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Abstract
In this paper, we focus on the sinh-Gordon equations on graphs. We introduce a uniform
a priori estimate to define the topological degree for this equation with nonzero prescribed
functions on finite, connected, and symmetric graphs. Furthermore, we calculate this topo-
logical degree case by case and show several existence results. In particular, we prove that
the classical sinh-Gordon equation with nonzero prescribed function is always solvable on
such graphs.

Mathematics Subject Classification 35R02 · 35A16

1 Introduction

The classical elliptic sinh-Gordon equation on a Riemann surface � reads as follows,

−��u = sinh u

which plays a very important role in the study of the construction of constant mean curvature
surfaces initiated byWente [26].We refer the reader to [18] formore details. The sinh-Gordon
equation has many applications in geometric analysis, for example in the work on the Wente
torus [1].

Beyond its theoretical importance on Riemann surfaces, graph analysis is crucial for
various applications, including image processing and data mining. Among the numerous
avenues of research, studying partial differential equations from geometry or physics on
graphs is particularly promising, as highlighted in [5–12, 14–17, 20, 22–24, 27] and related
works.
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In this paper, we examine the sinh-Gordon equations, a family of nonlinear equations, on
a finite, connected, and symmetric graph G = (V , E):

−�u = h+eu + h−e−u − c (1.1)

where h+ and h− are two real prescribed functions defined on the graph and c is a real
number. This family includes notable equations such as the Kazdan-Warner equation:

−�u = heu − c (1.2)

and the classical sinh-Gordon equation:

−�u = h sinh u − c, (1.3)

where h is a real prescribed function defined on the graph.
The Kazdan-Warner equation (1.2) on graphs has been explored by several mathemati-

cians. For instance, Grigor’yan, Lin, and Yang [7, Theorems 1-3] completely solved the
solvability problem of the Kazdan-Warner equation on a finite, connected, and symmetric
graph by utilizing the variational method. That is, they derived a discrete analog of the results
by Kazdan and Warner [19]:

• When c = 0, a solution to (1.2) exists if and only if h ≡ 0 or h changes sign and´
V h dμ < 0.

• If c > 0, then (1.2) is solvable precisely when maxV h > 0.
• For c < 0, solvability to (1.2) requires

´
V h dμ < 0, and there exists a constant ch ∈

[−∞, 0) depending on h such that (1.2) is solvable for c ∈ (ch, 0), but unsolvable for
any c < ch .

The degree theory has proven to be an effective approach in studying partial differential
equations in Euclidean spaces or Riemannian manifolds, see for example [3]. Drawing from
the foundational work of Chen and Lin [4] on mean field equations over closed Riemann
surfaces, the author, in collaboration with Wang [25], innovatively employed the degree
theory to resolve the Kazdan-Warner equation on finite graphs. This groundbreaking method
was later broadened by Li, the author, and Yang [21] to encompass Chern-Simons Higgs
models on finite graphs. Very recently, Hou and Qiao [13] also used the degree theory to
extend the result obtained by [21].

The author andWang [25] demonstrated that every solution to theKazdan-Warner equation
(1.2) on a finite, connected, and symmetric graph is uniformly bounded when the prescribed
function h �= 0, i.e., h is a nonzero function. Consequently, one can define the topological
degree Dh,c for (1.2) as follows

Dh,c = lim
R−→∞ deg

(
−� − he(·) + c, BL∞(V )

R , 0
)

.

Furthermore, under the assumption h �= 0, they computed the degree case by case and found
(see Appendix A for details):

Dh,c =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−1, c > 0, maxV h > 0;
−1, c = 0, h̄ < 0 < maxV h;
1, c < 0, minV h < maxV h ≤ 0;
0, else.

Zhu [28] examined the mean field equation associated with equilibrium turbulence and
the Toda system on finite, connected, and symmetric graphs. Specifically, he obtained that
the equation
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−�u = c1

(
h1eu´

V h1eu dμ
− ψ

)
− c2

(
h2e−u

´
V h2e−u dμ

− ψ

)

admits at least one solution provided that the prescribed functions h1 and h2 are nonnegative,
and the constants c1 and c2 are positive, and the function ψ satisfies

´
V ψ dμ = 1.

The aim of this paper is to employ topological methods to investigate the sinh-Gordon
equation (1.1) on graphs.Wewill demonstrate that every solution to the sinh-Gordon equation
(1.1) on a finite, connected, and symmetric graph is uniformly bounded, provided h+ �= 0
and h− �= 0. This ensures that the topological degree dh+,h−,c for (1.1) can be defined
explicitly. Furthermore, we will derive the exact formula for the topological degree dh+,h−,c.
Consequently, we will apply the degree theory to establish existence criteria for (1.1).

The remaining part of this paper is briefly organized as follows. In section 2, we introduce
key concepts related to graphs and present our principal results. In section 3, we review
fundamental properties of functions on finite, connected, and symmetric graphs. In section
4, we obtain a uniform a priori estimate, which gives a proof of the first main result Theorem
2.1. The computation of the topological degree for the sinh-Gordon equation is given in
section 5, offering a proof of the second main result Theorem 2.2. This leads to the existence
result when the degree is non-zero, see Corollary 2.3. Finally, in section 6, we discuss the
existence result for the sinh-Gordon equation, which yields a proof of the third main result
Theorem 2.4.

Throughout the paper,weonly consider finite, connected and symmetric graphs.Moreover,
we do not distinguish between sequences and subsequences unless necessary. Additionally,
the capital letter C denotes universal constants that are independent of specific solutions and
may vary in different situations.

2 Main results

Let G = (V , E) be a finite, connected, undirected graph with vertex set V and edge set E .
We say G is symmetric if there exists a symmetric weight function ω : V × V → R≥0

satisfying:

ωxy = ωyx ≥ 0, and ωxy > 0 if and only if xy ∈ E .

This induces a weighted graph (G, ω) where edge existence and weights are compatible. In
other words, ωxy > 0 if and only if x and y are adjacent vertices. For example, the complete
graph Kn with uniform weighting ωxy = c (c > 0) is symmetric. The graph G = (V , E)

is said to be connected if, for any two vertices x, y ∈ V there exist vertices xi ∈ V with
x = x1, y = xm such that

ωxi xi+1 > 0, i = 1, . . . ,m − 1.

The finiteness of G = (V , E) stems from the finite number of its vertices. We introduce a
positive function (vertex measure) μ on V and define the (μ-)Laplace operator � as

�u(x):= 1

μx

∑
y∼x

ωxy (u(y) − u(x)) , x ∈ V , u ∈ L∞ (V ) . (2.1)

For any function f ∈ L∞ (V ), the integral of f over V is defined by
ˆ

V
f dμ:=

∑
x∈V

f (x)μx .
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The Green formula follows as:
ˆ

V
�u · v dμ = −

ˆ

V
� (u, v) dμ,

where �, the associated gradient form, is defined by

�(u, v)(x):= 1

2μx

∑
y∈V

ωxy (u(y) − u(x)) (v(y) − v(x)) .

Lastly, we denote the square of the gradient of u at a vertex x by

|∇u(x)|2 = �(u, u)(x).

Firstly, we prove a uniform a priori estimate for sinh-Gordon equations.

Theorem 2.1 Every solution to the sinh-Gordon equation (1.1)with nonzero prescribed func-
tions on a finite, connected, and symmetric graph is uniformly bounded.

Consider the map Fh+,h−,c : L∞ (V ) −→ L∞ (V ) defined by

Fh+,h−,c(u) = −�u − h+eu − h−e−u + c.

