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Abstract

In this paper, we focus on the sinh-Gordon equations on graphs. We introduce a uniform
a priori estimate to define the topological degree for this equation with nonzero prescribed
functions on finite, connected, and symmetric graphs. Furthermore, we calculate this topo-
logical degree case by case and show several existence results. In particular, we prove that
the classical sinh-Gordon equation with nonzero prescribed function is always solvable on
such graphs.

Mathematics Subject Classification 35R02 - 35A16

1 Introduction

The classical elliptic sinh-Gordon equation on a Riemann surface X reads as follows,
—Axu =sinhu

which plays a very important role in the study of the construction of constant mean curvature
surfaces initiated by Wente [26]. We refer the reader to [18] for more details. The sinh-Gordon
equation has many applications in geometric analysis, for example in the work on the Wente
torus [1].

Beyond its theoretical importance on Riemann surfaces, graph analysis is crucial for
various applications, including image processing and data mining. Among the numerous
avenues of research, studying partial differential equations from geometry or physics on
graphs is particularly promising, as highlighted in [5-12, 1417, 20, 22-24, 27] and related
works.
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In this paper, we examine the sinh-Gordon equations, a family of nonlinear equations, on
a finite, connected, and symmetric graph G = (V, E):

—Au=hye" +h_e ™ —c (1.1)

where h4 and h_ are two real prescribed functions defined on the graph and c is a real
number. This family includes notable equations such as the Kazdan-Warner equation:

—Au=he" —¢ (1.2)
and the classical sinh-Gordon equation:
—Au = hsinhu —c, (1.3)

where 4 is a real prescribed function defined on the graph.

The Kazdan-Warner equation (1.2) on graphs has been explored by several mathemati-
cians. For instance, Grigor’yan, Lin, and Yang [7, Theorems 1-3] completely solved the
solvability problem of the Kazdan-Warner equation on a finite, connected, and symmetric
graph by utilizing the variational method. That is, they derived a discrete analog of the results
by Kazdan and Warner [19]:

e When ¢ = 0, a solution to (1.2) exists if and only if ~# = 0 or & changes sign and
/; vy hdu <0.

e If ¢ > 0, then (1.2) is solvable precisely when maxy & > 0.

e For ¢ < 0, solvability to (1.2) requires f v hdu < 0, and there exists a constant ¢; €
[—00, 0) depending on £ such that (1.2) is solvable for ¢ € (cj, 0), but unsolvable for
any ¢ < cp.

The degree theory has proven to be an effective approach in studying partial differential
equations in Euclidean spaces or Riemannian manifolds, see for example [3]. Drawing from
the foundational work of Chen and Lin [4] on mean field equations over closed Riemann
surfaces, the author, in collaboration with Wang [25], innovatively employed the degree
theory to resolve the Kazdan-Warner equation on finite graphs. This groundbreaking method
was later broadened by Li, the author, and Yang [21] to encompass Chern-Simons Higgs
models on finite graphs. Very recently, Hou and Qiao [13] also used the degree theory to
extend the result obtained by [21].

The author and Wang [25] demonstrated that every solution to the Kazdan-Warner equation
(1.2) on a finite, connected, and symmetric graph is uniformly bounded when the prescribed
function & # 0, i.e., h is a nonzero function. Consequently, one can define the topological
degree Dy, . for (1.2) as follows

Dp.= lim deg (—A —he® +c, Blgoo(v), 0) .
R—> 00

Furthermore, under the assumption & # 0, they computed the degree case by case and found
(see Appendix A for details):

—1, ¢>0, maxy h > 0;
Dyo = -1, c=0,i_z<0<maxvh;
’ 1, ¢ <0, miny h < maxy h <0;
0, else.
Zhu [28] examined the mean field equation associated with equilibrium turbulence and
the Toda system on finite, connected, and symmetric graphs. Specifically, he obtained that
the equation

@ Springer



Sinh-Gordon equations on finite graphs Page3of30 231

A hie hoe™ ™

e (fvh1e” du 1/’) - (fv hae ™ du W)

admits at least one solution provided that the prescribed functions /21 and &, are nonnegative,
and the constants c¢; and c; are positive, and the function ¥ satisfies f yvdu=1

The aim of this paper is to employ topological methods to investigate the sinh-Gordon
equation (1.1) on graphs. We will demonstrate that every solution to the sinh-Gordon equation
(1.1) on a finite, connected, and symmetric graph is uniformly bounded, provided h4 # O
and h_ # 0. This ensures that the topological degree dj, ;_ . for (1.1) can be defined
explicitly. Furthermore, we will derive the exact formula for the topological degree dj_ j_ ¢.
Consequently, we will apply the degree theory to establish existence criteria for (1.1).

The remaining part of this paper is briefly organized as follows. In section 2, we introduce
key concepts related to graphs and present our principal results. In section 3, we review
fundamental properties of functions on finite, connected, and symmetric graphs. In section
4, we obtain a uniform a priori estimate, which gives a proof of the first main result Theorem
2.1. The computation of the topological degree for the sinh-Gordon equation is given in
section 5, offering a proof of the second main result Theorem 2.2. This leads to the existence
result when the degree is non-zero, see Corollary 2.3. Finally, in section 6, we discuss the
existence result for the sinh-Gordon equation, which yields a proof of the third main result
Theorem 2.4.

Throughout the paper, we only consider finite, connected and symmetric graphs. Moreover,
we do not distinguish between sequences and subsequences unless necessary. Additionally,
the capital letter C denotes universal constants that are independent of specific solutions and
may vary in different situations.

2 Main results

Let G = (V, E) be a finite, connected, undirected graph with vertex set V and edge set E.
We say G is symmetric if there exists a symmetric weight function w : V. x V. — Rxg
satisfying:

wyy =wyy 20, and wyy >0 ifandonlyif xy e E.

This induces a weighted graph (G, ) where edge existence and weights are compatible. In
other words, w,, > 0 if and only if x and y are adjacent vertices. For example, the complete
graph K, with uniform weighting wy, = ¢ (c > 0) is symmetric. The graph G = (V, E)
is said to be connected if, for any two vertices x, y € V there exist vertices x; € V with
X = X1, Y = X, such that

Oyixiy >0, i=1,...,m—1.

