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m m—+n
ds® = (dzi)® = Y (dwa)®.
=1 a=m-+1
For a = (a1,...,amin) € R and b = (b1, ..., byin) € R introduce
m m—+n
(a,b) := Zaibi — Z aobe, la*:=(a,a), |a|:=+/](a,a)l
=1 a=m-++1

An m-dimensional submanifold M™ in R”*" is called spacelike if the induced metric on
M™ is a Riemannian metric. The mean curvature flow (MCF) in the pseudo-Euclidean
space is a one-parameter family of immersions X; = X (-,t) : M™ — R™" with the
corresponding image M; = X;(M™) such that

0

&X(az,t) = H(z,t), (z,t)e M™ x[0,T);

X(z,0) = X(x), xeM™,

(1.1)

is satisfied, here H(z,t) is the mean curvature vector of M; at X (z,t) in R, There
are many interesting and essential results on the mean curvature flow of spacelike sub-
manifolds in certain Lorentzian manifolds (see e.g. [17-19,22,23,34]).

Let us firstly recall some facts in Euclidean spaces, Chern [12] showed that entire
graphs of constant mean curvature (CMC) in R™*! are minimal. It is well known that
these graphs must be hyperplanes for m < 7 (see Bernstein [5] for m = 2, De Giorgi
[14] for m = 3, Almgren [3] for m = 4 and Simons [31] for m < 7) and there are
counterexamples for m > 7 (see Bombieri-De Giorgi-Giusti [6]).

In Minkowski space RTH, Calabi [7] proposed the Bernstein problem for spacelike
maximal hypersurfaces and proved that such hypersurfaces have to be hyperplanes when
m < 4. Cheng-Yau [11] solved the problem for all m, in sharp contrast to the situation
of the Euclidean space. Later, Ishihara [26] and Jost-Xin [27] generalized the results to
higher codimension. The rigidity problem for spacelike submanifolds with parallel mean
curvature was studied in [27,33,35].

On the other hand, by the work of Colding-Minicozzi [13] (see also [4]), we know that,
in the Euclidean space, minimal submanifolds and self-shrinkers share many geometric
properties. Recall that M™ is said to be a self-shrinker in R™*+™ if

1
H=-—-xNV, (1.2)
2

which is an important class of solutions to (1.1), where X* is the normal part of X. So
it is natural to consider the rigidity of spacelike self-shrinkers in the pseudo-Euclidean
space. Under the global conditions of Lagrangian entire graph or complete with the
induced metric, there are plenty of related works, see e.g. [1,8,9,16,25,28]. It should
mention that Chen-Qiu [10] proved that only the affine planes are the complete m-
dimensional spacelike self-shrinkers in the pseudo-Euclidean space R7**".
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In this paper, we further study the geometry of the m-dimensional spacelike entire
self-shrinking graphs in R™*". By establishing a new volume growth estimate (see The-
orem 3.1) for the spacelike entire graphs and the Co-Area formula (see Federer [20] for
Lipschitz functions or Fleming-Rishel [21] for BV functions), we give various growth
estimates on the mean curvature and the w-function when the spacelike self-shrinking
graph is not a linear subspace, these lead to rigidity results if the growth conditions are
not satisfied.

Theorem 1.1. Let X : M™ — R™™ be a spacelike entire self-shrinking graph. Assume
that the origin o € M™ and M™ is not a linear subspace. Then the mean curvature
satisfies
RQ
lim sup —~ < 4v/m, (1.3)
oo log ([, I1HI1%e7)

where Dp == M™ N {p € R™* " : 2(p) < R?} and z = |X|? is the pseudo-distance.

In Theorem 1.1, we denote ||H||? := —(H, H), which is nonnegative. We use the same
notation for other timelike quantities.

Remark 1.2. Clearly, Theorem 1.1 implies a rigidity result for the spacelike entire self-
shrinking graph if

R2
lim sup > 4y/m.

