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Abstract Let (X,g9) be a compact Riemann surface with smooth boundary 0YX, A, be the Laplace-
Beltrami operator, and h be a positive smooth function. Using a min-max scheme introduced by Djadli and
Malchiodi (2008) and Djadli (2008), we prove that if ¥ is non-contractible, then for any p € (8kw,8(k + 1))
with k& € N*, the mean field equation
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has a solution. This generalizes earlier existence results of Ding et al. (Ann Inst H Poincaré Anal Non Linéaire,
1999) and Chen and Lin (2003) in the Euclidean domain. Also we consider the corresponding Neumann boundary
value problem. If h is a positive smooth function, then for any p € (4km,4(k + 1)) with k € N*, the mean field
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equation

has a solution, where v denotes the unit normal outward vector on 9X. Note that in this case we do not require

the surface to be non-contractible.
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1 Introduction

As a basic problem of mathematical physics, the mean field equation has attracted the interest of many
mathematicians for at least half a century. In addition to the prescribed Gaussian curvature problem
[4,7,8,10,22], it also arises in Onsager’s vortex model for turbulent Euler flows [27, p. 256] and in Chern-
Simons-Higgs models [6, 14,16, 29, 33, 35].
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Let Q be a smooth bounded domain in R?. It was proved by Ding et al. [15] that if the complement
of Q contains a bounded region, and h :  — R is a positive function, then the mean field equation

PR
Jo hedx ’ (1.1)
u=20 on 0f)

—AR2U =

has a solution for all p € (8,167), where Ag> = §%/92% + 9?/0x3 is the standard Laplacian operator
in R2. The proof is based on a compactness result of Li and Shafrir [24], the monotonicity technique used
by Struwe [28] in dealing with harmonic maps, and a general min-max theorem [34, Theorem 2.8].

It was pointed out by Li [23] that the Leray-Schauder degree for the mean field equation should depend
only on the topology of the domain and k € N satisfying p € (8kw,8(k + 1)m). To illustrate this point,
he calculated the simplest case p < 8. Later, by computing the topological degree, Chen and Lin [9]
improved Ding-Jost-Li-Wang’s result to the following: if €2 is not simply connected, and h is positive on €,
then (1.1) has a solution for all p € (8km,8(k + 1)m). Also they were able to compute the topological
degree for the mean field equation on the compact Riemann surface (X, g) without boundary, namely,

he* 1
Au=pl —— — — in > 1.2
gu p(fz heud’l/g |Z|> m 9 ( )

where A, denotes the Laplace-Beltrami operator, and |X| stands for the area of ¥ with respect to the
metric g. Precisely, the degree-counting formula for (1.2) is given by (k_’é(z)) for p € (8km,8(k + 1)7).
As a consequence, if the Euler characteristic x(X) < 0, then (1.2) has a solution.

Note that solutions of (1.2) are critical points of the functional

1
Jp(u) = B /2 |V gul?dv, — plog/zhe“dvg + |—§:|/Eudvg7 ue WhH(%).

A direct method of variation leads to that J, has critical points for p < 87. When p = 8, Ding et al. [13]
found a critical point of Jg, under certain conditions on ¥ and h. For the cases where p = 8w, h > 0
or h changes the sign, we refer the readers to [31,32,39].

In a celebrated paper, Djadli [17] was able to find a solution of (1.2) for all p € (8kw,8(k+1)w) (k € N*)
and arbitrary genera of ¥, by adapting a min-max scheme introduced by Djadli and Malchiodi [18]. In
particular, Chen-Lin’s existence result for (1.2) was improved by Djadli [17] to arbitrary possible x(X).
Let us summarize the procedure in [17]. Denote the family of formal sums by

k k
Y = {Ztiém b = O’Zti =1,z € Z},
=1 =1

endowed with the weak topology of distributions, say the topology of (C*(%))*.
literature as the formal set of barycenters of 3. The first and most important step is to construct two
continuous maps ¥ and ®, between X; and sub-levels of J,, say,