The finiteness of G = (V, E) stems from the finite number of its vertices. We introduce a
positive function (vertex measure) ; on V and define the (u-)Laplace operator A as

1
Au(x):=— Zw"-" w(y)—ukx)), xe€V, uelL® V). 2.1)

X yx

For any function f € L® (V), the integral of f over V is defined by

/V fdw=Y" f()u..

xeV
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The Green formula follows as:

/Au'vd/L:—/I‘(u,v)d/L,
1% v

where I', the associated gradient form, is defined by
1
2y

L, 0)(0):=5— Y oy @(y) = u(x)) V() = V().

yeVv
Lastly, we denote the square of the gradient of u at a vertex x by
IVu()l? = T, ) ().
Firstly, we prove a uniform a priori estimate for sinh-Gordon equations.

Theorem 2.1 Every solution to the sinh-Gordon equation (1.1) with nonzero prescribed func-
tions on a finite, connected, and symmetric graph is uniformly bounded.

Consider the map F,, j_ . : L% (V) —> L% (V) defined by
Froh o) =—Au—hie" —h_e " +c.
Applying the Theorem 2.1 we conclude that there is no solution on the boundary BBIL:Q(V)
for R large. Hence, the Brouwer degree

deg (Fh+,h,,c, B,’gm(v), 0)

is well defined for R large. According to the homotopy invariance, deg (F;, hes BIIEOO(V) , 0)

is independent of R when R — +o00. In particular, we define the topological degree dj, 5_ ¢
for the sinh-Gordon equation (1.1) on the finite, connected, and symmetric graph G = (V, E)
as follows

. LV
dn, h_,c = lim deg (Fh+,h,,c, By ( ), 0) .
R—0

Notice that every solutions to the equation (1.1) are critical points of the following functional
1
LOV)sur> Jypcu) = / <§ IVul> — hye +h_e™ + cu) du.
v

Thus, if J,, »_  is a Morse function, i.e., every critical point of Jj ;_ . is nondegenerate,
then

deg (Fh+,h_,c, BL™™) 0) - 3 sendet (dFy, p o)  (2.2)

LV
ueBy ( ),Fh+.h,,c(“)=0

provided BBlgw(v) NF h; ! n_ {0}) = ¥. For more details about the Brouwer degree and its
various properties we refer the reader to Chang [2, Chapter 3].

Secondly, we give the exact expression of the topological degree for sinh-Gordon equa-
tions.

Theorem 2.2 Let G = (V, E) be a finite, connected, and symmetric graph. If ho- # 0 and
h_ # 0, then

(D", Vo={xeV:ihi(x)>0={xeV:h_(x) <0};
iy hose = 0 else
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The Kronecker existence theorem suggests that at least one solution exists if the topological
degree is nonzero. From this, we can derive the following existence result:

Corollary 2.3 Consider a finite, connected, and symmetric graph G = (V, E). If hy #
0,h_ #0and

xeVihi(x) >0={xeV:h_(x) <0},

then the equation (1.1) has at least one solution. Specifically, the classical sinh-Gordon
equation (1.3) with nonzero prescribed function admits a solution.

Finally, utilizing the sub-super solution principle Lemma 6.1 and the Theorem 2.2, we
arrive at the following existence result:

Theorem 2.4 Consider a finite, connected, and symmetric graph G = (V, E). Assume
maxy hy >0, ho > 0.If [, hy du < 0 and

cr = inf max (Au+ hie" +h_e ) <0,
heh=""" el vy v ( thyel )

then the sinh-Gordon equation (1.1) has no solutions when ¢ < cZ+ > has at least one
solution for ¢ = C;Jﬁh_, and has at least two solutions ifc;l‘%h_ <c<O.

3 Preliminaries

In this section, we present discrete versions of several key mathematical concepts, including
the strong maximum principle, Kato’s inequality, Hanack’s inequality, and the elliptic esti-
mate. As mentioned above, the graph G = (V, E) is always assumed to be finite, connected,
and symmetric.

We begin with the following strong maximum principle:

Lemma 3.1 (Strong maximum principle, cf. [25]) If u is not a constant function, then there
exists x; € V such that

u(xy) = mélxu, Au (x1) < 0.

Next, we introduce the following Kato’s inequality:
Lemma 3.2 (Kato’s inequality [25])
Aut > X{u>0}Au.

The following Hanack inequality is also useful:

Lemma 3.3 (Hanack’s inequality) Denote by L = maxy u — u. For every x ~ y, we have
the following Hanack inequality

Liy) < 2= (ZZ“X“’”L(x) - Au(x)) . G.1)

Wyy X

Moreover, if maxy u + miny u > 0, then we have for every x € V

Lo Vox Qu(x) + L(x)). (3.2)

X

—Au(x) <
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Proof On the one hand, notice that for every x,z € V,
ux) —u(z) > ulx) — m‘a/IXu = —L(x).
By the definition of the Laplacian (2.1), we have for each y ~ x
1
—Au(x) =— Y o Ux) — u(2)
X oz~x
Wxy 1
=—2 @@ —u) +— Y o @) —uk)
x x X, ZFY
Wyy 1
> (ux) —u(y) — — Y oLl
X Mx Z~xizty
Wxy 1
=—2 (L) - L&) —— Y ol
Mx X
~X,2FY
Wxy 1
=—2L(y) = — Y LX)
Mx X Ty
We obtain the Hanack inequality (3.1).
On the other hand, if maxy u + miny u > 0, then we have for every x,z € V
ux) —u(z) <ulx)— mvinu <u(x)+ m&lxu =2u(x) + L(x). 3.3)
Inserting the above estimate (3.3) into (2.1), we get
1 1
—Au() = — Y o @) —u()) < — Y og Qux) + LX).
Mx 57 Mx T
y~x y~x
We obtain the estimate (3.2) and complete the proof. O

Lastly, we present the following refined elliptic estimate:

Lemma 3.4 (Refined elliptic estimate [25]) For allu € L* (V),

A#V—Z -1
maxu —minu < ——— B - max Au,
v 4 A—1 v
where
Z ~x @zx Mox
A = maxmax ==X =" B — max max .
X y~x Wyx XYV Wy

Proof Assume

maxu = u(x), minu = u(x).
1% %

Choose a shortest path xox; .. . X, connecting xo = X and x,,, = x. We consider the function

L(x) = maxy u — u(x). According to the Lemma 3.3, we get

L(xiy1) <A-L(xj)+ B -m‘gx(—Au), i=0,1,2,...,m—1.
Since L(xp) = 0, we obtain by induction

L(x,»)g(1+A+...+A"—‘)B.mvax(—Au), i=1,2,....m.