Applying the Theorem 2.1 we conclude that there is no solution on the boundary ∂BL∞(V )
R

for R large. Hence, the Brouwer degree

deg
(
Fh+,h−,c, B

L∞(V )
R , 0

)

iswell defined for R large.According to the homotopy invariance, deg
(
Fh+,h−,c, B

L∞(V )
R , 0

)

is independent of R when R → +∞. In particular, we define the topological degree dh+,h−,c

for the sinh-Gordon equation (1.1) on the finite, connected, and symmetric graphG = (V , E)

as follows

dh+,h−,c = lim
R→∞ deg

(
Fh+,h−,c, B

L∞(V )
R , 0

)
.

Notice that every solutions to the equation (1.1) are critical points of the following functional

L∞(V ) � u �→ Jh+,h−,c(u) =
ˆ

V

(
1

2
|∇u|2 − h+eu + h−e−u + cu

)
dμ.

Thus, if Jh+,h−,c is a Morse function, i.e., every critical point of Jh+,h−,c is nondegenerate,
then

deg
(
Fh+,h−,c, B

L∞(V )
R , 0

)
=

∑

u∈BL∞(V )
R ,Fh+,h−,c(u)=0

sgn det
(
dFh+,h−,c(u)

)
(2.2)

provided ∂BL∞(V )
R ∩ F−1

h+,h−,c ({0}) = ∅. For more details about the Brouwer degree and its
various properties we refer the reader to Chang [2, Chapter 3].

Secondly, we give the exact expression of the topological degree for sinh-Gordon equa-
tions.

Theorem 2.2 Let G = (V , E) be a finite, connected, and symmetric graph. If h+ �= 0 and
h− �= 0, then

dh+,h−,c =
{

(−1)#V0 , V0:= {x ∈ V : h+(x) > 0} = {x ∈ V : h−(x) < 0} ;
0, else.
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TheKronecker existence theoremsuggests that at least one solution exists if the topological
degree is nonzero. From this, we can derive the following existence result:

Corollary 2.3 Consider a finite, connected, and symmetric graph G = (V , E). If h+ �=
0, h− �= 0 and

{x ∈ V : h+(x) > 0} = {x ∈ V : h−(x) < 0} ,

then the equation (1.1) has at least one solution. Specifically, the classical sinh-Gordon
equation (1.3) with nonzero prescribed function admits a solution.

Finally, utilizing the sub-super solution principle Lemma 6.1 and the Theorem 2.2, we
arrive at the following existence result:

Theorem 2.4 Consider a finite, connected, and symmetric graph G = (V , E). Assume
maxV h+ > 0, h− ≥ 0. If

´
V h+ dμ < 0 and

c∗
h+,h−:= inf

u∈L∞(V )
max
V

(
�u + h+eu + h−e−u) < 0,

then the sinh-Gordon equation (1.1) has no solutions when c < c∗
h+,h− , has at least one

solution for c = c∗
h+,h− , and has at least two solutions if c∗

h+,h− < c < 0.

3 Preliminaries

In this section, we present discrete versions of several key mathematical concepts, including
the strong maximum principle, Kato’s inequality, Hanack’s inequality, and the elliptic esti-
mate. As mentioned above, the graph G = (V , E) is always assumed to be finite, connected,
and symmetric.

We begin with the following strong maximum principle:

Lemma 3.1 (Strong maximum principle, cf. [25]) If u is not a constant function, then there
exists x1 ∈ V such that

u (x1) = max
V

u, �u (x1) < 0.

Next, we introduce the following Kato’s inequality:

Lemma 3.2 (Kato’s inequality [25])

�u+ ≥ χ{u>0}�u.

The following Hanack inequality is also useful:

Lemma 3.3 (Hanack’s inequality) Denote by L = maxV u − u. For every x ∼ y, we have
the following Hanack inequality

L(y) ≤ μx

ωxy

(∑
z∼x ωzx

μx
L(x) − �u(x)

)
. (3.1)

Moreover, if maxV u + minV u ≥ 0, then we have for every x ∈ V

−�u(x) ≤
∑

z∼x ωzx

μx
(2u(x) + L(x)) . (3.2)
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Proof On the one hand, notice that for every x, z ∈ V ,

u(x) − u(z) ≥ u(x) − max
V

u = −L(x).

By the definition of the Laplacian (2.1), we have for each y ∼ x

−�u(x) = 1

μx

∑
z∼x

ωxz (u(x) − u(z))

=ωxy

μx
(u(x) − u(y)) + 1

μx

∑
z∼x,z �=y

ωxz (u(x) − u(z))

≥ωxy

μx
(u(x) − u(y)) − 1

μx

∑
z∼x,z �=y

ωxz L(x)

=ωxy

μx
(L(y) − L(x)) − 1

μx

∑
z∼x,z �=y

ωxz L(x)

=ωxy

μx
L(y) − 1

μx

∑
z∼x

ωxz L(x).

We obtain the Hanack inequality (3.1).
On the other hand, if maxV u + minV u ≥ 0, then we have for every x, z ∈ V

u(x) − u(z) ≤ u(x) − min
V

u ≤ u(x) + max
V

u = 2u(x) + L(x). (3.3)

Inserting the above estimate (3.3) into (2.1), we get

−�u(x) = 1

μx

∑
y∼x

ωxy (u(x) − u(y)) ≤ 1

μx

∑
y∼x

ωxy (2u(x) + L(x)) .

We obtain the estimate (3.2) and complete the proof. ��
Lastly, we present the following refined elliptic estimate:

Lemma 3.4 (Refined elliptic estimate [25]) For all u ∈ L∞ (V ),

max
V

u − min
V

u ≤ A#V−2 − 1

A − 1
B · max

V
�u,

where

A = max
x

max
y∼x

∑
z∼x ωzx

ωyx
, B = max

x
max
y∼x

μx

ωyx
.

Proof Assume

max
V

u = u(x̄), min
V

u = u(x).

Choose a shortest path x0x1 . . . xm connecting x0 = x̄ and xm = x . We consider the function
L(x) = maxV u − u(x). According to the Lemma 3.3, we get

L(xi+1) ≤ A · L(xi ) + B · max
V

(−�u) , i = 0, 1, 2, . . . ,m − 1. (3.4)

Since L(x0) = 0, we obtain by induction

L(xi ) ≤
(
1 + A + · · · + Ai−1

)
B · max

V
(−�u) , i = 1, 2, . . . ,m. (3.5)
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To see this, since L(x1) ≤ B · maxV (−�u) according to (3.4), we may assume for some
1 ≤ i ≤ m − 1

L(xi ) ≤
(
1 + A + · · · + Ai−1

)
B · max

V
(−�u) .

Applying the estimate (3.4), we obtain

L(xi+1) ≤ A ·
((

1 + A + · · · + Ai−1
)
B · max

V
(−�u)

)
B · max

V
(−�u)

=
(
1 + A + · · · + Ai

)
B · max

V
(−�u) .

We obtain the estimate (3.5). In particular

max
V

u − min
V

u = L(xm) ≤ (
1 + A + · · · + Am−1) B · max

V
(−�u) .

Thus

max
V

u − min
V

u ≤
(
1 + A + · · · + A#V−2

)
B · max

V
(−�u) .

Replacing u by −u, we obtain

max
V

u − min
V

u ≤
(
1 + A + · · · + A#V−2

)
B · max

V
�u = A#V−2 − 1

A − 1
B · max

V
�u.

