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Abstract
Let (V, E) be a finite connected graph. We are concerned about the Chern—Simons Higgs
model

Au = re'(e" — 1)+ f, (0.1)

where A is the graph Laplacian, A is areal number and f is a function on V. When A > 0 and
f=4n ZlNzl 8p» N €N, p1,---, py €V, the equation (0.1) was investigated by Huang
et al. (Commun Math Phys 377:613—621, 2020) and Hou and Sun (Calc Var 61:139, 2022)
via the upper and lower solutions principle. We now consider an arbitrary real number A and
a general function f, whose integral mean is denoted by f, and prove that when Af < 0,
the equation (0.1) has a solution; when A7 > 0, there exist two critical numbers A* > 0
and A, < O such thatif A € (A™*, +00) U (—00, Ay), then (0.1) has at least two solutions,
including one local minimum solution; if A € (0, A*) U (A, 0), then (0.1) has no solution;
while if A = A™ or A, then (0.1) has at least one solution. Our method is calculating the
topological degree and using the relation between the degree and the critical group of a related
functional. Similar method is also applied to the Chern—Simons Higgs system, and a partial
result for the multiple solutions of the system is obtained.
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1 Introduction

The Chern—Simons Higgs model, introduced by Hong, Kim, Pac [19] and Jackiw, Weinberg
[27], has always attracted the attention of many mathematicians in the fields of geometry
and physics, see for examples [2, 3, 9, 10, 31, 40, 41, 43, 46]. Among many versions, the
self-dual Chern—Simons Higgs vortex equation on a flat 2-torus X can be written as

ko

4
Au = k—ze“(e”—l)—i—47t > midy,. 1)
i=1
where k > 0 is the Chern—Simons constant, m; € N, p; € £,i =1, --- , ko. The solution of

the above equation is called a vertex solution, each p; is called a vertex point, and m; stands
for the multiplicity of p;. From the view of physics, the vortex points are closely related to
the local maximum point of the magnetic flux in the Chern—Simons Higgs model. Let u( be
a solution of

Aug = —‘Y’Tl‘v + 4r Zfozl m;i8p,
fE uodvg = 0,

where N = Zf‘il m;.Set v = u — ug. Then (1) can be written in a more favourable form

dn N

Av = Ahe’(he’ — 1) + ——,
|2

(@)

where A = ];% and h = €"0 is a positive function on X. A solution v of (2) is called of finite

energy if v € WH2(X), a usual Sobolev space. Indeed, it is known that the corresponding
physical energy of the solution v is finite if u € W!2(Z). Thus, solutions of finite energy
are physically meaningful in (2) and there have been many existence results for wl2(z)
solutions of (2), see [2, 8,9, 40, 41, 43—45] and the references therein. By using the principle
of upper and lower solutions, Caffarelli and Yang constructed a maximal solution. In addition
to the above references, [10, 29] also indicated that the Eq. (2) admits a variational structure.

Different from the theoretical significance on Riemann surfaces, the analysis on graphs
is very important for applications, such as image processing, data mining, network and so
on. Among lots of directions, partial differential equations arising in geometry or physics are
worth studying on graphs. Various equations, including the heat equation [20, 26, 32, 33], the
Fokker-Planck and Schrédinger equations [6, 7], have been studied by many mathematicians.
In particular, Grigor’yan, Lin and Yang [13-15] studied the existence of solutions for a
series of nonlinear elliptic equations on graphs by using the variational methods. In this
direction, Zhang, Zhao, Han and Shao [17, 18, 49] obtained nontrivial solutions to nonlinear
Schrodinger equations with potential wells. Similar problems on infinite metric graphs were
studied by Akduman-Pankov [1]. The Kazdan-Warner equation was extended by Keller-
Schwarz [28] to canonically compactifiable graphs. Semi-linear heat equations on locally
finite graphs were studied by Ge, Jiang, Lin and Wu [12, 32, 33]. For other related works,
we refer the readers to [11, 16, 22, 23, 34-36, 38, 39, 47, 48, 50] and the references therein.

To describe the Chern—Simons Higgs model in the graph setting, we introduce some
notations. Let (V, E) be a connected finite graph, where V is the set of vertices and E is
the set of edges. Let u : V — (0, +00) and {wy, : xy € E} be its measure and weights
respectively. The weight w, is always assumed to be positive and symmetric. The Laplacian
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of a function u : V — R reads as

Au) = i 3 i () — )

y~x

where y ~ x means y is adjacent to x, i.e. xy € E. The gradient of u is defined as

Vu(x) —( P ) —u @), )—u(x)))
241(x) TV 2u) * '
where {y1, -, y¢, } are all distinct points adjacent to x. Clearly, such an £ is unique and

Vu(x) € R, The integral of u is given by

/Vudu = Z n(x)u(x).

xeV

Now we consider an analog of (2) on a connected finite graph, namely
Au=2re"(" —1)+ f in V, 3)

where L € R, f : V — R is a function. It was proved by Huang, Lin and Yau [24] that
if A > 0and f = 4n ZIN=1 8p;» there exists a critical number A* > 0 such that (3) has a
solution when A > A*, while (3) has no solution when 0 < A < A*. The critical case A = A*
was solved by Hou and Sun [21], who proved that (3) has also a solution. Such results are
essentially based on the method of upper and lower solutions principle. This together with
variational method may lead to existence results for other forms of Chern—Simons Higgs
models, see Chao and Hou [5]. Recently, a more delicate analysis was employed by Huang,
Wang and Yang [25] to get existence of solutions of the Chern—Simons Higgs system.