Revoe og ([, | HI|%e7)

In particular, by the above Theorem 1.1 and Theorem 3.1 which is stated in section 3, if
|H||? < Ce®* for some constant C' > 0 and a < , then the spacelike entire self-shrinking
graph has to be a linear subspace (see also Theorem 1.1 in [28] or Theorem 2.1 in [29]).
Moreover, the growth condition can be weakened as [|H||> < Ce®* for a < & + ﬁ, see
Corollary 5.2 in section 5.

Theorem 1.3. Let X : M™ — R™" be a spacelike entire self-shrinking graph. Assume
that the origin o € M™ and M™ is not a linear subspace. Then the w-function satisfies

2
lim sup (log R)

— < 00. 1.4
P T w2(log w)e )

Here the definition of w-function is given in Section 2.

Remark 1.4. Ding-Wang [15] showed that the spacelike entire self-shrinking graph sat-
isfying lim w

\I = 0 is a linear subspace (see Theorem 3 in [15]). By using
T|—00
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the above Theorem 1.3, we can improve their result, see the details in Remark 5.5 in
section H

The article will be organized as follows. In the next section, we shall give some pre-
liminaries. In Section 3, we establish a new volume growth estimate for spacelike entire
self-shrinking graphs. Subsequently, in Section 4, we give the proof of Theorem 1.1
and Theorem 1.3. Finally, as applications, various rigidity results for the spacelike self-
shrinkers are presented in Section 5

2. Preliminaries

Let M™ be an m-dimensional spacelike submanifold in R”*". Let V be the ambient
connection on R™*" and V the induced connection on M. If there is no confusion, we
also denote the normal connection on the normal bundle NM of M in R”"*t™ by V. The
second fundamental form B of M™ in R”*™ is defined by

BUW = (ﬁUW)N

for U;W € T(TM™). We use the notation ()7 and () for the orthogonal projections
into the tangent bundle TM™ and the normal bundle NM™ respectively. For v &
I'(NM™) we define the shape operator AY : TM™ — TM™ by

A(U) = — (Vov)"
We have the following
(A¥(U), W) = (A¥(W),U) = (Buw,v) -

Taking the trace of B gives the mean curvature vector H of M™ in R™*™ and
H := trace(B) = ZBeiew

where {e;} is a local orthonormal frame field of TM™. The Gauss equation, Codazzi
equation and Ricci equation are (cf. [32])

mkl <Belek7 ejel> - <BeielaBejek> )
( ejek (VGJB)e e’
(

R(eueg,l/ p) = (A” (ei) , A" (e5)) — (A (e5) , A" (e:)) -

All spacelike m-planes (oriented m-subspaces) in R+ form the pseudo-Grassmannian
manifold G7, . It is a specific Cartan-Hadamard manifold which is the noncompact dual
space of the Grassmannian manifold G, .
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Let P, P, € Gy, ,, be two spacelike m-planes in R™*" The angles between P; and
P; are defined by the critical values of angle # between a nonzero vector x in P; and its
orthogonal projection z* in P, as x runs through P;.

Assume that eq, ..., e,, are oriented orthonormal vectors which span P; and aq, ..., an,
for P». For a nonzero vector in P,

Tr = E T;€q,
i
its orthonormal projection in P; is
x* = g x;a;.
i

Hence for any y € Py, we obtain
(x —z*,y) =0.

Let W := (e;,a;) and W := (W;;). Then we get
JZ; = Z Wijl‘i.
i
A direct computation yields

(z,a) = |2*|* = Z 2 Wij Wi
.4,k
Since WWT is symmetric, so we can choose appropriate orthonormal vectors {ey, ..., €m },
such that WW7T = diag{u3, ..., u2,} with p; = cosh6; > 1. Hence

(2, 2%) > |f[z7].

The angle 6 between = and x* is defined by

n
m,n’

Fix P, € G _, which is spanned by a unit m-vector a; A---Aa,,. For any P € G

m,n?

spanned by an m-vector e; A -+ A ey, define the w-function on Gy, ,, as follows
w:=(P,P)=(e1 A+ Nem,a1 A+ Aay) =det W.