We complete the proof. ��

4 A priori estimates

In this section, we give a priori estimate for the sinh-Gordon type equation (1.1). That is, we
will give a proof of the Theorem 2.1.

To elucidate the core concept of the proof, we begin by examining the following example.

Example 4.1 Let G = (V , E) be a graph with only two vertices. The sinh-Gordon equation
(1.1) becomes

{ωx1x2
μx1

(u(x1) − u(x2)) = h+(x1)eu(x1) + h−(x1)e−u(x1) − c,
ωx1x2
μx2

(u(x2) − u(x1)) = h+(x2)eu(x2) + h−(x2)e−u(x2) − c.
(4.1)

We assume

|h+(x1)| + |h+(x2)| > 0, |h−(x1)| + |h−(x2)| > 0. (4.2)

Assume u solves the equation (4.1). Without loss of generality, assume

u(x1) ≥ |u(x2)| .
If h+(x1) > 0, then

h+(x1)e
u(x1) + h−(x1)e

−u(x1) − c = ωx1x2

μx1
(u(x1) − u(x2)) ≤ 2ωx1x2

μx1
u(x1)

which implies

u(x1) ≤ C .
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If h+(x1) ≤ 0, then

ωx1x2

μx1
(u(x1) − u(x2)) = h+(x1)e

u(x1) + h−(x1)e
−u(x1) − c ≤ C

which implies

0 ≤ u(x1) − u(x2) ≤ C .

If u(x2) < 0, then u(x1) ≤ C . If u(x2) ≥ 0, then

|h+(x1)| + |h+(x2)| =
∣∣∣∣
(

ωx1x2

μx1
(u(x1) − u(x2)) − h−(x1)e

−u(x1) + c

)
e−u(x1)

∣∣∣∣

+
∣∣∣∣
(

ωx1x2

μx2
(u(x2) − u(x1)) − h−(x2)e

−u(x2) + c

)
e−u(x2)

∣∣∣∣
≤Ce−u(x1),

which implies

u(x1) ≤ C .

That is, we obtain a uniform a priori estimate for the sinh-Gordon equation (4.1) under the
assumption (4.2).

Now, drawing inspiration from the Example 4.1 provided above, we can present a com-
prehensive proof of the Theorem 2.1.

Proof of the Theorem 2.1 To proceed with the proof by contradiction, we will assume that
there exists a sequence of real functions {un} on a finite, connected, and symmetric graph
G = (V , E) satisfying

−�un = h+eun + h−eun − c, in V , (4.3)

and

max
V

un = max
V

|un | → ∞, (4.4)

as n → ∞. Our goal is to show that this leads to a contradiction, thereby proving the original
statement. According to the a priori estimate stated by Sun and Wang [25, Theorem 2.1], we
may assume h+ �= 0 and h− �= 0.

We consider the functions Ln : V −→ R defined by

Ln = max
V

un − un . (4.5)

It follows from (4.4) that

max
V

un + min
V

un ≥ 0.

According to the Lemma 3.3, we obtain

−�un ≤ C
(
u+
n + Ln

)
, (4.6)

and

Ln(y) ≤ C
(
(−�un(x))

+ + Ln(x)
)
, ∀y ∼ x . (4.7)
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Insert (4.6) into the equation (4.3) to obtain

h+eun + h−e−un ≤ C
(
u+
n + Ln + 1

)
. (4.8)

If Ln(x) ≤ C , then by the definition (4.5) and the assumption (4.4), we get un(x) → +∞
as n → ∞. The estimate (4.8) then gives h+(x) ≤ 0 which implies from (4.3) that

−�un(x) ≤ h−(x)e−un(x) − c ≤ C . (4.9)

It follows from (4.9) and (4.7) that

Ln(y) ≤ C, ∀y ∼ x .

In other words, if Ln(x) is uniformly bounded from above, then Ln(y) is also uniformly
bounded from above for every neighbors y of x . That is

Ln(x) ≤ C �⇒ Ln(y) ≤ C, ∀y ∼ x . (4.10)

Since the graph is finite, we may assume that for some points x̄, x ∈ V

un(x̄) = max
V

un, un(x) = min
V

un, ∀n.

Since the graph is connected, we can choose a shortest path x0x1 · · · xm connected x0 = x̄
and xm = x . We have

Ln(x0) = Ln(x̄) = 0, ∀n.

Applying the estimate (4.10), since m ≤ #V − 1, we obtain by induction that

Ln(x) ≤ C, ∀x ∈ V .

In particular

max
V

un − min
V

un = Ln(xm) ≤ C . (4.11)

Together with the above estimate (4.11) and the assumption (4.4), we conclude that

lim
n→∞ un(x) = +∞, ∀x ∈ V . (4.12)

Moreover, by the definition of the Laplacian (2.1), the estimate (4.11) also implies

|�un | ≤ C

(
max
V

un − min
V

un

)
≤ C . (4.13)

Combine (4.3), (4.11), (4.12) and (4.13),

|h+| = emaxV un−un
∣∣c − �un − h−e−un

∣∣ e−maxV un ≤ Ce−maxV un

which implies that h+ ≡ 0. This is a contradiction and we complete the proof. ��

5 Topological degrees

In this section, we calculate the topological degree on a case-by-case basis.
We start with a uniform a priori estimate for the sinh-Gordon equation (1.1) that involves

variable coefficients.
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Theorem 5.1 Let G = (V , E) be a finite, connected, and symmetric graph. Assume for some
positive constant K , the following conditions hold:

(H1) K−1 ≤ maxV |h±| ≤ K , |c| ≤ K, and
(H2) h2± ≥ ±K−1h±.

Then there is a uniform positive constant C depending only on the graph such that every
solution u to the sinh-Gordon equation (1.1) satisfies

max
V

|u| ≤ CK . (5.1)

Proof Assume u is a solution to the sinh-Gordon equation (1.1), i.e.,

−�u = h+eu + h−e−u − c.

Without loss of generality, assume

max
V

u + min
V

u ≥ 0.

We consider the function L = maxV u − u. Under the assumption (H1), according to (3.3),
we obtain

−�u ≤ C
(
u+ + L

)
, (5.2)

and

L(y) ≤ C
(
(−�u)+ (x) + L(x)

)
, ∀x ∼ y. (5.3)

Inserting the above estimate (5.2) into the sinh-Gordon equation (1.1), under the assump-
tion (H1), we have

h+eu + h−e−u = −�u + c ≤ C
(
u+ + L + K

)
. (5.4)

If h+(x) > 0 and u(x) > 0, then under the assumption (H2) the above inequality (5.4) gives

h+(x)eu(x) ≤ Ceu(x)/2 + C(L(x) + K )

which implies

eu(x)/2 ≤ C + √
C2 + 4h+(x)C(L(x) + K )

2h+(x)
.

We obtain

h+(x)eu(x) ≤ C2 + 2h+(x)C(L(x) + K )

h+(x)
.

Thus

h+(x)eu(x) ≤ C (L(x) + K ) . (5.5)

Notice that the above estimate (5.5) also holds when h+(x) ≤ 0 or u(x) ≤ 0. Inserting (5.5)
into (1.1), we get

−�u(x) = h+(x)eu(x) + h−(x)e−u(x) − c ≤ C (L(x) + K ) (5.6)

provided u(x) ≥ 0. It follows from (5.3) and (5.6) that

u(x) ≥ 0 �⇒ L(y) ≤ C
(
(−�u)+ (x) + L(x)

) ≤ C0 (L(x) + K ) , ∀x ∼ y. (5.7)
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Here the constant C0 depends only on the graph.
Now we prove the a priori estimate (5.1). We may assume

max
V

|u| = max
V

u >
(
C0 + C2

0 + · · · + C#V−1
0

)
K . (5.8)

Since the graph is finite, connected, and symmetric, we can choose a shortest path x0x1 · · · xm
such that

u(x0) = max
V

u, u(xm) = min
V

u.

