge [11] proved that A < 0. In fact, if maxy h > 0, then

__Clan|

e (6.2)

Following the lines of Ge [11], assume u., &. satisfies
—Au, = he" —¢, (A+c)& =h.

Notice that for every z € V,

1
_e_uc(x)Auc(x) i Z Wy (uc(x) - uc(y)) e e
Ha yev

< Sy <e—uc<y) _ e—ucu)) (6.3)
e 5

=Ae "t (z).

Here we used the inequality e — 1 >t (Vt € R) wherein the equality holds if and only if
t = 0. We have

(A+c)e e > —e “Au.+ce ™ =h=(A+c)&,

and the strict inequality holds at some point since the inequality in (6.3) cannot always
be equality as u. is not a constant function. Let g = e % — £.. Then

Ag > —cg. (6.4)
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If g is a constant, then we immediately deduce that g < 0. If g is not a constant, by
Lemma 3.1 we may choose some x; € V such that

g(xy) = maxg, Ag(xy) < 0.
These together with (6.4) imply ¢ < 0. In other words, we have proved that
£ > e e,
Hence when —c is large enough,
0>cte=(1+c¢*A) " h=h—c"Ah+0 ("% |AR]).

We obtain the desired estimate (6.2). As a consequence, if ¢;, = —o0, then maxy h < 0.

If ¢;, > —o0, then maxy h > 0 and dj . = 0. We have already proved that there exists
a strict local minimum solution for every ¢; < ¢ < 0. Hence, there must be another
solution for ¢, < ¢ < 0.

If ¢, > —o0, then we want to prove that there exists a stable solution for ¢ = ¢;. Let
u. be a strict local minimum solution for each ¢, < ¢ < 0. According to Theorem 4.1, we
know that w, is uniformly bounded. Thus, letting ¢ \, ¢p,, after passing to a subsequence,
we obtain a solution to (1.3) for ¢ = ¢p,. Since u, is stable, we conclude that the limit is
also stable.

Up to now, we obtain a stable solution for each ¢ € [¢;,, 0). Moreover, (1.3) has a strict
local minimum solution for every ¢ € (¢, 0). Since the Brouwer degree dj, . = 0 under
the assumption maxy h > 0, we conclude that (1.3) has at least two distinct solutions
for every ¢ € (¢p,0). O

Combining Corollaries 6.1, 6.2 and 6.4, we complete the proof of Corollary 2.4.
Finally, we provide a new proof of Corollary 2.6 different from that in [19].

Proof of Corollary 2.6. Without loss of generality, assume x = —1. Recall the condition
miny K < maxy K = 0 for (1.4). Since K, < 0 for A < 0, according to Corollary 2.4,
we conclude that (1.4) has only one (strict global minimum) solution when A < 0. In
particular, when A = 0, there is a strict global minimum of Jx .

Let 1 be the unique solution to

—AY=Ke¥ —k+ 1.
Then
—AY+k—Kxe¥ =1— Xe?.

Thus for small A, we obtain a super-solution ¢ to (1.4). Applying the sub- and super-
solutions method, we conclude that (1.4) is solvable for small . Define
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A* =sup{\ € R: (1.4) has a solution}.

If (1.4) has a solution, then

/K,\e"du:/ﬁsdu< 0.

14 14

This implies miny Ky = miny K + A < 0, i.e., A < —miny K. Hence we have \* <
—miny K.

Applying the sub- and super-solutions principle, if (1.4) has a solution when A = A,
then (1.4) has a solution for every A < Ag. One can check that there exists a strict local
minimum uy of Jg, . for A < A*. Since the Brouwer degree dg, , = 0 for 0 < A < \*, we
conclude that there exists another solution to (1.4). By definition, (1.4) has no solution
for any A > A\*.

Consider the sequence {ux},. ... We prove that uy is uniformly bounded to com-
plete the proof. For otherwise, according to Theorem 4.1, since fv kdp < 0, we may
assume maxy uy converges to +00, and w) is uniformly bounded from below in V| and
uy is uniformly bounded in {x € V : K«(x) > 0} # 0. By definition K) = K + A. Thus,
for A* — X small, we conclude that uy is uniformly bounded in {x € V' : K)(x) > 0}.