This is known in the

2y B g ek Loy,
for X\ > A\ = e"/(P=8k7) and large L > 0; moreover limy— 400 ¥ o ®y = Id, and in particular, ¥ o ®,
is homotopic to the identity on ¥j provided A > Ap. Here, J; stands for a set of all the functions
u € WH2(X) with J,(u) < a for any real number a. The second step is to set the suitable min-max value
for J,, namely,
ax, = inf sup J,(y(o,t)),
vELA (UJ)Eik

where £ = $p x [0,1]/(Zk x {0}) is a topological cone, and Ty is a set of paths

Ty = {7 € CO(k, W2(D)) : 4(0,1) = ®x(0), Vo € Ty}
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The hypothesis p € (8km,8(k + 1)m) and the fact that X is non-contractible lead to ay,, > —oo for
sufficiently large A. The third step is to obtain critical points of J, for p € A, where A is a dense subset
of (8km,8(k + 1)m), by using the monotonicity of ay ,/p. The final step is to find critical points of J,
for any p € (8km,8(k + 1)), by using a compactness result of Li and Shafrir [24] and an improved
Trudinger-Moser inequality due to Chen and Li [11]. Note that the last two steps are essentially done by
Ding et al. [15].

This method was extensively used to deal with the problems of elliptic equations or systems involving
exponential growth nonlinearities. For Toda systems, we refer the readers to [1,3,25,26] and the references
therein. Recently, Sun et al. [30] extended Djadli’s result to the case of a generalized mean field equation.
Marchis et al. [12] employed it to find critical points of a Trudinger-Moser functional.

In this paper, we are concerned with the boundary value problems on the mean field equation. From
now on, we let (3, g) be a compact Riemann surface with smooth boundary 90%. Our first aim is to
generalize the results of Ding et al. [15] and Chen and Lin [9]. Precisely, we have the following theorem.

Theorem 1.1.  Let (X, g) be a compact Riemann surface with smooth boundary 0%, A, be the Laplace-
Beltrami operator, and h : ¥ — R be a positive smooth function. If ¥ is not simply connected, then for
any p € (8km,8(k + 1)7) with k a positive integer, the Dirichlet problem

het -
—_—  in X,
Js; hetdu, (1.3)
u=20 on 0%

Agu=p

has a solution.

The proof of Theorem 1.1 is based on the min-max theorem [34, Theorem 2.8], which was also used
by Ding et al. [15] and Djadli [17], compactness analysis, and an improved Trudinger-Moser inequality.
All of the three parts are quite different from those of [15,17]. On the choice of the metric space, we use

ie,k (see (2.44) below) instead of ¥, or $3; on compactness analysis, we use a reflection method different
from that of Chen and Lin [9] to show that the blow-up phenomenon cannot occur on the boundary 9%;
moreover, we need to prove an improved Trudinger-Moser inequality for functions with boundary value
zero, nor is it the original one in [11].

We also consider the Neumann boundary value problem on the mean field equation. In this regard,
our second result is the following theorem.

Theorem 1.2. Let (X,9) be a compact Riemann surface with smooth boundary 0%, v be the unit
normal outward vector on 0¥, Ay be the Laplace-Beltrami operator, and h : 3 — R be a positive smooth
function. If p € (4km,4(k + 1)7) with k a positive integer, then the Neumann boundary value problem

he 1
Apu=pl ———— = n X
o p(fz hetdvg EI) " (1.4)
Ou/ov =0 on 0%

has a solution.

We remark that in Theorem 1.2, 3 does not need to be non-contractible. For the proof of Theorem 1.2,
we choose a metric space .7 (see (3.27) below), which is non-contractible, whether ¥ is non-contractible
or not. Concerning the compactness of solutions to (1.4), if it has a sequence of blow-up solutions, then
we show that p = 4kw for k € N*. Also we derive an improved Trudinger-Moser inequality for functions
with integral mean zero, which is important in our analysis.

Before ending Section 1, we mention a recent result of Zhang et al. [40]. Using the min-max scheme of
Djadli [17] and Djadli and Malchiodi [18], they obtained the existence of solutions to the equation

Agu=0 in X,
he*

5’&/81} = pm on 82
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for any p € (2km,2(k + 1)), k € N*, and any positive smooth function h. This improved an early result
of Guo and Liu [19].