Then, up to multiplying by -1, the w-function given by the spacelike m-plane P satisfies
w > 1 when restricted on M"™. Now we have
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\; = tanh 6;.

w:HcoshHi :1_[\/1;7/\27

Choose timelike vectors a,, 1o such that {a;, amiali = 1,...,m;a =1, ...,n} is an oriented
orthonormal Lorentzian basis of R7**". Then

{e; = coshb;a; + sinh O;ap,;|i = 1,...,m}
is an oriented tangent orthonormal basis of M™, here 6; = 0 for ¢ > min{m, n}.
3. Volume growth estimate

We derive the following volume growth estimate for the spacelike entire graphs in
pseudo-Euclidean space R+,

Theorem 3.1. Let X : M™ —s R™" be an m-dimensional spacelike entire graph. Let
z = (X, X). Assume that the origin o € M™, then

lim sup R™2™ / w < 00. (3.1)
R—o00
{z<R2}nM™

Consequently, for any o > 0,
/ we™ Y < o0,
M’m,

Proof. Since M™ is an entire graph, M™ can be written as { X = (z,u(z))|z € R™, u =
(ul,u?,...,u™)}. By using the singular value decomposition (see [30]), by an action of
SO(m)xSO(n) we can choose a new Lorentzian coordinates {x1, ..., Tm, Tm+1s-- s Tmin}

on R™*" such that at a considered point to be calculated,

0 0

Here \; = 0 for ¢ > min{m,n}. For simplicity, we denote F; = %,Eera =

e}
OTmta’
(i=1,....,m,and o =1,...,n). Since M™ is spacelike, we have |\;| < 1. Let

1
€; 1= 7(E1 + )\1Em+l)

Ny

Define the w-function as

w={(e1 AN..Nem, E1 Ao AN Epy).
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Then we derive

1 1
w= = , (3.2)
1:[ VI=X7 y/det(gy)
where gij = 8i5— >, usus is the induced metric on M™. Moreover, z = || —|u(z)[gn-

Since M is spacelike and u(0) = 0 we have |u(z)| < |z| (for |z| # 0), thus for given & > 0,
there exists a constant 6 > 0, such that for each point (z,u(z)) € M with |z| = €, we get
|u(z)| < & < e. Without loss of generality, assume x # 0, let Z = re7% and (z,u(z)) e M,
then |Z| = € and |u(Z)| < J. Again since M is spacelike, we obtain

[u(z) —u(z)| < |z — 2.
It follows that

u(z)? <[z + 12]* — |u(@)]* + 2(u(z), uw(T)) — 2(z, 7)
<Jaf? + € — [u(@)* + 2Ju(z)||u(z)| - 2¢|z|
<|z|* = 2(e — 8)|z| + €2

This implies that
u(z)| < || +e
and

z+€?
2(e = 9)

|z < = Ci(z +1), (3.3)

where C] is a positive constant depending only on € and 4. Direct computation gives us

1 2
X2 _Z (X,e;)? = Z e (X, E) 4+ M\(X, Epii))

< Z m ((X, E;)? + (X, Em+i>2)
<2w?(|z)? + |u(x)[?).
Therefore we obtain
IXT| < Cow(z + 1), (3.4)

where C5 is a positive constant depending only on € and 4.
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Since M is entire, by (3.3), z is proper. Hence, for every R > 0,

w = wy/det gdr < dx
{z<R2}nM™ {z€R™:[z|fm —|u(z)|fn <R?} {lzlrm <C1(R?+1)}
=C (R*+1)" / dz,
{lzlpm <1}

which gives the desired estimate (3.1).

T
Since |V/z| = ‘X—\ﬁl > 1 whenever X # o, by the Co-Area formula and integration by
parts, we obtain

7 1
we” ** = ——we” ** | dR
[e=[l | wA

M 0 \{Vz=R}nMm™
:/efo‘lyd / w
0 {Vz<R}nM™

:204/R67°‘R2 / w | dR
0 (VE<R}nMm
1 [e%e]

<%a / Re™oF / w|dR+C / Re~*® R2mqpR
0 (VE<R}nMm 1

<oo. 0O

4. Proof of Theorem 1.1 and Theorem 1.3
Let V := =2 X7 and Ay := A+ (V,V-) be the drift-Laplacian.
Proof of Theorem 1.1. Let {ey,...,e,} be a local tangent orthonormal frame field on