Therefore,
/Iidu:/KAe“*d,u
v

\%4

= / Kye" dp + / Kye* dpu

{zeV:Kx(z)>0} {zeV:K(z)<0}
= / Kye"™ du + / Kye* dp
{zeV:Ky+(z)>0} {zeV:Ky(xz)<0}

<C — /K/\_e“du.
1%

This implies fv Ky e dp < C. The second line of the above equation also implies

/K;\re“*du: //{du—&-/K;d,u.
v v v

Hence

/K;e“kd,u < /K;e"*du <C.
v v
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Thus
[Auxll 2y < C.
We obtain
maxuy <minuy +C < C
1% Vv
which is a contradiction. O

References

[1] A. Berman, R.J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, Classics in Applied
Mathematics, vol. 9, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA,
1994, Revised reprint of the 1979 original.

[2] H. Brezis, F. Merle, Uniform estimates and blow-up behavior for solutions of —Au = V(z)e" in two
dimensions, Commun. Partial Differ. Equ. 16 (8-9) (1991) 1223-1253.

[3] L.A. Caffarelli, Y.S. Yang, Vortex condensation in the Chern-Simons Higgs model: an existence
theorem, Commun. Math. Phys. 168 (2) (1995) 321-336.

[4] K.-C. Chang, Methods in Nonlinear Analysis, Springer Monographs in Mathematics, Springer-
Verlag, Berlin, 2005.

[5] S--Y.A. Chang, P.C. Yang, Prescribing Gaussian curvature on S?, Acta Math. 159 (3-4) (1987)
215-259.

[6] C.-C. Chen, C.-S. Lin, Topological degree for a mean field equation on Riemann surfaces, Commun.
Pure Appl. Math. 56 (12) (2003) 1667-1727.

[7] W.X. Chen, W.Y. Ding, Scalar curvatures on S?, Trans. Am. Math. Soc. 303 (1) (1987) 365-382.

[8] W. Ding, J. Jost, J. Li, G. Wang, Existence results for mean field equations, Ann. Inst. Henri
Poincaré, Anal. Non Linéaire 16 (5) (1999) 653-666.

[9] W.Y. Ding, J.Q. Liu, A note on the problem of prescribing Gaussian curvature on surfaces, Trans.
Am. Math. Soc. 347 (3) (1995) 1059-1066.

[10] Z. Djadli, Existence result for the mean field problem on Riemann surfaces of all genuses, Commun.
Contemp. Math. 10 (2) (2008) 205-220.

[11] H. Ge, Kazdan-Warner equation on graph in the negative case, J. Math. Anal. Appl. 453 (2) (2017)
1022-1027.

[12] H. Ge, W. Jiang, Kazdan-Warner equation on infinite graphs, J. Korean Math. Soc. 55 (5) (2018)
1091-1101.

[13] A. Grigor’yan, Y. Lin, Y. Yang, Kazdan-Warner equation on graph, Calc. Var. Partial Differ. Equ.
55 (4) (2016) 92.

[14] A. Huang, Y. Lin, S.-T. Yau, Existence of solutions to mean field equations on graphs, Commun.
Math. Phys. 377 (1) (2020) 613-621.

[15] H.-Y. Huang, J. Wang, W. Yang, Mean field equation and relativistic Abelian Chern-Simons model
on finite graphs, J. Funct. Anal. 281 (10) (2021) 109218.

[16] J.L. Kazdan, F.W. Warner, Curvature functions for compact 2-manifolds, Ann. Math. (2) 99 (1974)
14-47.

[17] M. Keller, M. Schwarz, The Kazdan-Warner equation on canonically compactifiable graphs, Calc.
Var. Partial Differ. Equ. 57 (2) (2018) 70.

[18] Y.Y. Li, Harnack type inequality: the method of moving planes, Commun. Math. Phys. 200 (2)
(1999) 421-444.