Then m ≤ #V − 1 and

L(x0) = max
V

u − u(x0) = 0.

Since u(x0) ≥ 0, it follows from (5.7) that

L(x1) ≤ C0K .

If L(xi ) ≤ (
C0 + C2

0 + · · · + Ci
0

)
K for some 1 ≤ i < m, then

u(xi ) = max
V

u − L(xi ) >
(
C0 + C2

0 + · · · + C#V−1
0

)
K −

(
C0 + C2

0 + · · · + Ci
0

)
K ≥ 0,

which implies from (5.7) that

L(xi+1) ≤ C0

((
C0 + C2 + · · · + Ci

0

)
K + K

)
=

(
C0 + C2

0 + · · · + Ci+1
0

)
K .

By using the method of induction, we conclude that

L(xi ) ≤
(
C0 + C2

0 + · · · + Ci
0

)
K , 1 ≤ i ≤ m.

In particular

max
V

u − min
V

u = L(xm) ≤ (
C0 + C2

0 + · · · + Cm
0

)
K

≤
(
C0 + C2

0 + · · · + C#V−1
0

)
K < max

V
u.

We obtain minV u > 0. That is, under the assumption (5.8), we have

max
V

u − min
V

u ≤
(
C0 + C2

0 + · · · + C#V−1
0

)
K , min

V
u ≥ 0. (5.9)

By the definition of the Laplacian (2.1),

|−�u(x)| =
∣∣∣∣∣
1

μx

∑
y∼x

ωxy (u(x) − u(y))

∣∣∣∣∣ ≤ 1

μx

∑
y∼x

ωxy

(
max
V

u − min
V

u

)

≤ C

(
max
V

u − min
V

u

)
. (5.10)

Inserting the estimate (5.9) into the above estimate (5.10), we obtain

|�u| ≤ C
(
C0 + C2

0 + · · · + C#V−1
0

)
K . (5.11)

Recall from the sinh-Gordon equation (1.1) that

h+ = e−u (
c − �u − h−e−u) .
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Consequently, the assumption (H1) together with the estimate (5.11) implies

K−1 ≤ max
V

|h+| ≤
(

|c| + max
V

|h−| + max
V

|�u|
)
e−minV u

≤ C
(
C0 + C2

0 + · · · + C#V−1
0

)
Ke−minV u .

We obtain

min
V

u ≤ ln
(
C0 + C2

0 + · · · + C#V−1
0

)
+ lnC + ln K . (5.12)

Therefore it follows from (5.9) and (5.12) that

max
V

|u| = max
V

u = max
V

u − min
V

u + min
V

u

≤
(
C0 + C2

0 + · · · + C#V−1
0

)
K + ln

(
C0 + C2

0 + · · · + C#V−1
0

)

+ lnC + ln K .

In particular, we obtain the desired uniform a priori estimate (5.1) and complete the proof. ��

5.1 h+ ≤ 0, h− ≥ 0.

Theorem 5.2 Let G = (V , E) be a finite, connected, and symmetric graph. If h+ ≤ 0, h− ≥
0 and maxV (|h+| + |h−|) > 0, then

dh+,h−,c =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, minV h+ < 0, maxV h− > 0;
1, c < 0, h− ≡ 0;
1, c > 0, h+ ≡ 0;
0, else.

Proof By Sun and Wang’s result [25, Theorem 2.3], without loss of generality, we may
assume minV h+ = c+ < 0 and maxV h− = c− > 0. In this case, we will prove

dh+,h−,c = 1.

Consider the following deformations

h+,t = (1 − t)h+ − t, h−,t = (1 − t)h− + t, ct = (1 − t)c, t ∈ [0, 1].
Assume ut is a solution to

−�ut = h+,t e
ut + h−,t e

−ut − ct , t ∈ [0, 1].
One can check that for every t ∈ [0, 1],
• the assumption (H1) holds, i.e.,

0 < min

{
max
V

|h±| , 1
}

≤ max
V

∣∣h±,t
∣∣ ≤ max

{
max
V

|h±| , 1
}

, |ct | ≤ |c| ,

• and the assumptions (H2) holds since

max
V

h+,t ≤ 0, min
V

h−,t ≥ 0.
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According to the Theorem 5.1, we conclude that {ut }t∈[0,1] is uniformly bounded. By the
homotopy invariance of the topological degree, we know that

dh+,h−,c = dh+,0,h−,0,c0 = dh+,1,h−,1,c1 = d−1,1,0.

Notice that the equation

−�u = −eu + e−u = −2 sinh u (5.13)

has a unique constant solution uc ≡ 0. To see this, it suffices to prove that the solution to the
equation (5.13) is unique. If u and w solve the equation (5.13), then

−�(u − w) = −2 sinh u + 2 sinhw.

If u �= w, then u − w is not a constant function since the function t �→ sinh t is a strictly
increasing function. We obtain by applying the strong maximum principle Lemma 3.1

0 < −2 sinh u(x0) + 2 sinhw(x0)

where x0 ∈ V satisfies

u(x0) − w(x0) = max
V

(u − w).

This implies u < w. Similar argument yields u > w which is a contradiction. Hence, by
homotopy invariance, we can compute the topological degree dh+,h−,c as follows

dh+,h−,c = d−1,1,0 = sgn det (−� + 2 · Id) = 1.

��

5.2 maxV h+ > 0, h− ≥ 0 or h+ ≤ 0,maxV h− < 0.

Theorem 5.3 Let G = (V , E) be a finite, connected, and symmetric graph. If maxV h+ > 0
and h− ≥ 0, then

dh+,h−,c =

⎧⎪⎨
⎪⎩

−1, h− ≡ 0, c > 0;
−1, h− ≡ 0,

´
V h+ dμ < 0, c = 0;

0, else.

Proof By Sun and Wang’s result [25, Theorem 2.3], without loss of generality, assume
maxV h− = c− > 0. Set

h+,t = h++ − (1 − t)h−+, ct = (1 − t)c.

Assume ut is a solution to the the following equation

−�ut = h+,t e
ut + h−eut − ct , t ∈ [0, 1].

One can check that

0 < min

{
max
V

h++, 1

}
≤ max

V

∣∣h+,t
∣∣ ≤ max

{
max
V

|h+| , 1
}

, |ct | ≤ |c| ,
h+,t (x) > 0 �⇒ h+(x) > 0 �⇒ h+,t (x) = h+(x) > 0,

min
V

h− ≥ 0.
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Consequently, According to the Theorem 5.1, we conclude that {ut }t∈[0,1] is uniformly
bounded. By the homotopy invariance of the topological degree, we know that

dh+,h−,c = dh+,0,h−,c0 = dh+,1,h−,c1 = dh++,h−,0.

One can check that dh++,h−,0 = 0 since the equation

−�u = h++eu + h−e−u,

has no solution. Hence

dh+,h−,c = dh++,h−,0 = 0.