@ Springer
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To see this, since L(x;) < B - maxy (—Au) according to (3.4), we may assume for some
I1<i<m-1

Lxi) = (1+A+-~-+A"“)B-m3X(—Au)-
Applying the estimate (3.4), we obtain
L(xiy1) <A- ((1 +A+- 4+ AH) B - max (—Au)) B - max (—Au)
_ (1+A+.-.+A")B.m3x(—Au).

We obtain the estimate (3.5). In particular

max u —mVinu = L(xnm) < (1 +A+~~.+A’”—1)B 'm‘?x(—Au).

Thus
m&lxu —m‘}nu < <1 + A +---+A#V72) B - m&lx(—Au).

Replacing u by —u, we obtain

A#V—2

maxu —minu < (1 +A+-~-+A#V_2> B-maxAu=———— B .max Au.
14 % 1% A-1 1%
We complete the proof. O

4 A priori estimates

In this section, we give a priori estimate for the sinh-Gordon type equation (1.1). That is, we
will give a proof of the Theorem 2.1.
To elucidate the core concept of the proof, we begin by examining the following example.

Example 4.1 Let G = (V, E) be a graph with only two vertices. The sinh-Gordon equation
(1.1) becomes

T () — u(x) = hy (e + ho(xpe ) — e, wh
T () — u(n) = hi(0)e"CD +ho(x)e™ 0D —c. '
We assume
lhy (x| +1hq (x2)] > 0, [h_(xD)] + [h-(x2)] > 0. 4.2)
Assume u solves the equation (4.1). Without loss of generality, assume
u(xr) = lu(x)|.

If 74 (x1) > O, then

2
h e ™) 4 h_ (e 00 — ¢ = P12 () — uxn) < T2 (ay)
X1 X1

which implies

u(xy) <C.
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If hy(x1) <0, then

U2 4 (x) — ux2) = by (e 4 h_(rp)e ™0V — ¢ < €
X1

which implies
0 <u(xy) —ulx) <C.

If u(xp) <0, then u(x;) < C.If u(xp) > 0, then

Ihe (x| + [hy(x2)] = ’(“; (u(x1) — u(x2)) — h_(x1)e "1 + c) emut)

X1

+ ‘(‘”— (u(x2) = ) = h-(r2)e ™) + c) e
"

X2

§Ce_“(x‘),
which implies
u(x;) <C.

That is, we obtain a uniform a priori estimate for the sinh-Gordon equation (4.1) under the
assumption (4.2).

Now, drawing inspiration from the Example 4.1 provided above, we can present a com-
prehensive proof of the Theorem 2.1.

Proof of the Theorem 2.1 To proceed with the proof by contradiction, we will assume that
there exists a sequence of real functions {u,} on a finite, connected, and symmetric graph
G = (V, E) satisfying

—Aup =hye"™ +h e —c, inV, (4.3)
and

max u, = max |u,| — oo, “4.4)
v 1%

asn — oo. Our goal is to show that this leads to a contradiction, thereby proving the original
statement. According to the a priori estimate stated by Sun and Wang [25, Theorem 2.1], we
may assume iy 7% 0and h_ # 0.

We consider the functions L,, : V — R defined by

L, = m&lx Uy — Uy. 4.5)
It follows from (4.4) that
IIléiX Uy + m‘}n u, > 0.
According to the Lemma 3.3, we obtain
—Auy < C (u;f + Ly), (4.6)
and

Ly(y) < C((=Aupy(x)™ + Ly(x)), Vy~x. 4.7
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Insert (4.6) into the equation (4.3) to obtain
hye" +h_e™ < C(uf +L,+1). (4.8)

If L,(x) < C, then by the definition (4.5) and the assumption (4.4), we get u,(x) — +00
as n — oo. The estimate (4.8) then gives /4 (x) < 0 which implies from (4.3) that

—Aup(x) < h_(x)e ™ —¢c < C. (4.9)
It follows from (4.9) and (4.7) that
L,(y) <C, Vy~ux.

In other words, if L,(x) is uniformly bounded from above, then L,(y) is also uniformly
bounded from above for every neighbors y of x. That is

L,(x)<C = Ly,(y)=<C, Vy~unx. (4.10)
Since the graph is finite, we may assume that for some points X, x € V

u,(x) = m‘z}xun, u,(x) = m‘;n u,, vn.

Since the graph is connected, we can choose a shortest path xox; - - - x,,, connected xg = x
and x,, = x. We have

L, (xp) = L,(x) =0, Vn.
Applying the estimate (4.10), since m < #V — 1, we obtain by induction that
L,(x)<C, VxeV.
In particular
m&lxun —mVinu,, =L,(xp) <C. 4.11)

Together with the above estimate (4.11) and the assumption (4.4), we conclude that

lim u,(x) =+o00, VxeV. (4.12)

n—00

Moreover, by the definition of the Laplacian (2.1), the estimate (4.11) also implies

|Au,| < C (m‘?xun — m‘}nun) <C. (4.13)
Combine (4.3), (4.11), (4.12) and (4.13),
|h+| — emaxv Up—Up c — Aun _ h_e_“” e— maxy Uy S Ce—maxv Up
which implies that 7 = 0. This is a contradiction and we complete the proof. O

5 Topological degrees
In this section, we calculate the topological degree on a case-by-case basis.

We start with a uniform a priori estimate for the sinh-Gordon equation (1.1) that involves
variable coefficients.
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Theorem 5.1 Let G = (V, E) be a finite, connected, and symmetric graph. Assume for some
positive constant K, the following conditions hold:

(HI) K~' <maxy |hs| < K, |c| < K, and
(H2) h% > £K 'hy.

Then there is a uniform positive constant C depending only on the graph such that every
solution u to the sinh-Gordon equation (1.1) satisfies

m";lx|u| <CK. 6.

Proof Assume u is a solution to the sinh-Gordon equation (1.1), i.e.,
—Au=hye" +h_e™ —c.
Without loss of generality, assume

max u +minu > 0.
v v

We consider the function L = maxy # — u. Under the assumption (H 1), according to (3.3),
we obtain

—Au<Cut+1L), (5.2)
and
L(y) <C((—Aw* (x)+ L(x)), Vx~y. (5.3)

Inserting the above estimate (5.2) into the sinh-Gordon equation (1.1), under the assump-
tion (H 1), we have

hye"+h_e" =—-Au+c<Cut+L+K). (54)
Ifhy(x) > 0and u(x) > 0, then under the assumption (H?2) the above inequality (5.4) gives
hy(x)e"™ < Ce* ™2 4 C(L(x) + K)

which implies

g 2 CHYC+a, (0OCALW) +K).