[19] S. Liu, Y. Yang, Multiple solutions of Kazdan-Warner equation on graphs in the negative case, Calc.
Var. Partial Differ. Equ. 59 (5) (2020) 164.

[20] M. Nolasco, Nontopological N-vortex condensates for the self-dual Chern-Simons theory, Commun.
Pure Appl. Math. 56 (12) (2003) 1752-1780.

[21] T. Ricciardi, G. Tarantello, Vortices in the Maxwell-Chern-Simons theory, Commun. Pure Appl.
Math. 53 (7) (2000) 811-851.

[22] M. Struwe, G. Tarantello, On multivortex solutions in Chern-Simons gauge theory, Boll. Unione
Mat. Ital. Sez. B Artic. Ric. Mat. (8) 1 (1) (1998) 109-121.


http://refhub.elsevier.com/S0001-8708(22)00238-9/bibF6B73FBCFED277D455818044667F7346s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibF6B73FBCFED277D455818044667F7346s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibF6B73FBCFED277D455818044667F7346s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib3818949735431EE7CEB04C3637DE2796s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib3818949735431EE7CEB04C3637DE2796s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibA22D05B00320DB2876AFF31EFE1EB09Bs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibA22D05B00320DB2876AFF31EFE1EB09Bs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibDC13BCE6012E130DD455384A41FE9C59s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibDC13BCE6012E130DD455384A41FE9C59s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibAF97B32628FCAA59FCF36293311E1ADBs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibAF97B32628FCAA59FCF36293311E1ADBs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib0B7F7B866CF32170FA2A79B6B2951FCCs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib0B7F7B866CF32170FA2A79B6B2951FCCs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibC87E5856528264842042F14DF0D04DDAs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib146D7ACA5F19C6367618FC4ED2D0864Cs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib146D7ACA5F19C6367618FC4ED2D0864Cs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibF3B3DAE64B749DBFECA86B335CC134F7s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibF3B3DAE64B749DBFECA86B335CC134F7s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib8B0EE227A1B2CFA35EDE6D56849C50F6s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib8B0EE227A1B2CFA35EDE6D56849C50F6s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib5A09570503F441E059F166A3E0BF99DEs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib5A09570503F441E059F166A3E0BF99DEs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib0F511C767FFB4BB11D4D7FB04B9ABE52s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib0F511C767FFB4BB11D4D7FB04B9ABE52s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib0E3C2B9499AF395B02470DF190E6A8F9s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib0E3C2B9499AF395B02470DF190E6A8F9s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibDBBBB984C8118DDEB2D6DAAFB8800B6Es1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibDBBBB984C8118DDEB2D6DAAFB8800B6Es1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib4FCDD2A02AC8E8CA06C7A9FA2F381CB5s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib4FCDD2A02AC8E8CA06C7A9FA2F381CB5s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib919AF1459DC98FCD29F5D7D9C99C8639s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib919AF1459DC98FCD29F5D7D9C99C8639s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibC48CAB7DACDC2A45D2B75CAEB9EAD7B7s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibC48CAB7DACDC2A45D2B75CAEB9EAD7B7s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibA307CDBCD3840A65459BFB49D943F82Fs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bibA307CDBCD3840A65459BFB49D943F82Fs1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib7635142F57C6E8566A738CA1F7DE4C67s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib7635142F57C6E8566A738CA1F7DE4C67s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib3CF3B5C8D257E40B7374EA84BDD52631s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib3CF3B5C8D257E40B7374EA84BDD52631s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib1C2BA21FCC422A760AC6AC88D1DA3FB7s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib1C2BA21FCC422A760AC6AC88D1DA3FB7s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib55AEBA567040AC36505ECDFDD50A8D83s1
http://refhub.elsevier.com/S0001-8708(22)00238-9/bib55AEBA567040AC36505ECDFDD50A8D83s1

	Brouwer degree for Kazdan-Warner equations on a connected finite graph
	1 Introduction
	2 Settings and main results
	3 Preliminaries
	4 Blow-up analysis
	5 Brouwer degree
	6 Existence results
	References