The rest of this paper is organized as follows. Theorems 1.1 and 1.2 are proved by the min-max
method in Sections 2 and 3, respectively. Throughout this paper, the sequence and the subsequence are
not distinguished. We often denote various constants by the same C' from line to line, even in the same
line. Sometimes we write C, Ci e, C(€),. .. to emphasize the dependence of these constants.

2 The Dirichlet boundary value problem

In this section, Theorem 1.1 is proved. This will be divided into several subsections. In Subsection 2.1,
we analyze the compactness of solutions to the Dirichlet problem (1.3). In Subsection 2.2, we derive
an improved Trudinger-Moser inequality for functions u € VVO1 ’2(2). In Subsection 2.3, we construct
two continuous maps between sub-levels J- L with sufficiently large L and the topological space Xj.
In Subsection 2.4, we construct min-max levels of J,, and ensure these min-max levels are finite. In
Subsection 2.5, several uniform estimates on min-max levels of J, are obtained. In Subsection 2.6,
adapting the argument of [15, Lemma 3.2], we prove that J, has a critical point for p in a dense subset
of (8km,8(k + 1)m). In Subsection 2.7, using compactness of solutions to the Dirichlet problem (1.3), we
conclude that J, has a critical point for any p € (8km, 8(k + 1)7).

2.1 Compactness analysis

Let (pn) be a sequence of numbers tending to p, (h,) be a function sequence converging to h in C*(%),
and (u,) be a sequence of solutions to

R, etn _
in X,

Js hnetndu,g (2.1)
Up =0 on 0X.

Aguy

Define v, = u, —log [y, hne“rdvy. Then Agv, = pphpe’™ and [y hye'rdvg = 1.

Lemma 2.1.  Assume that p is a positive number and h is a positive function. Up to a subsequence,
one of the following alternatives holds:

(i) (un) is bounded in L>=(X);

(ii) (vn) converges to —oo uniformly in X;

(iil) there exists a finite singular set S = {p1,...,pm} C X such that for any 1 < j < m, there is a
sequence of points {pjn} C X satisfying pjn — pj, Un(pjn) = +00, and v, converges to —oo uniformly
on any compact subset of £\ S as n — co. Moreover,

pn/ hne"™dvg — 8mm.
b

Proof. Note that ¥ = X U9X, where ¥ is an open set including all the inner points of ¥, and 9 is its
boundary. The compactness analysis on (u,) will be divided into two parts.

Part I. Analysis in the interior domain X.
According to an observation in [37, Subsection 4.1] (compared with [2, Theorem 4.17]), by the Green
representation formula for functions with boundary value zero, we have

lunllyyragmy < Cqy ¥1<g<2. (2.2)

We claim that there exists some constant ¢y > 0 such that for all n € N,

/ hne'dvg > cp. (2.3)
b
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Suppose the claim is not true. By Jensen’s inequality,

1

1
e Jsundve < — [ qun gy, 0.
2l s

Thus [y, undvg — —o0, which contradicts (2.2), and concludes our claim (2.3).
To proceed, we assume that p,h,e"dv, converges to some nonnegative measure p. If p(z*) < 4r for
some z* € X, then there exist two positive constants ¢y and ry such that

/ prnhne’dvg < 4T — €.
Bz* (TO)

In view of (2.1), by Brezis-Merle’s theorem [5, Theorem 1] and elliptic estimates, we have that (u,) is
bounded in L (By~(ro/2)). This leads to pu(z*) = 0. Define a set S = {x € ¥ : p(x) > 4w}
If § # (), then we shall show that for any compact set A C ¥\ S, it holds that

v, — —oo uniformly in z € A. (2.4)

It suffices to prove that
/ hne""dvg — +00. (2.5)
by
Suppose that (2.5) does not hold. In view of (2.3), there is a constant ¢; such that up to a subsequence,
0<co< /Ehne“"dvg <.

Choose 29 € S and 0 < rg < dist(xg, 0X) satisfying By, (ro) NS = {x0}. Note that (u,) is locally
uniformly bounded in ¥\ §. There exists a positive constant co depending on zy and rg such that
|vn (z)| < ¢g for all x € By, (ro). Let w,, be a solution to

{Agwn = pnhnpe’™ in By, (ro),

Wy = —Co on 9By, (19).