Topological degree theory is a powerful tool in studying partial differential equations in
the Euclidean space or Riemann surfaces, see for example Li [30]. It was first used by Sun and
Wang [42] to solve the Kazdan-Warner equation on finite graphs. Very recently, it was also
employed by Liu [37] to deal with the mean field equation. Our aim is to use this powerful
tool to study the Chern—Simons Higgs model. The first and most important step is to get a
priori estimate for solutions, say

Theorem 1 Let (V, E) be a connected finite graph with symmetric weights, i.e. Wy, = Wy
forallxy € E. Let o € [0, 1], A and f satisfy

/V fdu

for some real number A > 0. If u is a solution of

A<l <A, AT < <A, |[fleew) <A )

Au=re"(" —o)+ f in V, )

then there exists a constant C, depending only on A and the graph V, such that lu(x)| < C
forallx € V.

When o = 1, the Eq. (5) is exactly (3). In the case A > 0 and f = 47 ZIN:1 8p;» where
pl,--,py € Vand N € N, let A* be the critical number in [24]. Then for any A; > A*
with Ay — A* as k — oo, there exists a solution u;, of 3) with A = Ay, k =1,2,---. It
follows from Theorem 1 that (uy, ) is uniformly bounded in V. Hence up to a subsequence,
(u3,) uniformly converges to some u*, which is a solution of (3) with A = A*. This gives
another proof of a result of Hou and Sun [21].
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Denote X = L°°(V) and define amap F : X — X by
Fu)=—Au+re"(" — 1)+ f. 6)

The second step is to calculate the topological degree of F by using its homotopic invariance
property.

Theorem 2 Let (V, E) be a connected finite graph with symmetric weights, and F : X — X
be a map defined by (6). Suppose that A f v fdwn # 0. Then there exists a large number
Ry > O such that for all R > Ry,

1 if x>0, [, fdu<0
deg(F. Bg.0) = 0 if A [, fdu >0
—lif A <0, [, fdu >0,

where Bg = {u € X : |lullp~v) < R} isaballin X.

As an application of the above topological degree, our existence results for the Chern—
Simons Higgs model read as follows:

Theorem 3 Let (V, E) be a connected finite graph with symmetric weights. Then we have
the following:

(@) Ifxr fv fdu < 0, then the Eq. (3) has a solution;

(b) If A fV fdu > 0, then two subcases are distinguished: (i) fv fdu > 0. There exists a
real number A* > 0 such that when A > A*, (3) has at least two different solutions;
when 0 < A < A*, (3) has no solution; when A = A*, (3) has at least one solution; (ii)
fV fdu < 0. There exists a real number A, < 0 such that when A < A, (3) has at
least two different solutions; when A, < A < 0, (3) has no solution; when .. = A, (3)
has at least one solution.

We remark that Case (b) (i) includes A > 0 and f = 4w ZN dp; as a special case,

i=1
which was studied in [5, 21, 24, 25]. In the subcase A > A* >l Oorx < Ay < 0, we
shall construct a local minimum solution, and then use the topological degree to obtain the
existence of another solution. Our arguments are essentially different from those in [5, 25,
36]. Note that a solution of (3) is a critical point of the functional J, : X — R defined by

1 A
Ir(u) = f/ IVulzduva/(e“ - 1)2du+/ fudp. ™
2 )y 2 Jv v
Here a local minimum solution of (3) means a local minimum critical point of J;.

Also we consider the Chern—Simons Higgs system

: Au=rel( —1) + f ®)

Av = xre"(e’ — 1) + g,

where A is a real number, and f, g are functions on V. Similar to the single equation, we
need also a priori estimate.
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Theorem 4 Let (V, E) be a connected finite graph with symmetric weights. Suppose that o €
[0, 1], A, n are two positive real numbers, f, g are two functions verifying that fV fdu >0
and fv gdp > 0. If (u, v) is a solution of the system

Au=xre¥(* —o)+ f

Av =ne'(e’ — o) + g, ©)
then there exists a constant C, depending only on A, n, f, g and the graph V, such that
lulloevy + llvllzevy = C.
To compute the topological degree, we defineamap ¥ : X x X — X x X by
Fu,v) = (—Au+re’ " — 1)+ f,—Av+ne' (e’ — 1) + g). (10)

Theorem 5 Let (V, E) be a connected finite graph with symmetric weights, and ¥ be a map
defined by (10). If » > 0, n > 0, fv fdp > 0 and fV gdp > 0, then there exists a large
number Ry > 0 such that for all R > Ry,

deg(¥, Bg, (0,0)) =0,
where Bg = {(u,v) € X x X : lullpovy + [vllLe(vy < R}Yisaballin X x X.