2h4(x)
‘We obtain
2
B (1) ® < C*+2hy (x)C(L(x) + K).
hi(x)
Thus
hi(x)e"™ < C(L(x) +K). (5.5)

Notice that the above estimate (5.5) also holds when /4 (x) < 0 or u(x) < 0. Inserting (5.5)
into (1.1), we get

—Au(x) = hy(x)e"™ +h_(x)e ™™ —¢ < C(L(x) + K) (5.6)
provided u(x) > 0. It follows from (5.3) and (5.6) that
u(x) =0 = L) =C((—Aw)" (x)+ L&) < Co(L(x)+K), Vx~y. (57)
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Here the constant C depends only on the graph.
Now we prove the a priori estimate (5.1). We may assume

m";lx|u| = m‘e}xu > (Co +C5 4+ 4 Cgvfl) K. (5.8)

Since the graph is finite, connected, and symmetric, we can choose a shortest path xoxj - - - Xy,
such that

u(xg) = m&lxu, u(xy,) = mvin u.
Thenm < #V — 1 and
L(xg) = m&lxu —u(xg) = 0.
Since u(xg) > 0, it follows from (5.7) that
L(x1) < CoK.
If L(x;) < (Co+ C3 + -+ Cl) K for some | <i < m, then
uC) = maxu — L) > (Co+Cf+-+CJV ) K = (Co+ €+ + C)) K =0,
which implies from (5.7) that
LG = Co((Co+ P+ CH) K+ K) = (Co+ GG+ + Ch) K.
By using the method of induction, we conclude that
L) = (Co+ R+ Co) K, T<i=m.
In particular
m&lxu—mvinu=L(xm) < (C0+C5+“'+C(V)n)K
< (Co + C(% +~-~+Cgv_1> K < m&txu.
We obtain miny # > 0. That is, under the assumption (5.8), we have

maxu —minu < (Co+ €3 +++-+C§~') K, minu = 0. (5.9)

By the definition of the Laplacian (2.1),

1 1
—A = |— " — < — — mi
|—Au(x)| ” Z:wX) (x) —u(y)| < ™ ;wxy <m‘9xu mvlnu>
y~x y~x
<C <maxu — min u) . (5.10)
1% \%4

Inserting the estimate (5.9) into the above estimate (5.10), we obtain
Aul =€ (Co+C 4+ CV ) K. (5.11)
Recall from the sinh-Gordon equation (1.1) that
hy=e"(c—Au—h_e™).

@ Springer



231 Page 120f30 L. Sun

Consequently, the assumption (H 1) together with the estimate (5.11) implies
K< max lha| < <|c| + max |h_| + max |Au|) e~ minv u
<cC (co FC24 C3V_1> Keminve,
We obtain
mvinu51n(co+c§+---+cg"*1)+1nc+1nK. (5.12)
Therefore it follows from (5.9) and (5.12) that

max || = maxu = maxu — minu + minu
1% 1% 1% v 1%

= (Co+ e+ ) K+ (Cot+ G-l
+InC+InkK.

In particular, we obtain the desired uniform a priori estimate (5.1) and complete the proof. O

51 hy <0,h_ > 0.

Theorem 5.2 Let G = (V, E) be a finite, connected, and symmetric graph. If h4 <0, h_ >
0 and maxy (|hy| 4+ |h_]) > O, then

1, miny A4 < 0, maxy h_ > 0;
i e = 1, ¢<0, h_=0;
o I, ¢>0, hy =0;
0, else.

Proof By Sun and Wang’s result [25, Theorem 2.3], without loss of generality, we may
assume miny A4 = ¢y < 0 and maxy h_— = c_ > 0. In this case, we will prove

dnpn_c =1
Consider the following deformations
hy;,=0—-t)hy —t, hoy=10—-t)h_+1t, ¢,=A—1t)c, te][0,]1]
Assume u; is a solution to
—Auy =hy " +h_e ™ —¢, tel0,1].
One can check that for every ¢ € [0, 1],

e the assumption (H 1) holds, i.e.,
0 < min {m‘ilx lh+]|, l} < m‘ilx |hi,,| < max {m‘ax lh+]|, 1} , e < el

e and the assumptions (H2) holds since

maxhq; <0, minh_; > 0.
% 1%
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According to the Theorem 5.1, we conclude that {u;};¢[o, 17 is uniformly bounded. By the
homotopy invariance of the topological degree, we know that

dnih_e = dny gh_g.co = Anyyh_jcp = d—1,1,0-
Notice that the equation
—Au = —é" 4+ e = —2sinhu (5.13)

has a unique constant solution u. = 0. To see this, it suffices to prove that the solution to the
equation (5.13) is unique. If # and w solve the equation (5.13), then

—A(u — w) = —2sinhu + 2 sinh w.

If u # w, then u — w is not a constant function since the function ¢ + sinh? is a strictly
increasing function. We obtain by applying the strong maximum principle Lemma 3.1

0 < —2sinhu(xg) + 2 sinh w(xp)
where xo € V satisfies

u(xg) — w(xg) = m‘ax(u —w).

This implies # < w. Similar argument yields # > w which is a contradiction. Hence, by
homotopy invariance, we can compute the topological degree dj, ;_ . as follows

dh+,h,,c = dfl.l,() =sgndet (—A +2-1d) = 1.

5.2 maxyhy >0,h_ > 0orh; <0, maxyh_ <O0.

Theorem 5.3 Let G = (V, E) be a finite, connected, and symmetric graph. If maxy hy > 0
and h_ > 0, then

-1, h-=0, ¢>0;
dnyn_c=4—1, ho=0, [, hydu <0, c=0;

0, else.

Proof By Sun and Wang’s result [25, Theorem 2.3], without loss of generality, assume
maxy h_ = c_ > 0. Set

his=hi—(—=0hy, ¢ =(1-1c.
Assume u; is a solution to the the following equation
—Auy =hy " +h_e" —c¢, tel0,1].
One can check that
0 < min {m&xhi, 1} < m‘ilx ’h+_l| < max {m‘ax [hyl, 1} , e < el

hy;(x) >0 = hy(x)>0 = hy;(x)=hy(x)>0,

minh_ > 0.
v
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Consequently, According to the Theorem 5.1, we conclude that {u/};¢[o,17 is uniformly
bounded. By the homotopy invariance of the topological degree, we know that

iy e = dnyohoco = Ay i h e = dit o
One can check that dhL n_.o = 0 since the equation
—Au = hie” +h_e ",
has no solution. Hence

thr,h,,c = hi,h—ﬂ =0.