Then the maximum principle implies that w,, < v, in By, (ro). By the Green formula, w,, converges to w
weakly in W14(B,, (ro)) and a.e. in B, (rg). Moreover, w is a solution of

Agw=p in By, (ro),
w=—cy on 0B, (ro).

Let G, be a distributional solution of

AyGyy =41y, In By, (10),
Gmo = —C2 on 8Bm0 (7‘0).

Clearly, G, is represented by
Gy, (z) = —2logdist(z, zg) + Ay, + 0(1), (2.6)
where A, is a constant, and o(1) — 0 as x — x¢. Since

Ag(w—Gyy) 20  in By, (ro),
w—=Ggy =0 on 0By, (19),

it follows from the maximum principle that

w(x) = Gy, (z) for all x € By, (ro) \ {z0}- (2.7)
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Combining (2.6), (2.7) and the fact that w,, — w a.e. in By, (19), by Fatou’s lemma, we calculate

400 = / eCro dvg < / e“dvy < lim inf/ e"dvy < liminf e’ dv, < C.
Buy (o) Buy (o) "7 By (ro) "0 JBag (ro)
This is impossible and excludes the possibility of (2.5). Hence we conclude (2.4).

We may assume S = {z1,...,Z;,}. Then it holds that u(a;) = 8« for all 1 < ¢ < m. Without loss
of generality, it suffices to prove u(xz;) = 87. Choose an isothermal coordinate system ¢ : U — B1(0)
near 1. In such coordinates, the metric g and the Laplace-Beltrami operator A, are represented by
g = e¥W(dy? + dy3) and Ay = —e ¥ Apa, respectively, where 1) is a smooth function with 1(0,0) = 0,
and Ag: = 0%/0y? + 0?/0y3 denotes the standard Laplacian on R2. Set & = u o ¢! for any function
u:U — R. Since (uy,) is a sequence of solutions to (2.1), %, = u, o ¢! satisfies

—Agelin(y) = @ pohy (y)e™ W)y € By, (2.8)

Multiplying both sides of (2.8) by y - Vreu,(y), by integration by parts, we have

Z/ |V]Rzﬁn|2do—r/
2 Jom, oB

(Viaip, v)2do = 1"/

e pphne’ do — / " pp (Ve (ewﬁn)v y)dy
8B,

B,

r

—2/ e’ prhnedy, (2.9)
B
where B, = {y € R? : y? + 45 < r}, 9B, = {y € R? : y§ + y3 = r}, and v denotes the unit outward
vector on dB,. In view of (2.4), (u,) converges to a Green function G(z,-) weakly in W,¢(¥) and in
CE.(2\S). Locally, G(z1, -) satisfies

Ay :Gla1,2) = pl(@1)d0, (2), V2 €7 (By).

Clearly,

Gly) = G(z1, 07 (y)) = —%ﬂ:) log [y| + n(y)

for some 7 € C?(B;). Passing to the limit n — oo first, and then r — 0 in (2.9), we obtain

~ ~ 2
plwr) = lim (T/ (VR2G,v)2do — f/ VR2G|2dU> = M
2 Jas, 4 Jop,

r—0 8w

This immediately leads to u(x;) = 8.
Part II.  Analysis on the boundary 0X.

Let * € ¥ be fixed. Note that p,h,e""dv, converges to the nonnegative Radon measure x on 3. If
w(x*) < 2w, there exist a neighborhood V' of 2* and a number vy > 0 such that

/ prhne’dvg < 2m — 7. (2.10)
1%

Without loss of generality, we take an isothermal coordinate system (V,¢,{y1,y2}) such that ¢(a*) =
(0,0),and ¢ : V — BT UT = {(y1,92) : y2 = 0}, where I' = {(y1,92) : |y1] < 1,52 = 0}. Moreover, in this
coordinate system, the metric g = e“p(y)(dy% +dy3) and the Laplace-Beltrami operator A, = —e VW) Apo,
where ¢ : B UI' — R is a smooth function with 1/(0,0) = 0. For more details about isothermal coordinates
on the boundary, we refer the readers to [38]. Now the local version of (2.1) is