Define a functional 7, : X x X — R by

Ja(u, v) =/ Vqud/L—i—}»/(e” — 1)’ — 1)du+/(fv+gu)du. (11)
14 1% 14

Note that for all (¢, V) € X x X,

d
(j),\(uv U), ((ps ]//)) - 5,

o T+, v+19)

t=0

/ {(-Av+re"(e’ = 1) +g) ¢+ (—Au+re’( — 1)+ f) ¥} du.
Vv
(12)

Clearly (u, v) is a critical point of 7, if and only if it is a solution of the system (8). As a
consequence of Theorem 5, we have the following

Theorem 6 Let (V, E) be a connected finite graph with symmetric weights, A > 0, fV fdu >
0, fv gdu > 0, and T, be a functional defined by (11). If either ) has a non-degenerate
critical point, or ) has a local minimum critical point, then it must have another critical
point.

It should be remarked that Theorem 6 gives another solution of (8) under the condition
that 7, has a non-degenerate or a local minimum critical point beforehand. So it is only a
partial result for the problem of multiple solutions of the system (8).

The remaining part of this paper is organized as follows: In Sect.2, we give a priori
estimate for solutions of (3) (Theorem 1); The topological degree of F' : X — X (Theorem 2)
was calculated in Sect.3; In Sect.4, we prove the existence result (Theorem 3); The priori
estimate and existence of solutions of the Chern—Simons Higgs system (Theorems 4, 5 and
6) are discussed in Sect. 5.
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2 A priori estimate

In this section, we shall prove Theorem 1. In order to provide readers with a clear under-
standing of the proof, we demonstrate the entire process from simple cases to complex cases.
Precisely the proof will be divided into several lemmas as below.

The first priori estimate is for fixed A and f.

Lemma 7 Suppose that u is a solution of (3), where A # 0 and [, fdu # 0. Then there
exists a constant C, depending only on X, f and the graph V, such that |u(x)| < C for all
xeV.

Proof 1If u is a solution of (3), then integration by parts gives

0=/ Audu:A/ e'(e" — l)du—l—/ fdu. (13)
14 14 14

Firstly, we show that « has a uniform upper bound. With no loss of generality, we may assume
maxy u > 0. For otherwise, u has already upper bound 0. Observing

1
/ (et — 1)du‘ <L,
u<0 4

we derive from (13) that

1 1
/ e'(e" —dp <a:= IVI+‘/ fdM’-
u=0 4 AR WAY

This together with the fact

/ eu(eu _ l)d,u, — Z ’u(x)eu(x)(eu(x) _ 1) > Moemaxv u(emaxvu -1
u>0

xeV,u(x)=>0

leads to

1+ 1+4a/pno

> . (14)

<l
m‘ilx u <log
where pg = minyey u(x) > 0, since V is finite.
Secondly, we prove that u has also a uniform lower bound. To see this, in view of (3) and
(14), we calculate for any x € V,

|Au(x)] < Al [e“S (S — 1)+ [ f(0)]

< AW 4 Yy + | F ()]
< Il ((1 + 1+ 4a/uo)? N 1+ /1 +4a//L0)
- 4 2

+ 1 fllLev)
=: b.
Hence, there holds

| Aullpovy < b. (15)

@ Springer



Topological degree for Chern-Simons Higgs models. .. Page 7 of 21 81

We may assume V = {x,---, x¢}, u(x1) = maxy u, u(xy) = miny u, and without loss of
generality x1x2, X2X3, - - -, Xg—1X¢ is the shortest path connecting x| and x,. It follows that
-1
0 <ux) —ulee) < Y Julx)) —u(xjt)l
j=1
=T 1 1/2
=1 [« 2
< D W i) = ulxj41))
JWwo =
71 1/2
< (/ |W|2du) , (16)
A/ Wo 1

where wy = minyey, y~x wyy > 0. Denoting u = ﬁ fv udp, we obtain by integration by

parts
/ VuPdu
14

—/ (u —u)Audp
1%

172 1/2
(/ (u—ﬁ)zdu> (/ (Au)zdp,>
1% 1%
12 12
1 2 2
< (—/ 1Vl du) (/ (Au) dM) ,
Aty 1%

2 1 2 1 2
Vul"dpu < — | (Au)"dp < — | Aullzoo, V1, (17)
v Al Jy Al

IA

which gives

where A = infgzo,fv Vdp=1 fv IVu|2dp > 0. Combining (16) and (17), we conclude

-1V
maxu —minu < ﬁﬂAuan(v). (18)
v v w1

We remark that (18) holds for arbitrary function u, such an inequality was obtained by Sun
and Wang [42] by using the equivalence of all norms in a finite dimensional vector space,
and here we give an explicit constant instead of C. The power of (18) is evident. In view of

(15), we have
[ — D]V
maxu —minu < cg := b ﬁ (19)
v v woAq

Coming back to (13), we have
1 :
/ el — Ddu =cy = —f/ fdpu. (20)
v Ay
By the assumptions A # 0 and fv fdun # 0, we know c; # 0. Now we claim that

‘ lc1l
—A:=1 I, —¢. 21
m‘z/ixu > ogmln{ AV] 21
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For otherwise, maxy u < —A, which together with (20) implies

/ e (e — l)d,u‘
v
< f (e + ey
1%
< (eZmaxVu _l_emaxvu)|v|
<24V
let]
5

This contradicts ¢; # 0, and thus confirms our claim (21). Inserting (21) into (19), we obtain

1+ 1+4a/no
5

le1] =

—A —co <minu < maxu < log
% v
as we desired. O
The second priori estimate is for the changing A and f.