Similarly, we obtain

Theorem 5.4 Let G = (V, E) be a finite, connected, and symmetric graph. If hy < 0 and
miny h_ < 0, then

—1, I’l+ = 0, c < 0,
dpynoc=4—1, hy=0, [ hodu>0, c=0;
0, else.

5.3 maxyhy >0, minyh_ < 0.
This situation is more complicated. To obtain a deeper understanding of the potential varia-
tions in the topological degree at this time, we first examine the following example.

Example 5.1 Let G = (V, E) be a graph with only two vertices {x1, x2} and one edge x{x;.
Without loss of generality, assume (ty, = by, = Wy x, = L.

Case 1. hy = (1,0),h_ = (—1,0).
The sinh-Gordon equation (4.1) is equivalent to

x—y=e"—e* —c,
y—x=—c,

which is equivalent to

c=e " —eF—x+y=x—y.

One can check that it has a unique solution (x., y.) = (ln (c + 2+ 1) ,

In (c + 4/ + 1) - c). The degree is

1 —efe—e e —1 _
sgndet< 1 l)zsgn(_exc_e xC):_l.

Case2. hy =(1,0),h_ = (0, —1).
The sinh-Gordon equation (4.1) is equivalent to

— — X —
{;C _)yc B e_e_yc’_ ) (5.14)
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which is equivalent to
c=e¢" —x+y=x—y—e”.
It (x, y) solves the above equation (5.14), then we have
f)=2x—e*=x+y—c=2y+eV =—f(—y).

However, a direct computation implies f <?2In2 — 2 < 0. As a consequence, the
above equation can not have any solution. In particular, the topological degree must
be zero.

Case3. hy =(1,1),h_ = (—1,0).
The sinh-Gordon equation (4.1) is equivalent to

x—y=e"—e " —c,
y—x=¢" —c,

(5.15)

which is equivalent to

c=e¢"—eF —x+y=¢" —y+=x

If (x, y) solves the equation (5.15), then x > y and ¢ > 0. Thus

2

c
In §+ Z—i—l <x=y—-e'+c<c—1,

c—l—elTqel ™ <x—e"+e¢e ¥ 4+c=y<nc.

Hence, to compute the degree, we may assume ¢ = 0. However, when ¢ = 0, this
equation has no solution. Consequently, the degree must be zero.
Case4. hy =(1,1),h_ = (—1,-1).
The sinh-Gordon equation (4.1) is equivalent to
x—y=e"—e* —c,
y—x=e"—e 7 —c,
which is equivalent to
X

c=e¢"—eF—x+y=e"—eV —y+ux.

One can check that it has exactly one solution

c c2 c 62
(xc'vyC): In E‘i‘ ?—Fl ,111 5—{— Z—i_l

To compute the degree, we may assume ¢ 7# 0. Consequently, the degree is
=1.

sgn det <1 e -l )
-1 I—e—e™ x:y:ln<%+ %—H)

To ensure readers have a clear knowledge of the proof, we will illustrate the process step
by step, moving from simple to more complicated cases. The proof is organized into several
theorems, as outlined below.

We begin with the following special and simple case.
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Theorem 5.5 Let G = (V, E) be a finite, connected, and symmetric graph. If miny hy >
0, maxy h_ < O, then

dio e = (=D,
Proof Let A be the largest eigenvalue of —A. We consider the following deformations
hiy;=0—-thy+tA, ho,=A—-0h_—tA, ¢;=(1—-1t)c, te][0,1].
Assume u; solves
—Auy = hy " +h_e" —c,, te[0,1]

One can check that

0 < min {m&lx|hi|,A} < m&ix|hi,,| < max {m"le|h:|:|,A}, ler| < el

min /4, > min {min hy, A} >0, maxh_,; < max {max h_, —A} < 0.
v 1% v ' 1%

According to the Theorem 5.1, we conclude that {u;},¢[o, 17 is uniformly bounded. By the
homotopy invariance of the topological degree, we know that

dh+,h—-,c = dh+,0,h7,0,60 = dh+,1,h7.1,61 = dA,—A,O-

We consider the following functional

1
L¥(V)3ur> Ja(u) = 5/ |Vu|? dM—ZA/ coshu dp.
|4 \%4

One can check that the Euler-Lagrangian equations for this functional are
—Au =2Asinhu = Ae" — Ae™".

In other words, u solves (1.1) if and only if u is a critical point of the functional Jy .
For every u, & € L*° (V) and ¢ € R, a direct computation gives

2

dr?

JA(u—f—tS):/ |VE|? du—ZA/ coshu - €% dp.
=0 Vv \%4

. u_y ,—u .
Since coshu = <%— > 1, we obtain

2

dr?

JA(“‘HS)EA/EZdM—ZA/SZduz—A/EZd/L.
|4 Vv Vv

1=0
In particular, J, is a strictly concave function in the finite dimensional space L*° (V). On
the other hand,

2
Ja(u) <C (max i — min u) —Cc7'A (cosh max u + cosh min u)
1% v v 1%
< - c! coshm‘gx lu| - —o0,
as maxy |u| — oo. Consequently, Ja has exactly one critical point u 5 which is the global

maximum point of the functional J,, i.e., the sinh-Gordon equation (1.1) admits a unique
solution u 5 . Notice that

dt

Intu +18) = / (—Au —2A sinhu) € du = / Fa—n0(é du,
=0 \4 \%4

@ Springer



Sinh-Gordon equations on finite graphs Page170f30 231

2

= dFp,—n,0(u)
dr? t=0

2
du.
o §-du

JA(u+t$)=/ (—Aé—ZAcoshu-‘;‘)édu:/
\% 14

Since Jy is strictly concave, we know that all of the eigenvalues of W

Hence, by the definition of the topological degree (2.2), we get

are negative.

dio e =dn—p0 =sgndet (—A —2A coshupld) = (—)*".

Next, we consider a slightly more general case.

Theorem 5.6 Let G = (V, E) be a finite, connected, and symmetric graph. If maxy h4 >
0, miny h_ < 0 and

Voo=fx e Vihi(x) >0l ={xeV:h_(x) <0},
then
dhpoc = (D0
Proof We consider the following deformations

(1 = Ohy(x) + 1A, hy(x) >0,

hy(x) = :(1 — Dhy(x), hy(x) <0,

hes(x) = {“ TODA-@ 1A R <0

(I —=0h_(x), h—(x) =0,
where ¢ € [0, 1] and A is a positive number to be determined. Assume u; solves
—Ajuy =hy e +h_je —c¢, 1el0,1].
Notice that for all ¢ € [0, 1]

0 < min {maxh®, max [hZ|, A} <max |hy,| <max {max|hs|, A}, e <lcl,
Vv Vv Vv ’ Vv

hiy() >0 = hp(x) >0 = hy(x) = min {hy(x), A} > 0,

h_i(x)<0 = h_(x)<0 = h_;(x)<max{h_(x),—A} <O.