��
Similarly, we obtain

Theorem 5.4 Let G = (V , E) be a finite, connected, and symmetric graph. If h+ ≤ 0 and
minV h− < 0, then

dh+,h−,c =

⎧
⎪⎨
⎪⎩

−1, h+ ≡ 0, c < 0;
−1, h+ ≡ 0,

´
V h− dμ > 0, c = 0;

0, else.

5.3 maxV h+ > 0,minV h− < 0.

This situation is more complicated. To obtain a deeper understanding of the potential varia-
tions in the topological degree at this time, we first examine the following example.

Example 5.1 Let G = (V , E) be a graph with only two vertices {x1, x2} and one edge x1x2.
Without loss of generality, assume μx1 = μx2 = ωx1x2 = 1.

Case 1. h+ = (1, 0), h− = (−1, 0).
The sinh-Gordon equation (4.1) is equivalent to

{
x − y = ex − e−x − c,

y − x = −c,

which is equivalent to

c = ex − e−x − x + y = x − y.

One can check that it has a unique solution (xc, yc) =
(
ln

(
c + √

c2 + 1
)

,

ln
(
c + √

c2 + 1
)

− c

)
. The degree is

sgn det

(
1 − exc − e−xc −1

−1 1

)
= sgn

(−exc − e−xc
) = −1.

Case 2. h+ = (1, 0), h− = (0,−1).
The sinh-Gordon equation (4.1) is equivalent to

{
x − y = ex − c,

y − x = −e−y − c.
(5.14)
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which is equivalent to

c = ex − x + y = x − y − e−y .

It (x, y) solves the above equation (5.14), then we have

f (x):=2x − ex = x + y − c = 2y + e−y = − f (−y).

However, a direct computation implies f ≤ 2 ln 2 − 2 < 0. As a consequence, the
above equation can not have any solution. In particular, the topological degree must
be zero.

Case 3. h+ = (1, 1), h− = (−1, 0).
The sinh-Gordon equation (4.1) is equivalent to

{
x − y = ex − e−x − c,

y − x = ey − c,
(5.15)

which is equivalent to

c = ex − e−x − x + y = ey − y + x .

If (x, y) solves the equation (5.15), then x > y and c > 0. Thus

ln

⎛
⎝ c

2
+

√
c2

4
+ 1

⎞
⎠ < x = y − ey + c ≤ c − 1,

c − 1 − ec−1 + e1−c ≤ x − ex + e−x + c = y < ln c.

Hence, to compute the degree, we may assume c = 0. However, when c = 0, this
equation has no solution. Consequently, the degree must be zero.

Case 4. h+ = (1, 1), h− = (−1,−1).
The sinh-Gordon equation (4.1) is equivalent to

{
x − y = ex − e−x − c,

y − x = ey − e−y − c,

which is equivalent to

c = ex − e−x − x + y = ey − e−y − y + x .

One can check that it has exactly one solution

(xc, yc) =
⎛
⎝ln

⎛
⎝ c

2
+

√
c2

4
+ 1

⎞
⎠ , ln

⎛
⎝ c

2
+

√
c2

4
+ 1

⎞
⎠

⎞
⎠ .

To compute the degree, we may assume c �= 0. Consequently, the degree is

sgn det

(
1 − ex − e−x −1

−1 1 − ey − e−y

)∣∣∣∣
x=y=ln

(
c
2+

√
c2
4 +1

) = 1.

To ensure readers have a clear knowledge of the proof, we will illustrate the process step
by step, moving from simple to more complicated cases. The proof is organized into several
theorems, as outlined below.

We begin with the following special and simple case.
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Theorem 5.5 Let G = (V , E) be a finite, connected, and symmetric graph. If minV h+ >

0,maxV h− < 0, then

dh+,h−,c = (−1)#V .

Proof Let 	 be the largest eigenvalue of −�. We consider the following deformations

h+,t = (1 − t)h+ + t	, h−,t = (1 − t)h− − t	, ct = (1 − t)c, t ∈ [0, 1].
Assume ut solves

−�ut = h+,t e
ut + h−,t e

ut − ct , t ∈ [0, 1].
One can check that

0 < min

{
max
V

|h±| ,	
}

≤ max
V

∣∣h±,t
∣∣ ≤ max

{
max
V

|h±| ,	
}

, |ct | ≤ |c| ,

min
V

h+,t ≥ min

{
min
V

h+,	

}
> 0, max

V
h−,t ≤ max

{
max
V

h−,−	

}
< 0.

According to the Theorem 5.1, we conclude that {ut }t∈[0,1] is uniformly bounded. By the
homotopy invariance of the topological degree, we know that

dh+,h−,c = dh+,0,h−,0,c0 = dh+,1,h−,1,c1 = d	,−	,0.

We consider the following functional

L∞(V ) � u �→ J	(u) = 1

2

ˆ

V
|∇u|2 dμ − 2	

ˆ

V
cosh u dμ.

One can check that the Euler-Lagrangian equations for this functional are

−�u = 2	 sinh u = 	eu − 	e−u .

In other words, u solves (1.1) if and only if u is a critical point of the functional J	.
For every u, ξ ∈ L∞ (V ) and t ∈ R, a direct computation gives

d2

dt2

∣∣∣∣
t=0

J	(u + tξ) =
ˆ

V
|∇ξ |2 dμ − 2	

ˆ

V
cosh u · ξ2 dμ.

Since cosh u = eu+e−u

2 ≥ 1, we obtain

d2

dt2

∣∣∣∣
t=0

J	(u + tξ) ≤ 	

ˆ

V
ξ2 dμ − 2	

ˆ

V
ξ2 dμ = −	

ˆ

V
ξ2 dμ.

In particular, J	 is a strictly concave function in the finite dimensional space L∞ (V ). On
the other hand,

J	(u) ≤C

(
max
V

u − min
V

u

)2

− C−1	

(
coshmax

V
u + coshmin

V
u

)

≤ − C−1 coshmax
V

|u| → −∞,

as maxV |u| → ∞. Consequently, J	 has exactly one critical point u	 which is the global
maximum point of the functional J	, i.e., the sinh-Gordon equation (1.1) admits a unique
solution u	. Notice that

d

dt

∣∣∣∣
t=0

J	(u + tξ) =
ˆ

V
(−�u − 2	 sinh u) ξ dμ =

ˆ

V
F	,−	,0(u)ξ dμ,
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d2

dt2

∣∣∣∣
t=0

J	(u + tξ) =
ˆ

V
(−�ξ − 2	 cosh u · ξ) ξ dμ =

ˆ

V

∂F	,−	,0(u)

∂u
ξ2 dμ.

Since J	 is strictly concave, we know that all of the eigenvalues of ∂F	,−	,0(u)

∂u are negative.
Hence, by the definition of the topological degree (2.2), we get

dh+,h−,c = d	,−	,0 = sgn det (−� − 2	 cosh u	Id) = (−1)#V .

��
Next, we consider a slightly more general case.

Theorem 5.6 Let G = (V , E) be a finite, connected, and symmetric graph. If maxV h+ >

0,minV h− < 0 and

V0:= {x ∈ V : h+(x) > 0} = {x ∈ V : h−(x) < 0} ,

then

dh+,h−,c = (−1)#V0 .