Lemma 8 Let u be a solution of (3). If A and f satisfy (4), then there exists a constant C,
depending only on A and the graph V, such that |u(x)| < C forallx € V.

Proof Tt suffices to modify the argument in the proof of Lemma 7.
Similar to (14), we first have the upper bound estimate

1+ 1+4a/no
T S—

m&lx u <log (22)

where o = mineey w(x) and a = |V | + AZ. Next, instead of (19), we have

[ —1D|V
maxu —minu < cy=b w, (23)
1% v woA1

where A1 = infgzoyfv Vdp=1 Iy |Vv|?du, £ denotes the number of all points of V, wy =
MiNyey, y~x Wxy and

b A ((1Jm/1+4cz/;¢())2 N 1+ /T+4a/mo +]>
= : > .

To proceed, we shall show

maxu > —A = logmin { (24)

l,— 1.
4|V|A2}

Suppose not. We have maxy u < —A and

1 1
7/ fdp,‘ = ’/ e (e — l)d,u’
Ay v

<
< / (@ + *)du
\%4

Az~
<274V
1

< —

2A%°
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which is impossible. Thus (24) holds. Combining (22), (23) and (24), we get the desired
result. O

The third priori estimate is not only for changing A and f, but also for the changing
parameter o .

Lemma9 Leto € [0, 1], A and f satisfy (4) for some real number A > 0. If u is a solution
of (5), then there exists a constant C, depending only on A and the graph V, such that
lu(x)| < Cforallx €V.

Proof 1If u is a solution of (5), then integration by parts gives

0=f Amm:A/ e”(e“—o-)dwr/ fduw.
\%4 |4 |4

Similar to (14), keeping in mind o € [0, 1], we first have the same upper bound estimate as
(22), namely

1+ 1+4a/no

< 1 R
m‘axu_ og 3

where (o = minyey p(x) and a = |V| 4+ AZ. Next, we have the same estimates as (23) and
(24), which is independent of the parameter o € [0, 1]. In particular

maxu > —A =logmin{1l, ——¢.
v 4|V |A2

This ends the proof of the lemma, and completes the proof of Theorem 1. O

3 Topological degree

In this section, we shall prove Theorem 2. Precisely we shall compute the topological degree
of certain maps related to the Chern—Simons Higgs model.

Proof of Theorem 2 Assume V = {x1,---,x¢}. Let X = L°°(V). We may identify X with
the Euclidean space R. Without causing ambiguity, we define a map F : X x [0, 1] — X
by

Fu,o)=—-Au+re"(" —o)+ f, (u,0)€ X x[0,1].

Obviously, F is a smooth map. For the fixed real number A and the fixed function f, since
Af # 0, there must exist a large number A > 0 such that

Al <p<a, ATl <

/ fdli‘ <A, N flleevy < AL (25)
v

Here and in the sequel, f denotes the integral mean of a function f. Then it follows from
Theorem 1 that there exists a constant Ry > 0, depending only on A and the graph V, such that
forallo € [0, 1], all solutions of F'(u, o) = Osatisfy ||ul| L= (v) < Ro.Denote aball centered
at 0 € X with radius » by B, C X, and its boundary by 0B, = {u € X : |lu| pcv) = r}.
Thus we conclude

0¢ F(0Bg,o), Yo €[0,1], VR > Ry.
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By the homotopic invariance of the topological degree, we have
deg(F(-, 1), Br,0) = deg(F(-,0), Bg,0), VR > Ryp. (26)
Given any € > 0, we define another smooth map G, : X x [0, 1] - X by
Ge(,t) = —Au+re® + ¢+ (1 —0e)f, (u,1)€ X x[0,1].

Notice that

> min{1, €}

@+ —t)e)/ fdu
\4

f fdu’, vt € [0, 1].
\%

Applying Theorem 1 again, we find a constant R, > 0, depending only on €, A and the graph
V, such that all solutions u of G¢(u, t) = 0 satisfy [[u|lp~v) < Re forall ¢t € [0, 1]. This
implies
0¢ Gc(dBg,,t), Vtel0,1].

Hence the homotopic invariance of the topological degree leads to

deg(Ge(-, 1), Bg,,0) = deg(Ge(+, 0), Bg,, 0). 27
To calculate deg(G¢ (-, 0), Bg,, 0), we need to understand the solvability of the equation

Ge(u,0) = —Au+re* +¢ef =0. (28)

Now we claim two properties of solutions of (28): (i) If A? < 0, then there exists an g > 0
such that for any € € (0, €p), (28) has a unique solution u., which satisfies e2e < Ce, where
C is a constant depending only on A and the graph V; (ii) If Af > 0, then (28) has no
solution for all € > 0.