Consequently, according to the Theorem 5.1, we conclude that {u;},c 17 is uniformly
bounded. By the homotopy invariance of the topological degree, we know that

dnyh_je = dnyohg.co = dhyyhpc) = dAXVO,*AXVO»O'

It is well known that the following boundary value problem has a unique solution

Au=0, inV\ Vo,
u=¢, inV,
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for every function ¢ € L (V). We then obtain a linear map ¢ > P¢ = u. We define the
linear operator L : L*° (V) —> L (V) as follows

¢ = Lo:=(A(PP)) v,
Then u € L*> (V) solves
—Au =2Asinhu - xy,, inV, (5.16)
if and only if ¢ = u|y, solves
—L¢ =2Asinh¢, inVp, (5.17)

if and only if ¢ is a critical point of the following functional
- 1
Ja(p) = —/ <§¢>L¢ +2A coshqb) du, V¢ € L™ (V).
Vo

One can check that for every functions ¢, n € L™ (Vj)), we have

2

dr?

iA(¢ +1tn) = —/ (nLn + 2A cosh ¢ - r]z) du.
0

=l Vo

Let Ag be the largest eigenvalue of the operator —L. One can choose A = Ag. A similar
argument as in the proof of Theorem 5.5, we obtain that the equation (5.17) has exactly one
solution. Consequently, the sinh-Gordon equation (5.16) has exactly one solution. A direct
computation then yields

dione = (=10,
O

We now turn our attention to the last case, which stands apart from the previous two
and presents a more subtle complexity. That is, we consider the case that maxy hy >
0, miny A_ < 0 and

{xeV ihi(x) >0} #{x eV :h_(x)<0}.
We have the following

Theorem 5.7 Let G = (V, E) be a finite, connected, and symmetric graph. If maxy h >
0, miny h_ < 0 and

Vi={xeV:ihi(x) >0 #{x eV :h_(x) <0}=V_,
then
dpyn_,c = 0.
Proof Without loss of generality, assume
Vo Vi #0.
Let A > 1 be a positive constant to be determined. We consider the following equation

—Au=hye" +h_e ™™ —A. (5.18)
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Assume u 5 solves (5.18). Applying the Theorem 5.1, there exists a positive constant C which

depends only on the graph G = (V, E) and the prescribed functions 4 such that

m3x|uA| < CA.

On the one hand, since the graph is finite, one can choose x5 € V such that

Uup(xp) = m‘ilqu.

If hi(xp) < 0, then applying the maximum principle Lemma 3.1, we get

0 < —Aup(xp) = hi(xp)e" > D) 4+ h_(xp)e 008 — A < max h_e™"atn)

We must have maxy 4_ > 0 and conclude that
m\ilqu =up(xp) < lnm";ixh, —InA.
If hy(xp) > 0, then the estimate (5.19) gives
m‘ex [Aup|l < C <m‘9xu1\ — m‘}nuA> <CA
and hence
Ry (ep)e 0N 4 h(xp)e NN — A = —Auy (xa) < CA.
The above estimate (5.21) implies
m";lqu =up(xp) <C+1InA.
Therefore, we obtain a upper bound from (5.20) and (5.22) that
m&lxu,\ <C+InA.
One the other hand, choose xo € V_ \ V4, i.e.,
hi(x0) <0, h_(x0) < 0.

By the definition,

A _ ! >
—Aup(xg) = — Z Wxgy (Up(x0) —up(y)) > C <MA(XO) — max MA> .

X0 y~xo

Inserting the above estimate into the equation (5.18), we get

(5.19)

A.

(5.20)

(5.21)

(5.22)

(5.23)

c (uA(xo) — max uA> < hy(x0)e"2 00 4 h_(xg)e A0 — A < h_(xg)e HA00) — A,

Hence
—h—(x0)

h—(x0) _ A _
métxu/\ zuA(xo)—?e "A("O)+EEC 'A+1+1n C

Therefore, we obtain a lower bound of maxy u p as follows

mélqu > c'A-cC.

(5.24)
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It follows from (5.23) and (5.24) that
C'A—C=C+hA
which implies
A<C.

In other words, there exist a constant Ag such that the equation (5.18) has no solution for
any A > Ag. In particular,

dpynon =0, YA > Ag.
Finally, we consider the deformation
a=0—-t)c+t(Ao+1), te][0,]1]
Assume u; solves
—Auy = hye" +h_e ™™ —¢.

Applying the Theorem 5.1, we know that {u;},¢[0, 17 is uniformly bounded. In particular, by
the homotopy invariance of the topological degree, we have

dnoh_e = dngn_co = iy ho ey = dny b pg+1 = 0.

Now we can prove the Theorem 2.2.

Proof of the Theorem 2.2 Combine the Theorems 5.2-5.7, we complete the proof. O

6 An existence result

We first recall with discrete version of sub-super solution principle.
Let f : V x R — R be a continuous function. We consider the following equation

—Au = f(,u). (6.1)

It is easy to check that u solves the above equation (6.1) if and only if u is a critical point of

the following functional
1
Jf(u)::/ (— Vul? F(~,u)> d,
v \2

where % = f. We say that ¢ € L* (V) is a subsolution to the equation (6.1) if
—A¢ < f(-, 9),
and we say that v is a super-solution to the equation (6.1) if
=AY > f(,¥).
We have the following

Lemma 6.1 (Sub-super solution principle, cf. [25]) Assume ¢ and yr are the sub- and super-
solutions to the equation (6.1) respectively with ¢ < . Then any minimizer of the functional
Jpin{u e L% (V) : ¢ < u <} solves (6.1).
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As a consequence, we have the following existence result.

Lemma 6.2 Assume

limsup f(-, 1) = fool(*).

——00
If foo > 0 and

inf  max (Au+ f(-,u)) <0,
uel>® (V) VvV

then the equation (6.1) has at least one solution.

Proof Let ¢, be the unique solution to the following equation
—A¢oo = foo — ];oo’ ‘Z’oo =0.

Here f = fv f du is the average of the integral of the function f over V. For every constant
A, we have

—A A+ ¢oo) = f(, A+ bo) = foo — foo — [, A+ o).