M™ such that V.,e; = 0 at a considered point to be calculated. From the self-shrinker
equation (1.2), we obtain

1 1
Ve, H = =5V, (X = (X, erder) = 5 (X, ex)B; (4.1)
and
1 1
VeiVEjH = 53” — <H, Bik>Bjk + §<X, ek>V€iBjk.
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Then using the Codazzi equation, we derive

Ay |H? =A|H|? + (V,V|H|?)
=2(V,, Ve, H,H) +2|VH[> + (V,V|H|*)

1 1
=|H|? — 2(H, Bi;,)*> + 5VXT|H\2 +2|VH|? - 3 (XT,V|H*)
=|H|*> - 2|A"|? 4 2|VH|?.

It follows that

2
Av|H|? = [|H|]* + 2/ AT[? + 2| VH|* > 2|A7]7, (4.2)

where ||H||? is the absolute value of the square of the mean curvature vector H.
By (4.1), we get

Vxr|[H|? == 2(VxrH, H)
=—-2(X,e;) <VejH,H>
1
= — 2<X, 6j> <§<X, €k>Bjk,H>
=—(B(X",X"),H)
== (A(XT), xT).
Note that X = X7 4+ X, therefore we have

e = (X, X) = |XT[ 4 XV = [XT) - | XV,

where HX N H2 is the absolute value of the square of the timelike vector X~V. Then by
the self-shrinker equation (1.2), we obtain

IXT[* = 2+ 4| H|.

Denote Bg := {p e R 2(p) < RQ} and Dg := M™N Bg. By (3.3), z is proper, this
implies that Dpg is compact in M™. Thus a direct computation yields

/AVHHHQe*% :/eidiv (67§V‘|HH2) e 1
Dr

Dr

— [ div (i)

Dr

z X7
_ -z 2

O0DRg
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= [ vl
BDR
/ (AT(XT), xT) .
= — -~ T4
| X7
aDR
< [ ) xt]e
BDR
. A3 . A3
H 2
R/ Pl R I / (+41H?)”
- | X7 | X7
SDR aDR
Namely
} :
H 2)2
2 2 A } _: o [ (EHAHP)T .
/AVIIHHe i< R/ et ] (R /We i s
Dpgr ODR ODR
The Cauchy inequality implies
(Bii, H)* | H|*

AR =N (B, HY? > S (B, HY > (2 (Bii, _ _ 4.4
‘ | Z< R Z ) > - m m ( )

%

By the assumption that M™ is not a linear subspace, we can conclude that M™ is
not maximal, i.e., H # 0. Otherwise, by the proof of Theorem 4.2 in [27], we derive that
M is a linear subspace, this yields the contradiction. Then there exists Ry > 0, such that

for any R > Ry,
H|2 —= 1 4 —z
|A"]"e"i > — [ |H|%" 5 > 0.
m
Dr

Dr

Let

F(R) ::/]AH\%*%, G(R) ::/(z+4||H||2)2e*i.

Dr Dr

By the Co-Area formula, we have

AH|? o= 7 ) AH
/ / / re” % / dr
| ] RvET e |

z R 2
// (z+4|H|?) e % / g / (z+4||H|]?) .
IV\fl | X
0 oD

r
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It follows that

2 0\ 2

oo o om2 [ |AT] —— _R_z/(z+4llH||)

F/(R) = Re™ / R e e
O0DRr O0DRr

From (4.2) and (4.3), we obtain

4F(R)> < F'(R) - R*G'(R).

Namely,
7 < F'(R) _ ! (Ly VR > Ry.
G'(R) — 4F(R)? 4\F(R)/)"’
Therefore for any fixed r satisfying R > r > Ry,
R 2 R ) R
Z(R? - 2)? = /sds </Gf(s)ds /G’(s)ds

which gives

G(R)
2 _ .22 o
SRS 100
We claim that
/ |AH|26_§ =0
Mm

In fact, let R go to infinity and then r go to infinity,

li R < lim inf — ! < m
1msup ———— 11m 11 = z > Z -
o G(R) = rose F(r) [ |ARPe % = [, [H|%e 3