To see Claim (i), for any € > 0, we let vc be the unique solution of the equation

Av=cf—cf in V
v=0.
Then the solvability of (28) is equivalent to that of the equation
Aw = re? e + e f. (29)

Note tﬂat the existence of solutions to (29), under the assumptions that € is sufficiently small
and A f < 0, follows from ([13], Theorems 2 and 4). Hence there exists some €; > 0 such
that if 0 < € < €1, then the Eq. (28) has a solution u.. Integrating both sides of (28), we

have by (25),
/ gy = _2/ fdu < A%,
\% \%4

which leads to

A2
) < e WxeV, (30)
140

where (o = min,cy (x). We also need to prove the uniqueness of the solution. Let ¢ be
an arbitrary solution of (28), namely it satisfies

Ag =21e* +ef. 31
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The same procedure as above gives

A2
/ edp < Ne, ¥ < ¢ for all xeV. (32)
% no

Subtracting (31) from (28) and integrating by parts, we have

0= f Aue — @)dp = 1 f (e —e*)dpu,

1% 1%
which leads to

mvin(u€ —¢) <0< m‘z}x(u€ — ).
As a consequence, there holds

lue — | < m&X(ue —9)— mvin(us — ). (33)
Also we derive from (28), (30), (31), and (32),
Awe = 9)(@)] = |1 (20 — 200}

< 24 (2409 4 ¢20) Ju () — p(o)|
4A3

< eue) — p(x)]. (34)
MO

Combining (18), (33) and (34), we obtain

(e — 9) — minGue — ) < | EDIVIAS (e — 0) — min(ue — ) 35)
max — — min(ue — — € | max — — min —
¥ Ue — @ unue ¢) = Worl 1o a Ue — @ v Ue — @
Choose
. worl  Uo
€ =minie€, [——— ¢ .
(€ —1)|V]|8A3

If we take 0 < € < €g, then (35) implies ¢ = u. on V, and thus (28) has a unique solution.
Hence (i) holds. B
To see Claim (ii), in the case A f > 0, if (28) has a solution u, then there holds

0=/ Audu:k/ez"du—i-/ fdu,
\% \%4 |4

which is impossible. This confirms (ii), and our claims hold.
Let us continue to prove the theorem. Note that —A : X — X is a nonnegative definite
symmetric operator, its eigenvalues are written as

O0=Ap <A1 <Ay < < g1,

where £ is the number of all points in V. By Claim (i), in the case A f < 0, we may choose
a sufficiently small € > 0 such that G (u, 0) = 0 has a unique solution u. verifying

2[ale ™) < 2.
A straightforward calculation shows

DG (ue,0) = —A + 21e%<1,
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where we identify the linear operator —A with the £ x ¢ matrix corresponding to —A, and
denote the ¢ x ¢ diagonal matrix diag[1, 1, - - - , 1] by L. Clearly

deg(Ge (-, 0), Bg, . 0) = sgndet (DG, (uc, 0)) = sgn {uez”e(")nﬁ;‘l (hj + 20?1 <~*>)} = sgnA.
This together with (26) and (27) leads to

deg(F (-, 1), Bg,,0) = deg(F(-,0), Bg,,0)
= deg(Ge(-, 1), Bg,, 0)
= deg(Ge(+, 0), Bg,,0)
= SgnaA.

By Claim (ii), in the case A f > 0, since G (u, 0) = 0 has no solution, we obtain
deg(F (-, 1), Bg,,0) = deg(G¢(-, 0), Bg,.,0) = 0.

Thus the proof of Theorem 2 is completed. m}

4 Existence results

In this section, we shall prove Theorem 3 by using the topological degree in Theorem 2.
Progof Theorem 3 (a).
If Af < 0, then by Theorem 2, we find some large Ry > 1 such that

deg(F, Bg,,0) # 0.

Thus the Kronecker’s existence theorem implies (3) has a solution. ]
In the remaining part of this section, we always assume A f > 0. We first prove that (3)
has a local minimum solution for large |A|, say

Lemma 10 If || is chosen sufficiently large, then the Eq. 3 has a local minimum solution.
Proof Let us first consider the subcase A > 0 and f > 0. Set

Lyu=—Au+ re' (" — 1)+ f. (36)
For real numbers A and A, there hold

A A 1 1
LyA=xe (e — 1)+ f, L,\logi = —Zk+f.
Clearly, taking sufficiently large A > 1 and A > 1, we have
1
LA >0, Ljlog 5 < 0. (37)

Recall the functional J; : X = L°°(V) — R defined by (7). Since X = R¢, J, € CH(X,R),
and {u € X : log % < u < A}is abounded closed subset of X, it is easy to find some u; € X
satisfying log% <u)(x) <Aforallx € V and

J)\(M)\) = min J)L(u) (38)
log 7 <u<A
We claim that
1
logi <up(x) <A forall x e V. 39)
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Suppose not. There must hold u; (x¢) = log% for some xo € V, or u;(x1) = A for some
x1 € V. Ifuy (xp) = log %, then we take a small € > 0 such that

1
logi Sup(x) +18x(x) <A, Vx eV, Vte(0,e).