Since foo > 0, there exists a sequence of numbers A, — —oo such that

1 -
—A Ay + Po) = f, Ap + deo) < _Efoo < 0.

In other words, A, + ¢ are sub-solutions to the equation (6.1). Applying the Lemma 6.1,
we conclude that the equation (6.1) is solvable if and only if it has a super-solution.
Since

cr= uELi,I(;le(V) max (Au A+ fCou)) <0,

we can find a function ¢ satisfying
cr
max (AY + £ () < 5 <0,
Thus, ¥ is a super-solution and we complete the proof. O

As a consequence, we obtain an existence result, i.e., we can give a proof of the Theorem
2.4. More generally, we have the following

Theorem 6.3 Let G = (V,E) be a finite, connected, and symmetric graph. Assume
maxy hy >0, h_ >0, maxy h_ > 0.

(1) There exists a constant Ao such that (1.1) has no solution when ¢ < Ao.
(2) If ¢ <0, then a necessary condition to solve (1.1) is fv hydu < 0.
(3) If [, hy di < 0 and set

cr = inf max (Au+hie" +h_e™™),
hih—""" L) v (Authie + )

then CZ+ n € R Moreover, if cj:+ n < 0, then the sinh-Gordon equation (1.1) has no

solution if c < CZ+ > and has at least one solution if ¢ = CZ+ > and has at least two
LTk

solutions lfch+,h_ <c<O.
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Proof Firstly, since
{hy >0} #0, {h- <0} =40,

the argument in the proof of the Theorem 5.7 implies that there exists a constant Ag such
that the equation (1.1) has no solution when ¢ < Ayp.
Secondly, we assume ¢ < 0. If ¢ = 0 and u solves (1.1), then u can not be a constant

function and
0> —/ e "Audu = / h+d,u+/ h_e 2du > / hydu.
v v v v

Thus f v htdu < 0.1f ¢ < 0O, then a similar argument implies that hy <O.

Thirdly, if ¢ < 0, then for each constant A < In m

—AA—hye? —h_e A 4c< m‘zlix|h+|eA +c<0.

That is, the constant function A is a sub-solution whenever A < In Notice that

——C¢
maxy 4]

inf max (Au+hye* +h_e ™) > inf max(Au+hie")=:cy..
uel®(V) v ( " + ) uel®(V) Vv ( “ +e) hy

If 1, changes its sign and 2, < 0, then we claim that

inf max (Au + hye") € (—00,0).
uel>® V) v

To see this, on the one hand, let ¢ be the unique solution to
—Ap=hy —hey, mvinqs =0.
Then
05¢§C<mvaxh+—ﬁ+>.
For any two constants @ > 0 and b = Ina, we have
A (ap +b) + hie®? =a (hy + hy (" — 1))

<a <ﬁ+ + max hy (e"c('“‘”“/ he=hy) _ 1))
14

— _ ! |:eaC(maxv hy—hy) _ (1 _ }_er )]
C (1 — hy/maxy h+) maxy hy

-aC hy —minhy ).
a (m‘z}x.,_ m‘}n +>

Hence

cp, < inf max (A (a¢p +b) + h+e“¢+b>
a>0 V

! T, iy
= = inf [/ = (1 —— |1
C (1 — hy/maxy hy) 1>0 maxy h
1 In? (1 — hy/maxy h+)
<—-— =
2C2+1n? (1 — hy/maxy hy)

< 0.
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On the other hand, if ¢;, < ¢ < 0, then according to the Lemma 6.2, we conclude that there
exists a solution u, to the equation

—Aue, = hye' —c.
Thus
Ae " > —eT" Aup > hy — ce e,
Applying the maximum principle Lemma 3.1, we obtain
et < (A+ce) T hy.
If ¢p, = —oo, then we obtain by letting ¢ — —00

maxh_ <0,
v

which is a contradiction.
Finally, we assume ¢ < 0, CZ+,h, < 0. On the one hand, if the equation (1.1) is solvable,
then by the definition, we must have

3
Ch+,h_ <c.
On the other hand, according to the Lemma 6.2, for every ¢ € (cZJr hs O), the equation

—Au=hye"+h_e™ —c

has at least one solution u,. Letting ¢ — cjl‘+ 5 » according to the Theorem 5.1, we obtain a
solution ux  to the equation
—+ 1

—Au=nhie" +he" —cj .

Moreover, if cZ+ n < ¢ < 0, we claim that the equation (1.1) has at least two solutions. We
can prove this claim as follows.
Let A < miny Uer be a subsolution to the equation (1.1). Notice that ue isa

super-solution to the equgltion (1.1). Applying the sub-super solution principle Lemma 6.1,
we obtain a solution u.,; which minimizes the functional

1
{u:ASuﬁucz h ]3u—> J(u)=/ <§|Vu|2—h+e”+h_e_”+cu) du.
+h— v

Applying the maximum principle Lemma 3.1, we know that A < u. 1 < ey Moreover,
foreach n € L*® (V),
dZ

a J@We1 +1tn) = 0.

t=0

We claim that u, 1 is a local strict minimizer. For otherwise, there exists a nonzero function
& such that

—AE = (hye'! —h_e ")E,

and

d? 4

d
— J t§) = — J t&) =0.
at|_, (e +18) = - (ue,1 +18)
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We conclude that £ is not a constant function since 2_ > 0 and ¢ < 0. Moreover,

d4
0= | Jue, +18) =/ (—hyetel +h_e™e1) g% dp =/ AE-E3du <0,
drt|,_ ' % %

which is a contradiction. Therefore, u. 1 is a local strict minimizer. According to the Theorem
5.7, we know that the topological degree vanishes. As a consequence, we know that there
exists another solution to the equation (1.1). O

Appendix A. The topological degree for the Kazdan-Warner equation

In this appendix, we consider the Kazdan-Warner equation (1.2).
We have the following

Theorem Appendix A.1 (Sun-Wang [25]) Every solution to the Kazdan-Warner equation with
nonzero prescribed function on a finite, connected, and symmetric graph is uniform bounded.

In fact, we can prove the following

Theorem AppendixA.2 Let G = (V, E) be afinite, connected, and symmetric graph. Assume
there exists a positive constant K satisfying the following conditions:

A) K~V <maxy |h| < K, |c| <K, and
B) (maxy h)2 — K 'maxy h > 0, and
C) either |c| > K lorc>0andh < —K~ 1.