This implies that

. R* . R* m
lim sup = < limsup

: <
i [pn 222 1 [, B2 H['e T s GR)  Jypm

By Theorem 3.1, fM e** < oo for any a < 0, so we can conclude that

Hljfe

11

(4.5)

(4.7)
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/226_% < / 2271 < 0. (4.8)
DR M"YL

Thus from the inequality (4.7), we get

) R* m
lim sup

— < —. 4.9
P Tl H e T =y [He (4.9)

If [ [|H|[*e™7 < oo, then by (4.9), we conclude that

R* R4
% > lim sup T el Td—Z > lim sup
Japm 1H |27 R—o00 fDR 32||H||*e 1

= = 00.
Roo [ym 32|H|*e™7

This yields the contradiction. Hence

/ |H|*e™ T = oc.

(4.10)
M’VYL
Then (4.6) follows from (4.4).
From (4.2), (4.3) and (4.4), we get
2/|AH|26" /AVHHHQe i
Dr Dr
1
A 4 ayalan])?
< -i -1 i
<|R / |XT| e 4 R / |XT‘ 1
dDg

0DRg

Z
4

v [ L)
- | X7

(4.11)
ODRr
Set
2
=] (1)
\/_
Dr
Ve € (0,1), for given positive constant § < 5=

. ) (4.12)
S(l—l—é)/’AH‘ e 4+<1+5).—/2261.
Mm
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Since § < ==, we get == — (1 +6) > 0. By (4.6), we obtain

lim /‘AH‘Qe_izoo.
Dr

R—o00

Note that [,,,, 22¢77 < oo by (4.8). Thus there exists Ry > 0, such that when R > Ry,

we have
z 1 1 1 z
AFPemis — = (142 -—/2". 413
/‘ e 1;(1+5)<+5> om | 7¢° (4.13)
Dpgr Mm
Combining (4.12) with (4.13), it follows
A 1 z
F(R) < 1— / |AH | e i, (4.14)
Dr
By the Co-Area formula, we obtain
2 i <|AH| + \ZF)Q
A o H y4 _z 4/m _z
F(R)/<|A|+4\/ﬁ)€4/ T/l_XT|e4 d'l".
Dgr 0 r
This implies that
2
(1471 + =)
~ vm _z
F/(R) =R / Te 4, (415)
O0Dg
Thus from (4.11), (4.14) and (4.15), we get
1—¢€4 1 4
F(R) < —F'
which implies for some Ry > Ry,
1- F
SR -R) <log ) yR> R,
4y/m F(Ry)

Namely,

Thus for R sufficiently large, we have
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/|AH|2e*% zexp<14\/_ ) (4.16)

Dgr

According to (4.5) and (4.10), as the similar reason to derive (4.14), for sufficiently large
R, we obtain

z

(R —1?)? < _ Jos <Z+4||H||_) T _16(4e) [, [HI1eT + C

fD |AH| e~ i - In |AH|2€_421
16(142¢) [, [|H|*e™3
Ip |AH| e 1

Choosing r = (1 — €)R, by (4.16),

16(1 + 2¢ H|*e=% 16(1+2¢) |H|*e %
(o - o2y < 2 I, IHIe 16 fD 17

HIZ2 —= — 1— :
fD(l—a)R A% e exp < Wi (1 —5)2R2>
Direct computation gives us
1 1—2¢)(1—
2 (log(2e — ?) + 4log R) +% 2 log 16(142¢)+ log / |H|*e~ 7.
Letting R — oo in the above equality, we get
2
4
lim sup R < Vm

R—o0 log (fDR ||H||4e_i) T (1-2)(1- 5)2~

Let € go to zero, we conclude that

R2
lim sup -
1o log ( [, | H|[4e™ )

<4ym. O

Following the idea of the proof of Theorem 1.1, we give the

Proof of Theorem 1.3. Let B := {p e R : 2(p) < RQ} and Dr := M™ N Br. By
(3.3), z is proper, thus Dpg is compact in M™. Integration by parts gives us
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z

/Av(logw) log we™ % :/div (e_§Vlogw) log w

:/div (efi(Vlogw)logw) - /(e*%VIng V log w)