On one hand, in view of (37) and (38), we have

0=< — J; t§
= ar -0 )\(ul"f_ xo)
= / (—Auy + re" (e — 1) + f) dx,di
14
= —Au (x0) + 2" 00 ("0 — 1) + f (xo)
< —Auy (xp). (40)

On the other hand, since u; (x) > u; (xo) for all x € V, we conclude Au; (x9) > 0, which
contradicts (40). Hence u; (x) > log% for all x € V. In the same way, we exclude the
possibility of u; (x1) = A for some x; € V. This confirms our claim (39). Combining (38)
and (39), we conclude that u; is a local minimum critical point of J,, in particular, u;, is a
solution of (3).

Now we consider the subcase A < 0 and f < 0. Let ¢ be the unique solution of

N N
9 =0.
Using the notation of the operator L, given by (36), we have

Li(g—A) = —Agp+re? A A=)+ f
= M-+ f
<0 (41)

and
1 log !/ logl
LA(10g5)=ke 822 -1+ f
A
=-7+/
> 0,

provided that . < 4miny f and A > 1 is chosen sufficiently large. Similar to (38) and (39),
there exists some u satisfying ¢(x) — A < u) (x) < log% forall x € V and

J;\(u;\) = min J)»(l/t) = min J;‘(u).
¢—A<u<log % (p—A<u<]og%
This implies u; is a local minimum solution of (3). ]

To proceed, we also need the following:

Lemma 11 If Ay > O such that the equation L, ,u = 0 has a solution uy,, then for any
A > A1, we have

A
L, (ull + log 7‘) < 0.
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Similarly, if A» < O such that Ly,u;, = 0, then for any . < A2, there hods
A2
L) (u;\2 + log T) > 0.

Proof If . > A; > 0, then

al w, (M
L u,\]—i—logT = —Au;, +Arje' Te =1+ f

< —Auy, + 1 — 1)+ f
= 0.

If A < Ay < 0, then

A2
Ly (u;\z + log 7)

A
—Auj, + Ae'2 <72€qu - 1> +f
> —Auy, +re"2 (e2 — 1) + f
=0,
as we desired. O

As a consequence, we have

Lemma 12 Assume Ly uy, = Ly,uy, =0on V. Ifeither A > 11 > 0or i < Ay <0, then
the equation (3) has a local minimum solution u,.

Proof Assume A > A1 > 0.Let A > 1 be a sufficiently large constant such that L; A > 0
and u;, + log % < A on V. Then there exists some u; such that

J)L(M)L) = min .])L(Lt).
U, +log TISMSA
Suppose there is some point xo € V satisfying u; (xo) = u;, (xo) + log ’\/\—1 Let € > 0 be so
small that for ¢ € (0, €), there holds

’
1y, (x) + log 71 <up(x) +18,,(x) <A forall xeV.

Similarly as we did in the proof of Lemma 10, we have by Lemma 11,
P (up + 18x)
— u
= 4t —o AUy X0
= — A (x0) + 4"V ("0 — 1) + f (x0)

Al
= —A (up —up,) (x0) + Ly, (“M + log 7) (x0)

< —A (uk — ”M) (x0)-

Al

This contradicts the fact that xo is a minimum point of u; — u;, — log 5-. Hence

A
u; (x) > uy, (x) +log 71, VxeV.

In the same way we obtain u(x) < A forall x € V. Therefore u; is a local minimum critical
point of Jj.
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Assume A < X2 < 0. The constant A > 1 is chosen sufficiently large such that ¢ — A <
uy, +log ’\72 on V, and ¢ — A satisfies (41). Clearly there exists some u; such that

J)L(M)L) = min JA(M).
¢—A<u=u,,+log /\TZ
If there is some point x| € V satisfying u; (x1) = u;,(x1) + log %, then there is a small
€ > 0 such that for ¢ € (0, €), there holds

A
O(x) — A <up(x) — 18y, (x) < uy,(x) —|—log72 forall x e V.

Thus we have by Lemma 11,

—d Ji( 16y,)
U —

dt =0 AT e

= Au; (x1) — 2" (0D 1) — f(xp)

A
= A (I,t)L — u;q) (x0) — Ly, <MA2 + log 72) (x0)

0

IA

< A (ux - u)\z) (x0)-
This contradicts the fact that x1 is a maximum point of u; — u;, — log sz Hence
A2
u; (x) < uy,(x) +log o VxeV.

In the same way we obtain u(x) > ¢(x) — A for all x € V. Therefore u, is a local minimum
critical point of J,. Thus we complete the proof of the lemma. O

We conclude from Lemmas 10 and 12 that the following two critical numbers are well
defined.