There exists a positive constant C depending only on K and the graph such that every solution

u to the Kazdan-Warner equation (1.2) satisfies

max |u| < C.
1%

Proof Notice that the condition B) is different from Sun and Wang [25, Theorem 4.2]. We
should modify the original proof of Sun and Wang. For convenience of the reader, we sketch
the proof here which is slightly different from Sun and Wang’s original one.

Assume the statement if false. One can find a sequence of functions u, solves

—Auy, = hpe' — ¢, (A.1)
and satisfies

lim max |u,| = oo, (A2)

n—-oo Vv

where the functions 4, and constants ¢, satisfy the assumptions A) — C) and
lim h, =h, lim ¢, =c.

n—o0 n—oo

We claim that u,, can not uniformly bounded from above. For otherwise, maxy u, < C.
The equation (A.1) implies

[Au,| < C.
Applying the Lemma 3.4, we get

max u, — minu, < Cmax|Au,| <C.
v v v
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Hence, the blowup assumption (A.2) yields
lim u, = —o0.

n—o0

Moreover, up to a subsequence, we may assume u, —miny u, converges to w. By the equation
(A1),

—A (un - m‘}n un> = h,e' — ¢y,

we obtain

—Aw=¢, minw =0,
v
which implies ¢ = 0 and w = 0. According to the equation (A.1) again, we get
O — _e—minv Up / Aun d/,L — / hneun—minv Up d[L _ Cne—minv Uy |V| .
v v
Under the assumption C), we get

—K'>h= lim £ hye ™% g, > liminf c,e” ™" 4 > (),
n—oo V n—00

which is a contradiction.
We may assume

0 < maxu, — +oo
1%

as n — 00. According to the Kato inequality Lemma 3.2,
—Auy < —=A(=u)t x>0 = (cn — hn€"™) Xu,<0 < C.
Applying the Lemma 3.4, we get
m‘axu; = m‘gxun_ — m‘}nu; < Cm‘ilx (—Au;) <dC,
which implies
u, > —C.
By the definition of the Laplacian (2.1), for each y ~ x

1 1
Ay () = oy (n () = n () + - D o n(x) — un(2)),

Y rx ity
which gives
un(y) < C (u (¥) + (Aup) " ().
Consequently, if u, (x) < C for some point x, then
Aty ()] = e = ¢, | < €
and we get

up(y) <C, Vy~x.

@ Springer



231  Page 26 of 30 L. Sun

Thus, we obtain by induction

maxu, < C,
1%

which is a contradiction to the blowup assumption (A.2). In other words, we may assume,
up to a subsequence,

lim u,(x) =400, VxelV.
n—oo

If maxy h, > K1, then we may assume %, (xg) = maxy h,. Thus
I (x0)e" ™) — ¢y = —Auy, (x0) < C (uyf (x0) + 1)

since u,, > —C. We must have u, (x9) < C which is impossible.
If maxy h, < K~!, then by the assumption B) we have maxy h, < 0 which gives

—Au, <C
and
[Au,| < C.
It follows from (A.1) that
h= lim h, = lim e " (¢, — Au,) =0,
n—00 n—00
which is a contradiction to the assumption A). O

Based on this a priori estimate as in the Theorem Appendix A.2, one can define the
topological degree Dy, . for the Kazdan-Warner equation (1.2) as follows:

Dhe = lim deg (Kh,c, BL™W), o)
R—o0

where
Kn.o(u) = —Au —he" +c¢c, Yue L*® (V).

Theorem Appendix A.3 (Sun-Wang [25]) Let G = (V, E) be a finite, connected, and sym-
metric graph. If h # O, then

—1, ¢ >0, maxy h > 0;

—1, ¢=0, h <0 < maxy h;
Dh,c: .

1, ¢ <0, miny h < maxy h <0;

0, else.

Proof For convenience of the reader, we sketch the proof here which is slightly different
from Sun and Wang’s original one.
One can check that if the Kazdan-Warner equation (1.2) admits a solution, then we have

e if ¢ > 0, then maxy h > 0; B
e if ¢ = 0, then either 7 = 0 or & changes sign and i < 0;
e if ¢ < 0, then miny & < 0.

Now we compute the degree case by case as follows.
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Case 1. If ¢ > 0 and maxy & > 0, then
Dp,ec = Dpt e
In fact, we consider the following deformation
hy=0—-0h+t, ¢c=0—-1t)c+te, tel0,1],
where € is a positive number to be determined. If u; solves

—AM[ = h[@ut — Ct,

then according to the Theorem Appendix A.2 there exists a constant C such that

lus| < C, vt el0,1].
By the homotopy invariance of the topological degree, we know that
Dy = Dje.
Finally, assume u solves
—Au=é" —e.
If w # u also solves

—Aw =¢" —¢,

/e”du:/ewd,u=e|V|.
14 14

then

We conclude that miny (1 — w) < 0 < maxy(u — w). Moreover, we have the

following estimate
e < Ce, €% <Ce.
On the other hand, since
—Au—w)y=e"—e¥ <e"(u—w),
we conclude that

max(u —w) —min(y — w) < Cmax A(w — u) < Cemax(u — w).
v v 1% v

If0 < e <€y =1/(2C), then we conclude that

0< m‘gx(u —w) < 2mVin(u —w) <0,

which is a contradiction. In other words, if 0 < € < €, then u, = In € is the unique

solution to
—Au=¢" —e.
Hence

Djpe=1lim Dy = —1.
e\
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Case2. If c =0,/ < 0 and maxy h > 0, then
Dpo=—1.
In fact, we consider the following deformation
¢ =t, tel0,1].
Assume u; satisfies
—Au; = he" —¢;, t€][0,1].
according to the Theorem Appendix A.2, {u;},¢[0,17 is uniformly bounded. Hence
Dpo= Dp1=—1.
Case 3. If c < 0,h < 0and miny & < 0, then
Dy =1.
In fact, we consider the following deformation
hy=0—-0h—1t, tel0,1].
If u, satisfies
—Au; = hie' —c,

then Theorem Appendix A.2 implies that {u,},¢[o,1] is uniformly bounded. As a
consequence

Dpe=D_y..

Notice that In(—c) is the unique solution to the equation
—Au = —¢" —c.
As a consequence,
Dy = D_y . =sgndet (—A —cld) = 1.
Case 4. If ¢ < 0 and h changes sign, then
Dy, =0.
In fact, according to the Theorem Appendix A.2,
Dp,e = Dic.

Notice that there is no solution to the equation

—Au =¢e" —c,
since ¢ < 0. We must have

Dy =Dy =0.
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