Dr
= / <e_Z(V10gw)logw X7 /|Vlogw| e i,

ODg

(4.17)
By Proposition 3.1 in [28], we get

18]
Ay (1 > 4.18
vllogw) > 171 (4.18)

where || B||? is the absolute value of the square of the second fundamental form.
From (4.17) and (4.18), we have

151" logwe™ 7 + [ |Vlogw|?e™7 < e 1(Vlogw)logw, 7z s
Dgr Dr

ODRg

Applying the Cauchy-Schwarz inequality to the right hand side of (4.19), and using
(3.4), we get

z XT
/ <e_4(V10gw) logw, |XT|>

ODRg
< / |V log w| log we™ 1
ODRr
1 1
R|Vlogw|* o i / R~(logw) |XT\2€_i
ST | X7 (4.20)
3 3
R|Vlogwl|* o3 R™'(logw)*2C3w?(z +1)* .
TOxXT XT] ‘
1 1
3 3
R|Vlogw|? _- / R3w?(logw)? _-
< Cs / —— e 1 —— e 1
| X7 | X7
Dr Dr

Combining (4.19) with (4.20), we have
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_z R|Vilegw|? _- / R3w?(logw)? _-
1 2 1 < R 1 Ve 7 1
/|V ogw|“e”1 < (3 (é/ X7 e XT| e

DR DR

=

Let

:/|V10gw|2675, G(R) ::/wQ(logw)%*i.
Dpr

The Co-Area formula gives

R
NR)—// |Vlogw\26_ //T|V10gw|2e 4dr
B COIVVEL | X7 ’
0 D,
R

// 2(logw)?e~ % // rw?(log w)? 4d7“
Y2 | X7

0 8D,

Then we get

- 1 2 . 2 21 2
FﬂﬂzR("/Jzﬁgﬂy auanaﬁ-/fiﬁﬁﬂl.

| X7 | X7
6DR SDR
By (4.21)
F(R)? < C3F'(R) - R*G'(R).
That is
1 F'(R Y
L 2 PR (L) gy
R*G'(R) (F(R))? F(R)
Hence for any fixed r € (1, R), we derive
2 B ?
(log R) = (/ 1ds)
s
R R
1 ~!
< = s- | G'(s)ds
$2G'(s)

N

(4.21)
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<C3 éﬁ(ﬁ; .

Let R go to infinity and then 7 go to infinity,

2 2
limsup(kigiﬁcgliminf = = G pp—
Rooo  G(R) r=o0 F(r) [y |V Iogw|?e3

Since M™ is not a linear subspace, by (4.18) we know that w can not be a constant.
Hence the right hand side of the above inequality is finite. It follows that

log R)?
lim sup (20g ) 5 =
s T w?(log w)e 3

<00, O

5. Rigidity results for spacelike self-shrinkers

In this section, we shall give various rigidity results for spacelike self-shrinkers which
can be viewed as the applications of Theorem 1.1 and Theorem 1.3.

By Theorem 1.1, we have

Corollary 5.1. Let X : M™ — R™"" be an m-dimensional spacelike entire self-shrinking
graph. Assume that the origin o € M™ and M™ is not a linear subspace. Then the mean
curvature satisfies

2
lim sup i < 4y/m. (5.1)

Rovoo log ( [, | HIPwe™7)

Proof. (3.4) implies that

IH|* < SIHIPIXT] < Col H|Pw(z +1). (5:2)

N =

Then the conclusion follows from (1.3) and (5.2). O
As a consequence of Corollary 5.1, we obtain

Corollary 5.2. Let X : M™ — R™" be an m-dimensional spacelike entire self-shrinking

graph. Assume that the origin o € M™. If the mean curvature satisfies |H||?> < Ce®* for

any a < % + ﬁ, here C is a positive constant. Then M™ must be a linear subspace.
_1

Proof. Choose oy < % such that a < ap + NG Suppose that M™ is not a linear

subspace. The assumption implies that
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3a

/ |H[Pwe-i < 032 50 / wel25-1)2,
Dgr

Dgr
. 1 300 1 (3%1_%)2
Since g < 5, we get 5% — ;7 < 0. Then by Theorem 3.1, me we < 0.
Therefore
R? 2
lim sup > > 4v/m.