A* = inf {A >0: A? > 0, J, has a local minimum critical point} 42)
Ay =sup{r <0:Af>0,J, has a local minimum critical point} . (43)
Lemma13 If f > 0, then A* > 4f; If f <O, then Ay, < 4f.

Proof Suppose A # 0 and u is a solution of Au = Ae*(e" — 1) + f. Integration by parts
gives

fv fdu Woou VI
- = —dp > ——,
. /V e'(e )du 1
since e (e — 1) > —%. The conclusion follows from (42) and (43) immediately. ]

We are now ready to complete the proof of the remaining part of the theorem.

Proof of Theorem 3 (b).

We first consider the solvability of the Eq. (3) under the assumption A € (0, A*]JU[A, 0).

If 2 € (0, A*) U (A, 0), then (3) has no solution. Indeed, suppose there exists a number
A1 € (0, A*) U (A4, 0) such that (3) has a solution at A = Aj. With no loss of generality,
we assume A1 € (Ay, 0), then by Lemma 12, (3) has a local minimum solution at any
A € [A4, A1). This contradicts the definition of A,. Hence (3) has no solution for any
A€ (0, A%) U (A4, 0).
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Note that for any j € N, there exists a solution u; of (3) with A = A, — 1/j. According
to Theorem 1, (u;) is uniformly bounded in V. Thus up to a subsequence, (u;) uniformly
converges to some function u*, a solution of (3) with A = A. In the same way, (3) has also
a solution at A = A*.

We next consider multiple solutions of (3) under the assumption . € (A*, +00) U
(=00, Ay).

If A € (A", +00) U (—00, Ay), by (42) and (43), we let u; be a local minimum critical
point of J,. With no loss of generality, we may assume u,_ is the unique critical point of Jj.
For otherwise, J, has already at least two critical points, and the proof terminates. According
to ([4], Chapter 1, page 32), the g-th critical group of J, at u) is defined by

Co(n,u)) =Hy (Ui NU (IS \ {3 N U, G), (44)

where Jy (u;) = ¢, J;y = {u € X : Jy(u) < c}, U is a neighborhood of u; € X, H, is the
singular homology group with the coefficients groups G, say Z, R. By the excision property
of Hy, this definition is not dependent on the choice of U. It is easy to calculate

Cy(Js. 43) = 840G (45)

Note that J; satisfies the Palais-Smale condition. Indeed, if J () — ¢ € Rand J'(u;) — 0
as j — oo, then using the method of proving Theorem 1, we obtain (u;) is uniformly
bounded. Since X is pre-compact, then up to a subsequence, (u;) converges uniformly to
some u*, a critical point J,. Thus the Palais-Smale condition follows. Notice also that

DJ,(u) = —Au+ re“(e" — 1) + f = F(u),

where F is given as in Theorem 2. According to ( [4], Chapter 2, Theorem 3.2), in view of
(45), we have for sufficiently large R > 1,

o0
deg(F, Bgr,0) = deg(DJ,, Bg,0) = Z(—l)"rank Co(n,up) =1.
q=0
This contradicts deg(F, Bg, 0) = 0 derived from Theorem 2. Therefore the Eq. (3) has at
least two different solutions, and the proof of Theorem 3 (b) is finished. O

5 Chern-Simons Higgs System

In this section, we shall calculate the topological degree of the map related to the Chern—
Simons Higgs system (8), and then use the degree to obtain partial results for multiplicity of
solutions to the system. In particular, Theorems 4, 5 and 6 will be proved. We first derive a
priori estimate for solutions of (9), a deformation of (8).

Proof of Theorem4 1eto € [0,1],A > 0,7 >0, f > 0,5 > 0, and (u, v) be a solution of
the system (9). Note that there exist a unique solution ¢ to the equation

Ap=f—Tf

Jy od =0
and a unique solution i to the equation

Ay =g—-3g

Jy wdu =0.
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Setw = u — ¢ and z = v — . Then we have

Aw = reVe (e — o)+ f
(46)
Az = ne?e?(eV et — o) + 3,
We claim that
w(x) < —mVin(p for all x e V. (47)

Suppose not. There necessarily hold maxy w > — miny ¢. Take xo € V satisfying w(xo) =
maxy w. Since o € [0, 1], A > 0, f > 0 and ¢(xg) + w(xp) > 0, we have

0> Aw(xg) = Ae‘/’(x‘))eZ(xO)(e“’(’“’)ew(x") —0) + ? > ? >0,

which is impossible. Hence our claim (47) follows. Keeping in mind n > 0 and g > 0, in
the same way as above, we also have

z(x) < —mvinz/f forall x e V. (48)
Inserting (47) and (48) into (46), we obtain
lAwllLoevy + [[Az][Lovy = C

for some constant C, depending only on X, n, f, g and the graph V. The most important
thing here is that the constant C is not dependent on the parameter o € [0, 1]. Coming back
to the inequality (18), we immediately conclude

maxw —minw < C (49)
1% %
and
maxz —minz < C.
1% 1%
Observe that integration on both sides of the second equation in (46) leads to
P (oY o2 — g
eveV(eVet —o)du = —=|V|.
v n
As a consequence, there holds

0 < < oMaxXy w ,maxy ¢ (emaxv W + 1) < CeMmaxvw

= oo

Hence maxy w > —C, and in view of (49),

mvinw > —C. (50)

In the same way, from (49) and the first equation of (46), we derive

minz > —C. (51)
v
In view of (47), (48), (50) and (51), the proof of the theorem is completed. ]

Now we calculate the topological degree of the map defined as in (10).
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Proofof Theorem 5 Let X = L°°(V).Defineamap ¥ : X x X x [0, 1] > X x X by
Fu,v,0) = (—Au + re’(e" — o)+ f, —Av+ne' (e’ — o) +g), Y(u,v,0)e X x X x [0, 1].