Proof We consider the following deformations

h+,t (x) =
{

(1 − t)h+(x) + t	, h+(x) > 0,

(1 − t)h+(x), h+(x) ≤ 0,

h−,t (x) =
{

(1 − t)h−(x) − t	, h−(x) < 0,

(1 − t)h−(x), h−(x) ≥ 0,
ct = (1 − t)c,

where t ∈ [0, 1] and 	 is a positive number to be determined. Assume ut solves

−�t ut = h+,t e
ut + h−,t e

−ut − ct , t ∈ [0, 1].
Notice that for all t ∈ [0, 1]
•

0 < min

{
max
V

h++,max
V

∣∣h−−
∣∣ ,	

}
≤ max

V

∣∣h±,t
∣∣ ≤ max

{
max
V

|h±| ,	
}

, |ct | ≤ |c| ,
•

h+,t (x) > 0 �⇒ h+(x) > 0 �⇒ h+,t (x) ≥ min {h+(x),	} > 0,

•
h−,t (x) < 0 �⇒ h−(x) < 0 �⇒ h−,t (x) ≤ max {h−(x),−	} < 0.

Consequently, according to the Theorem 5.1, we conclude that {ut }t∈[0,1] is uniformly
bounded. By the homotopy invariance of the topological degree, we know that

dh+,h−,c = dh+,0,h−,0,c0 = dh+,1,h−,1,c1 = d	χV0 ,−	χV0 ,0.

It is well known that the following boundary value problem has a unique solution
{

�u = 0, in V \ V0,

u = φ, in V0,
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for every function φ ∈ L∞ (V0). We then obtain a linear map φ �→ Pφ = u. We define the
linear operator L : L∞ (V0) −→ L∞ (V0) as follows

φ �→ Lφ:= (�(Pφ)) |V0
Then u ∈ L∞ (V ) solves

−�u = 2	 sinh u · χV0 , in V , (5.16)

if and only if φ = u|V0 solves
−Lφ = 2	 sinh φ, in V0, (5.17)

if and only if φ is a critical point of the following functional

J̃	(φ) = −
ˆ

V0

(
1

2
φLφ + 2	 cosh φ

)
dμ, ∀φ ∈ L∞ (V0) .

One can check that for every functions φ, η ∈ L∞ (V0), we have

d2

dt2

∣∣∣∣
t=0

J̃	(φ + tη) = −
ˆ

V0

(
ηLη + 2	 cosh φ · η2

)
dμ.

Let 	0 be the largest eigenvalue of the operator −L . One can choose 	 = 	0. A similar
argument as in the proof of Theorem 5.5, we obtain that the equation (5.17) has exactly one
solution. Consequently, the sinh-Gordon equation (5.16) has exactly one solution. A direct
computation then yields

dh+,h−,c = (−1)#V0 .

��
We now turn our attention to the last case, which stands apart from the previous two

and presents a more subtle complexity. That is, we consider the case that maxV h+ >

0,minV h− < 0 and

{x ∈ V : h+(x) > 0} �= {x ∈ V : h−(x) < 0} .

We have the following

Theorem 5.7 Let G = (V , E) be a finite, connected, and symmetric graph. If maxV h+ >

0,minV h− < 0 and

V+:= {x ∈ V : h+(x) > 0} �= {x ∈ V : h−(x) < 0}=:V−,

then

dh+,h−,c = 0.

Proof Without loss of generality, assume

V− \ V+ �= ∅.

Let 	 > 1 be a positive constant to be determined. We consider the following equation

−�u = h+eu + h−e−u − 	. (5.18)
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Assume u	 solves (5.18). Applying the Theorem 5.1, there exists a positive constantC which
depends only on the graph G = (V , E) and the prescribed functions h± such that

max
V

|u	| ≤ C	. (5.19)

On the one hand, since the graph is finite, one can choose x	 ∈ V such that

u	(x	) = max
V

u	.

If h+(x	) ≤ 0, then applying the maximum principle Lemma 3.1, we get

0 ≤ −�u	(x	) = h+(x	)eu	(x	) + h−(x	)e−u	(x	) − 	 ≤ max
V

h−e−u	(x	) − 	.

We must have maxV h− > 0 and conclude that

max
V

u	 = u	(x	) ≤ ln max
V

h− − ln	. (5.20)

If h+(x	) > 0, then the estimate (5.19) gives

max
V

|�u	| ≤ C

(
max
V

u	 − min
V

u	

)
≤ C	

and hence

h+(x	)eu	(x	) + h−(x	)e−u	(x	) − 	 = −�u	(x	) ≤ C	. (5.21)

The above estimate (5.21) implies

max
V

u	 = u	 (x	) ≤ C + ln	. (5.22)

Therefore, we obtain a upper bound from (5.20) and (5.22) that

max
V

u	 ≤ C + ln	. (5.23)

One the other hand, choose x0 ∈ V− \ V+, i.e.,

h+(x0) ≤ 0, h−(x0) < 0.

By the definition,

−�u	(x0) = 1

μx0

∑
y∼x0

ωx0 y (u	(x0) − u	(y)) ≥ C

(
u	(x0) − max

V
u	

)
.

Inserting the above estimate into the equation (5.18), we get

C

(
u	(x0) − max

V
u	

)
≤ h+(x0)e

u	(x0) + h−(x0)e
−u	(x0) − 	 ≤ h−(x0)e

−u	(x0) − 	.

Hence

max
V

u	 ≥ u	(x0) − h−(x0)

C
e−u	(x0) + 	

C
≥ C−1	 + 1 + ln

−h−(x0)

C
.

Therefore, we obtain a lower bound of maxV u	 as follows

max
V

u	 ≥ C−1	 − C . (5.24)
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It follows from (5.23) and (5.24) that

C−1	 − C ≤ C + ln	

which implies

	 ≤ C .

In other words, there exist a constant 	0 such that the equation (5.18) has no solution for
any 	 > 	0. In particular,

dh+,h−,	 = 0, ∀	 > 	0.

Finally, we consider the deformation

ct = (1 − t)c + t(	0 + 1), t ∈ [0, 1].
Assume ut solves

−�ut = h+eut + h−e−ut − ct .

Applying the Theorem 5.1, we know that {ut }t∈[0,1] is uniformly bounded. In particular, by
the homotopy invariance of the topological degree, we have

dh+,h−,c = dh+,h−,c0 = hh+,h−,c1 = dh+,h−,	0+1 = 0.

��
Now we can prove the Theorem 2.2.

Proof of the Theorem 2.2 Combine the Theorems 5.2-5.7, we complete the proof. ��

6 An existence result

We first recall with discrete version of sub-super solution principle.
Let f : V × R −→ R be a continuous function. We consider the following equation

−�u = f (·, u). (6.1)

It is easy to check that u solves the above equation (6.1) if and only if u is a critical point of
the following functional

J f (u):=
ˆ

V

(
1

2
|∇u|2 − F(·, u)

)
dμ,

where ∂F
∂u = f . We say that φ ∈ L∞ (V ) is a subsolution to the equation (6.1) if

−�φ ≤ f (·, φ),

and we say that ψ is a super-solution to the equation (6.1) if

−�ψ ≥ f (·, ψ).

We have the following

Lemma 6.1 (Sub-super solution principle, cf. [25]) Assume φ and ψ are the sub- and super-
solutions to the equation (6.1) respectively with φ ≤ ψ . Then any minimizer of the functional
J f in {u ∈ L∞ (V ) : φ ≤ u ≤ ψ} solves (6.1).
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As a consequence, we have the following existence result.

Lemma 6.2 Assume

lim sup
t→−∞

f (·, t) = f∞(·).

If f̄∞ > 0 and

inf
u∈L∞(V )

max
V

(�u + f (·, u)) < 0,

then the equation (6.1) has at least one solution.