R log ( [y, 1M [Pwe=i) — 3(a=a0)

Comparing the above inequality with (5.1), we conclude that M™ is a linear sub-
space. 0O

By using Theorem 1.3 and Theorem 3.1, we derive the following rigidity result.

Corollary 5.3. Let X : M™ — R™"™ be an m-dimensional spacelike entire self-shrinking
graph. Assume that the origin o € M™ and the w-function satisfies

. log w 1
lim sup < -
T —00 z 4

Then M™ has to be a linear subspace.

Proof. Suppose that M™ is not a linear subspace. Let f(R) = maxy._pgyw, since
Ay logw > ”g—‘f > 0, then the maximum principle implies that f(R) is nondecreas-
ing in R. If f is bounded by some positive constant, then by using Theorem 3.1 and the
assumption, we have

/ w?(logw)?e™ 1 < oo. (5.3)
M’VTL

Otherwise, Rlim f(R) = 0o, then for any e > 0, we obtain log f(R) < f(R)? when R is
—» 00

large. Therefore by the assumption, we can conclude that
f(Ry<e s B
for R large enough. It follows that
F(R)(log f(R))? < f(R)F < e F0 for R large.
Then by Theorem 3.1 again, we can also obtain (5.3). Since M™ is not a linear subspace,

by (4.18), w can not be a constant, in particular, w # 1, that is, [}, w?(logw)?e™7 # 0.
Therefore, we have
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lim su (log R)2 =00
Rone Jp, w?(logw)?e i

This is a contradiction with (1.4). O
By (3.2), Corollary 5.3 can be rewritten as

Corollary 5.4. Let M™ := {(x,u(z))|z € R™ u = (u',u?,...,u")} be an m-dimensional
spacelike entire self-shrinking graph in R, Assume the origin o € M™ and the induced
metric (g;;) satisfies

lim inf —k)gjet(gij (x)2) > —1,
2|00 [2[? — |u(2)] 2

where gij(x) = 8i5 — Yo n_q uf (x)u§ (x). Then M™ is a linear subspace.

1
Proof. By (3.2), we have w = ———. Clearly, z = |z|? — |u(z)

‘2
det(gi;)

. Thus the conclusion

follows from Corollary 5.3. O

Remark 5.5. Ding-Wang [15, Theorem 3] showed that a spacelike entire self-shrinking
graph passing through the origin is a linear subspace under the condition that

log det(g;;
i losdetlgy(@) _ (5.4)
Since det(gi;) < 1, Ding-Wang’s assumption (5.4) implies that for any positive constant
e, we have

log det(g;;

log det(gi;) > —g, as|z|] = oo
||

By (3.3), the function z is proper, choosing € = ﬁ, then we obtain

log det(g;;) > 90, log det(g;;)

1
> —2C1e =——=, as|z| — o0.
z || 2

Then by Corollary 5.4, the spacelike entire self-shrinking graph is a linear subspace.
Hence the condition in Corollary 5.4 is weaker than the one in [15, Theorem 3].

Remark 5.6. If m = 1, then the growth condition is not necessary. In other words, the only
entire graphic spacelike self-shrinking curve through the origin in the pseudo-Euclidean
space R has to be a linear subspace. In fact, assume that M* = {(t,u'(t),...,u"(t)) :
t € R} is a spacelike self-shrinking curve, then
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Uugy 1
——— = —(tuf —u®), VteR, a=1,...,n. (5.5)
Since M! contains the origin, we have u'(0) = --- = 4™(0) = 0. Denote by u{(0) =
a“ o = 1,...,n, then {u®(t) = a®,a = 1,...,n} is a solution to (5.5) and M! is a

linear subspace. By the uniqueness theorem of ODE system, we know that M has to
be a linear subspace.

Remark 5.7. If one shows that spacelike self-shrinkers are the Type I singularity models
of MCFs in pseudo-Euclidean spaces, then by applying the blow up analysis of MCFs
and using Corollary 5.2 or 5.3, one might prove that the MCF does not develop any
Type I singularity under certain conditions.