Obviously ¥ € Cc? (X x X x [0, 1], X x X). On one hand, by Theorem 4, there exists some
R > 0 such that for any R > Ry, we have

0¢ F(0Bgr,0), Vo €]l0,1],
and thus the homotopic invariance of the topological degree implies
deg(¥ (-, 1), Bg, (0,0)) = deg(¥ (-, 0), Bg, (0,0)). (52)

Here we denote B = {(u, v) € X x X : |ullpov) + [[vllLee(vy < R} and 0Bg = {(u, v) €
X x X i |lullpeo(vy + llvllLoe(vy = R}, as usual. -

On the other hand, we calculate deg(7 (-, 0), Bg, (0, 0)). Since > > 0 and f > O, inte-
grating both sides of the first equation of the system

Au = re" TV + f
(53)
Av = etV + g,
we get a contradiction, provided that (53) is solvable. This implies
{(u,v) e X x X : F(u,v,0)=(0,0)} =2.
As a consequence, there holds
deg(F (-, 0), Bg, (0,0)) = 0. (54
Combining (52) and (54), we get the desired result. O

Let 7, : X x X — R be a functional defined as in (11). Note that the critical point of 7,
is a solution of the Chern—Simons system (8). The following property of 7 will be not only
useful for our subsequent analysis, but also of its own interest.

Lemma 14 Under the assumptions A > 0, f > 0 and g > 0, ), satisfies the Palais-Smale
condition at any level ¢ € R.

Proof Let ¢ € R and {(ug, vr)} be a sequence in X x X such that 7 (ux, vy) — ¢ and
T (g, vp) — (0,0) in (X x X)* =R" x R,
This together with (12) gives

—Auy + re ("t — 1)+ f = or(1)
{—Avk + Letk (et — 1) 4+ g = ok (1), 43
where ox (1) — 0 uniformly on V as k — oo. Comparing (55) with the system (8), we have
by using the same method as in the proof of Theorem 4,
lurlizoovy + llvkllLoe vy = €

for some constant C, provided that k > k; for some large positive integer k;. Since V is
finite, X is pre-compact. Hence, up to a subsequence, uy — u* and vy — v* uniformly in V
for some functions u™ and v*. Obviously [J; (u*, v*) = (0, 0). Thus ) satisfies the (PS).
condition. O

Finally we prove a partial multiple solutions result for the system (8).
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Proof of Theorem 6 We distinguish two hypotheses to proceed.
Case 1. ) has a non-degenerate critical point (u;,, v;,).
Since (), vy) is non-degenerate, we have

det Dzj;h(u;h, vy) # 0.

Suppose (u;, v;) is the unique critical point of J,. Then we conclude for all R >
llee5 Lo vy + llvallLoo vy,

deg(DJ5, Br, (0,0)) = sgn det DZJA(MA, vy) # 0. (56)

Here and in the sequel, as in the proof of Theorem 5, By is a ball centered at (0, 0) with
radius R. Notice that D7, (u, v) = F (u, v) for all (u, v) € X x X, where ¥ is defined as
in (10). By Theorem 5, we have

deg(Dj)w BRs (07 0)) = deg(y:’ BR7 (Ov 0)) = 07

contradicting (56). Hence 7, must have at least two critical points.
Case 2. J; has a local minimum critical point (., ;).
Similar to (44), the g-th critical group of ) at the critical point (¢,, ¥, ) reads as

Cq (T (@, ¥2)) = He (T3 N % AT\ (@, v N %, G),

where J;.(¢x, Y1) = ¢, Ty = {(u,v) € X x X : Jx(u,v) < c}, % is a neighborhood of
(@5, ¥3.) € X x X, G = Z or R is the coefficient group of H,. With no loss of generality,
we assume (@, V) is the unique critical point of 7. Since (¢;, ¥,) is a local minimum
critical point, we easily get

Cq (T (@i, ¥2)) = 840G

By Lemma 14, 7, satisfies the Palais-Smale condition. Then applying ( [4], Chapter 2,
Theorem 3.2) and Theorem 5, we obtain

0= deg (7:7 BR7 (O! 0)) = deg(Dj}u BR’ (07 O))

= Z(—l)qrank Cq (T, (@2, V)

q=0
= 17

provided that R > |[lga|lLoo(v) + |¥allLoocv). This is impossible, and thus J must have
another critical point, as we desired. O
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