Proof Let φ∞ be the unique solution to the following equation

−�φ∞ = f∞ − f̄∞, φ̄∞ = 0.

Here f̄ = ffl
V f dμ is the average of the integral of the function f over V . For every constant

A, we have

−�(A + φ∞) − f (·, A + φ∞) = f∞ − f̄∞ − f (·, A + φ∞).

Since f̄∞ > 0, there exists a sequence of numbers An → −∞ such that

−�(An + φ∞) − f (·, An + φ∞) ≤ −1

2
f̄∞ < 0.

In other words, An + φ∞ are sub-solutions to the equation (6.1). Applying the Lemma 6.1,
we conclude that the equation (6.1) is solvable if and only if it has a super-solution.

Since

c f := inf
u∈L∞(V )

max
V

(�u + f (·, u)) < 0,

we can find a function ψ satisfying

max
V

(�ψ + f (·, ψ)) <
c f

2
< 0.

Thus, ψ is a super-solution and we complete the proof. ��
As a consequence, we obtain an existence result, i.e., we can give a proof of the Theorem

2.4. More generally, we have the following

Theorem 6.3 Let G = (V , E) be a finite, connected, and symmetric graph. Assume
maxV h+ > 0, h− ≥ 0, maxV h− > 0.

(1) There exists a constant 	0 such that (1.1) has no solution when c < 	0.
(2) If c ≤ 0, then a necessary condition to solve (1.1) is

´
V h+ dμ < 0.

(3) If
´
V h+ dμ < 0 and set

c∗
h+,h−:= inf

u∈L∞(V )
max
V

(
�u + h+eu + h−e−u) ,

then c∗
h+,h− ∈ R. Moreover, if c∗

h+,h− < 0, then the sinh-Gordon equation (1.1) has no
solution if c < c∗

h+,h− , and has at least one solution if c = c∗
h+,h− , and has at least two

solutions if c∗
h+,h− < c < 0.
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Proof Firstly, since

{h+ > 0} �= ∅, {h− < 0} = ∅,

the argument in the proof of the Theorem 5.7 implies that there exists a constant 	0 such
that the equation (1.1) has no solution when c < 	0.

Secondly, we assume c ≤ 0. If c = 0 and u solves (1.1), then u can not be a constant
function and

0 > −
ˆ

V
e−u�u dμ =

ˆ

V
h+ dμ +

ˆ

V
h−e−2u dμ ≥

ˆ

V
h+ dμ.

Thus
´
V h+ dμ < 0. If c < 0, then a similar argument implies that h̄+ < 0.

Thirdly, if c < 0, then for each constant A < ln −c
maxV |h+|

−�A − h+eA − h−e−A + c ≤ max
V

|h+| eA + c < 0.

That is, the constant function A is a sub-solution whenever A < ln −c
maxV |h+| . Notice that

inf
u∈L∞(V )

max
V

(
�u + h+eu + h−e−u) ≥ inf

u∈L∞(V )
max
V

(
�u + h+eu

) =:ch+ .

If h+ changes its sign and h̄+ < 0, then we claim that

inf
u∈L∞(V )

max
V

(
�u + h+eu

) ∈ (−∞, 0).

To see this, on the one hand, let φ be the unique solution to

−�φ = h+ − h̄+, min
V

φ = 0.

Then

0 ≤ φ ≤ C

(
max
V

h+ − h̄+
)

.

For any two constants a > 0 and b = ln a, we have

�(aφ + b) + h+eaφ+b =a
(
h̄+ + h+

(
eaφ − 1

))

≤a

(
h̄+ + max

V
h+

(
eaC(maxV h+−h̄+) − 1

))

= 1

C
(
1 − h̄+/maxV h+

)
[
eaC(maxV h+−h̄+) −

(
1 − h̄+

maxV h+

)]

· aC
(
max
V

h+ − min
V

h+
)

.

Hence

ch+ ≤ inf
a>0

max
V

(
�(aφ + b) + h+eaφ+b

)

≤ 1

C
(
1 − h̄+/maxV h+

) inf
t>0

[
et −

(
1 − h̄+

maxV h+

)]
t

< − 1

2C

ln2
(
1 − h̄+/maxV h+

)

2 + ln2
(
1 − h̄+/maxV h+

) < 0.
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On the other hand, if ch+ < c < 0, then according to the Lemma 6.2, we conclude that there
exists a solution uc to the equation

−�uc = h+euc − c.

Thus

�e−uc ≥ −e−uc�uc ≥ h+ − ce−uc .

Applying the maximum principle Lemma 3.1, we obtain

e−uc ≤ (� + c)−1 h+.

If ch+ = −∞, then we obtain by letting c → −∞
max
V

h− ≤ 0,

which is a contradiction.
Finally, we assume c < 0, c∗

h+,h− < 0. On the one hand, if the equation (1.1) is solvable,
then by the definition, we must have

c∗
h+,h− ≤ c.

On the other hand, according to the Lemma 6.2, for every c ∈
(
c∗
h+,h− , 0

)
, the equation

−�u = h+eu + h−e−u − c

has at least one solution uc. Letting c → c∗
h+,h− , according to the Theorem 5.1, we obtain a

solution uc∗
h+,h−

to the equation

−�u = h+eu + h−e−u − c∗
h+,h− .

Moreover, if c∗
h+,h− < c < 0, we claim that the equation (1.1) has at least two solutions. We

can prove this claim as follows.
Let A < minV uc∗

h+,h−
be a subsolution to the equation (1.1). Notice that uc∗

h+,h−
is a

super-solution to the equation (1.1). Applying the sub-super solution principle Lemma 6.1,
we obtain a solution uc,1 which minimizes the functional

{
u : A ≤ u ≤ uc∗

h+,h−

}
� u → J (u) =

ˆ

V

(
1

2
|∇u|2 − h+eu + h−e−u + cu

)
dμ.

Applying the maximum principle Lemma 3.1, we know that A < uc,1 < uc∗
h+,h−

. Moreover,

for each η ∈ L∞ (V ),

d2

dt2

∣∣∣∣
t=0

J (uc,1 + tη) ≥ 0.

We claim that uc,1 is a local strict minimizer. For otherwise, there exists a nonzero function
ξ such that

−�ξ = (
h+euc,1 − h−e−uc,1

)
ξ,

and

d3

dt3

∣∣∣∣
t=0

J (uc,1 + tξ) = d4

dt4

∣∣∣∣
t=0

J (uc,1 + tξ) = 0.
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We conclude that ξ is not a constant function since h− ≥ 0 and c < 0. Moreover,

0 = d4

dt4

∣∣∣∣
t=0

J (uc,1 + tξ) =
ˆ

V

(−h+euc,1 + h−e−uc,1
)
ξ4 dμ =

ˆ

V
�ξ · ξ3 dμ < 0,

which is a contradiction. Therefore, uc,1 is a local strict minimizer. According to the Theorem
5.7, we know that the topological degree vanishes. As a consequence, we know that there
exists another solution to the equation (1.1). ��

Appendix A. The topological degree for the Kazdan-Warner equation

In this appendix, we consider the Kazdan-Warner equation (1.2).
We have the following

Theorem Appendix A.1 (Sun-Wang [25])Every solution to theKazdan-Warner equationwith
nonzero prescribed function on a finite, connected, and symmetric graph is uniform bounded.