Now we give a nontrivial spacelike entire self-shrinking graph which does not contain
the origin (cf. [24]).
Example 5.1. Consider a C? function u : R — R satisfying
ul/ 1 , ,

If we find a nontrivial solution u to (5.6), i.e., u is not a linear function, then
M™ = {(xl,xg, oy Ty u(21),0,...,0) € R 2 (21, 29, ) € ]Rm}

is a nontrivial entire spacelike self-shrinking graph in R”**" i.e., this graph is not an
affine plane. According to Chen-Qiu’s result ([10]), this entire graphic self-shrinker can
not be complete.

Indeed, we consider the following ODE

{ w' = L (tw —w)(1 —w'?),
w(0) =a € (—0,0), w'(0)=>be(-1,1).

Assume the maximal existence interval is (=T1,T%) with 71,72 € (0,00] such that
|w'(t)] < 1,Vt € (=T1,Tz). Set ¢ = tw’ — w, then

¢/: (17'11)/2) ¢

N | =+

Consider a function f/ = % (1 —w'?), f(0) =0, then f > 0 and e /¢ is a constant. In
particular ¢ > —a. Thus

1
(tanh_lw')/ =3 (tw" —w) > —%.
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For t € [0,T%), we have
, at _1 at 1
w’ > tanh 5 +tanh™ " b | = —tanh 5 —tanh™ " b |, (5.7)
which implies
2 t 2
w> == log cosh (—% + tanh ™! b) + - log cosh (tanh™" b) +a
2 t 2
>— ; (—% +tanh™' b — log 2) + - log cosh (tanh71 b) +a
2 —1
>t + ; (10g2 + 2tanh \b|) + a.
Hence ¢ < —a — % (log2 + 2tanh ™" |b]). Thus

(log2 + 2tanh™" |b),

ISH R

(taunh_1 w')/ < —

(VRS

which implies
1
w’ < tanh <((2L — = (log2 + 2tanh ™ |b|)) t+ tanh ™! b) . (5.8)
a

Then (5.7) and (5.8) implies that Ty = +o0.
For t € (—T1,0), a similar argument gives

1 t
— tanh <<g + o (10g2 + 2tanh ™! |b)) t —tanh™! b) < w' < tanh (—% + tanh™! b) ,

which implies that T} = —oo.
The above example implies that for [t| > —¢,

log (1 —w'?) S log (1 —w'?)

2 —w? T —2alt| — a?
_ 2logcosh (= (§ + 3 (log2 + 2tanh™" [b])) [¢] + tanh " [b])
- 2alt] + a2 ;
and we get
log (1 — w'? 1 (log2+2tanh™* b 1
liminfMZ—_— (og T2tan | |) — —=, asa— —o0.
[t]soo 2 — w? 2 a2 5

We also have
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2 log (1 — w'?
a+ = (log2+ 2tanh ™! |b]) < lim inf M
a [¢|—o0 2]
) log (1 — w'?)
<limsup ———% <a— —00, asa— —oQ.
|t =00 |t]

Motivated by Corollary 5.4 and the above example, we would like to propose the following

Conjecture 1. Let u = (ul,uQ, . u") be an entire smooth solution to

Z g”(m)u%(m) = % <leuf‘(x) — ua(x)> , zER™ a=1,...,n,
i=1

ij=1
where gij(x) = 0 — Yooy uf(x)uf(z) and (gij(x))1<ij<m is the inverse matriz of
(95 (%) 1< j<pm- Assume ul(0)=---=um™(0)=0and

then u®(x) are linear functions for each a =1,...,n.

Remark 5.8. (1) As it was stated in the above conjecture, the optimal situation is ex-
pected that the lower bound —% can be achieved.

(2) A complete spacelike submanifold M™ in R”"*" is an entire graph (cf. [2]), but the
converse claim is not always the case. Chen-Qiu [10] showed that any complete spacelike
self-shrinker M™ in R”*™ is an affine plane, thus the entire spacelike self-shrinking graph
M™ in Example 5.1 is not complete.

(3) From the computation in Example 5.1, we can see that Ding-Wang’s assumption
(5.4) is not satisfied.
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