In fact, we can prove the following

Theorem Appendix A.2 LetG = (V , E)be afinite, connected, and symmetric graph.Assume
there exists a positive constant K satisfying the following conditions:

A) K−1 ≤ maxV |h| ≤ K , |c| ≤ K, and
B) (maxV h)2 − K−1 maxV h ≥ 0, and
C) either |c| ≥ K−1 or c ≥ 0 and h̄ ≤ −K−1.

There exists a positive constant C depending only on K and the graph such that every solution
u to the Kazdan-Warner equation (1.2) satisfies

max
V

|u| ≤ C .

Proof Notice that the condition B) is different from Sun and Wang [25, Theorem 4.2]. We
should modify the original proof of Sun and Wang. For convenience of the reader, we sketch
the proof here which is slightly different from Sun and Wang’s original one.

Assume the statement if false. One can find a sequence of functions un solves

−�un = hne
un − cn (A.1)

and satisfies

lim
n→∞max

V
|un | = ∞, (A.2)

where the functions hn and constants cn satisfy the assumptions A) − C) and

lim
n→∞ hn = h, lim

n→∞ cn = c.

We claim that un can not uniformly bounded from above. For otherwise, maxV un ≤ C .
The equation (A.1) implies

|�un | ≤ C .

Applying the Lemma 3.4, we get

max
V

un − min
V

un ≤ C max
V

|�un | ≤ C .
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Hence, the blowup assumption (A.2) yields

lim
n→∞ un = −∞.

Moreover, up to a subsequence,wemay assume un−minV un converges tow. By the equation
(A.1),

−�

(
un − min

V
un

)
= hne

un − cn,

we obtain

−�w = c, min
V

w = 0,

which implies c = 0 and w ≡ 0. According to the equation (A.1) again, we get

0 = −e−minV un

ˆ

V
�un dμ =

ˆ

V
hne

un−minV un dμ − cne
−minV un |V | .

Under the assumption C), we get

−K−1 ≥ h̄ = lim
n→∞

 

V
hne

un−minV un dμ ≥ lim inf
n→∞ cne

−minV un ≥ 0,

which is a contradiction.
We may assume

0 < max
V

un → +∞

as n → ∞. According to the Kato inequality Lemma 3.2,

−�u−
n ≤ −�(−un)

+ · χ−un>0 = (
cn − hne

un
)
χun<0 ≤ C .

Applying the Lemma 3.4, we get

max
V

u−
n = max

V
u−
n − min

V
u−
n ≤ C max

V

(−�u−
n

) ≤ C,

which implies

un ≥ −C .

By the definition of the Laplacian (2.1), for each y ∼ x

−�un(x) = 1

μx
ωxy (un(x) − un(y)) + 1

μx

∑
z∼x,z �=y

ωxz (un(x) − un(z)) ,

which gives

un(y) ≤ C
(
u+
n (x) + (�un)

+ (x)
)
.

Consequently, if un(x) ≤ C for some point x , then

|�un(x)| =
∣∣∣hneun(x) − cn

∣∣∣ ≤ C

and we get

un(y) ≤ C, ∀y ∼ x .
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Thus, we obtain by induction

max
V

un ≤ C,

which is a contradiction to the blowup assumption (A.2). In other words, we may assume,
up to a subsequence,

lim
n→∞ un(x) = +∞, ∀x ∈ V .

If maxV hn ≥ K−1, then we may assume hn(x0) = maxV hn . Thus

hn(x0)e
un(x0) − cn = −�un(x0) ≤ C

(
u+
n (x0) + 1

)

since un ≥ −C . We must have un(x0) ≤ C which is impossible.
If maxV hn < K−1, then by the assumption B) we have maxV hn ≤ 0 which gives

−�un ≤ C

and

|�un | ≤ C .

It follows from (A.1) that

h = lim
n→∞ hn = lim

n→∞ e−un (cn − �un) = 0,

which is a contradiction to the assumption A). ��
Based on this a priori estimate as in the Theorem Appendix A.2, one can define the

topological degree Dh,c for the Kazdan-Warner equation (1.2) as follows:

Dh,c = lim
R→∞ deg

(
Kh,c, B

L∞(V )
R , 0

)

where

Kh,c(u) = −�u − heu + c, ∀u ∈ L∞ (V ) .

Theorem Appendix A.3 (Sun-Wang [25]) Let G = (V , E) be a finite, connected, and sym-
metric graph. If h �= 0, then

Dh,c =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

−1, c > 0, maxV h > 0;
−1, c = 0, h̄ < 0 < maxV h;
1, c < 0, minV h < maxV h ≤ 0;
0, else.

Proof For convenience of the reader, we sketch the proof here which is slightly different
from Sun and Wang’s original one.

One can check that if the Kazdan-Warner equation (1.2) admits a solution, then we have

• if c > 0, then maxV h > 0;
• if c = 0, then either h ≡ 0 or h changes sign and h̄ < 0;
• if c < 0, then minV h < 0.

Now we compute the degree case by case as follows.
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Case 1. If c > 0 and maxV h > 0, then

Dh,c = Dh+,c.

In fact, we consider the following deformation

ht = (1 − t)h + t, ct = (1 − t)c + tε, t ∈ [0, 1],
where ε is a positive number to be determined. If ut solves

−�ut = ht e
ut − ct ,

then according to the Theorem Appendix A.2 there exists a constant C such that

|ut | ≤ C, ∀t ∈ [0, 1].
By the homotopy invariance of the topological degree, we know that

Dh,c = D1,ε .

Finally, assume u solves

−�u = eu − ε.

If w �= u also solves

−�w = ew − ε,

then
ˆ

V
eu dμ =

ˆ

V
ew dμ = ε |V | .

We conclude that minV (u − w) < 0 < maxV (u − w). Moreover, we have the
following estimate

eu ≤ Cε, ew ≤ Cε.

On the other hand, since

−�(u − w) = eu − ew ≤ eu (u − w) ,

we conclude that

max
V

(u − w) − min
V

(u − w) ≤ C max
V

�(w − u) ≤ Cε max
V

(u − w).

If 0 < ε < ε0 = 1/(2C), then we conclude that

0 < max
V

(u − w) ≤ 2min
V

(u − w) < 0,

which is a contradiction. In other words, if 0 < ε < ε0, then uε = ln ε is the unique
solution to

−�u = eu − ε.

Hence

Dh,c = lim
ε↘0

D1,ε = −1.
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Case 2. If c = 0, h̄ < 0 and maxV h > 0, then

Dh,0 = −1.

In fact, we consider the following deformation

ct = t, t ∈ [0, 1].
Assume ut satisfies

−�ut = heut − ct , t ∈ [0, 1].
according to the Theorem Appendix A.2, {ut }t∈[0,1] is uniformly bounded. Hence

Dh,0 = Dh,1 = −1.

Case 3. If c < 0, h ≤ 0 and minV h < 0, then

Dh,c = 1.

In fact, we consider the following deformation

ht = (1 − t)h − t, t ∈ [0, 1].
If ut satisfies

−�ut = ht e
ut − c,

then Theorem Appendix A.2 implies that {ut }t∈[0,1] is uniformly bounded. As a
consequence

Dh,c = D−1,c.

Notice that ln(−c) is the unique solution to the equation

−�u = −eu − c.

As a consequence,

Dh,c = D−1,c = sgn det (−� − cId) = 1.

Case 4. If c < 0 and h changes sign, then

Dh,c = 0.

In fact, according to the Theorem Appendix A.2,

Dh,c = D1,c.

Notice that there is no solution to the equation

−�u = eu − c,

since c < 0. We must have

Dh,c = D1,c = 0.

��
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