—Apz(un 097 (y) = ew(y)lon(hn o ¢71)(y)e(v"0¢71)(y) in BT, (2.11)
Up 0 H(y) =0 on I'. .
For any function u : V — R, we define a function u : Bf UT — R by
~ uo(bil(ylvy?)a if Y2 P 07
Y1, y2) = o . (2.12)
—uo ¢~ (y1,—y2), if ya <O.
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One can easily check that u,, is a distributional solution of
~Ag2in(y) = faly), y € B, (2.13)
where f,, is defined as in (2.12) and for y € B UT,
fu0 87 (w) = "W pn(hn 0 671 (eI,
In view of (2.10) and the fact that ¢(0,0) = 0, there would exist a number rq € (0,1) such that

/ | fu(y)]dy < 47 — 0.

By,
Let w,, be a solution of
—Ag2w, = f, in B,
wy, =0 on 0B,,.

By Brezis-Merle’s theorem [5, Theorem 1], there exists some constant C' depending only on ~yy and 7o

such that A )
By [ fallzr@.,)

Hence, there exists some gg > 1 such that

el

Lao(z,) < C. (2.14)

Let 1, = u,, — w,. Then 7, satisfies

—Agen, =0 in By,
= m (2.15)
T = Un on B, .
Noticing (2.2) and (2.14), we have by applying elliptic estimates to (2.15) that
[l LB, ,.) < C. (2.16)

Combining (2.3), (2.14) and (2.16), we conclude || f, || a0 (B,,/2) < C. Applying elliptic estimates to (2.13),

we obtain that ||@,|/z~@®, ,) < C, which implies ||un||Loo(¢71(IB+/ y < C. In conclusion, we have that if
ro /4

0/4
u(x*) < 2w, then (u,) is uniformly bounded near z*. This also leads to u(z*) = 0.

If p(x*) > 2w, in the same coordinate system (V, ¢, {y1,y2}) as above, fn(y)dy converges to a Radon
measure 1z with (0,0) > 47. Obviously, there exists some r1 > 0 such that for any = € B,., \ {(0,0)},
i(x) = 0. Using the same argument as the proof of (2.4), we conclude that for any compact set A C
B, \{(0,0)}, 7, converges to —oo uniformly in A. This leads to f,(y)dy converging to the Dirac measure
£1(0,0)0(0,0)(y). Recalling (2.2), we have that w,, converges to Gy weakly in W4(B,.) and a.e. in B,,,
where CNT'O satisfies
—Ar2Go(y) = 1(0,0)600,0)(y), ¥y € B,,.

Clearly, éo is represented by

~ 1(0,0
Goty) = 0D sog )+ 40 + O(ly) (2.17)
as y — 0, where Ay is a constant. Noting that v,, converges to —oo locally uniformly in B, \ {(0,0)}, we
have by applying elliptic estimates to (2.13) that

U, — Go in CL (B, \ {(0,0)}). (2.18)

By (2.11), @, (y1,0) = 0 for all |yy| < 1, which together with (2.18) leads to Go(y1,0) = 0 for all
0 < |y1| < r1. This contradicts (2.17). Therefore,

{r € dX: u(x) =27}t =0.

Combining Parts I and II, we conclude the lemma. O
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2.2 An improved Trudinger-Moser inequality

In this subsection, we shall derive an improved Trudinger-Moser inequality, which is an analog of that of
Chen and Li [11]. Tt is known (see, for example, [20]) that

1
log/ze“dvg Tom /|V ul?dv, + C, Yue W, (). (2.19)
Lemma 2.2. Let by > 0 and 9 > 0 be two constants, and 2y, ..., Q. be k domains of ¥ satisfying
dist(€2;,8;) = by for all 1 <t < j < k. Then for any € > 0, there exists some constant C' depending only
on by, Yo, k and € such that

1 “d gi v d C 2.20
og [ v, < g [ [Vyultdv, + (220)
for all w € Wy (%) with

/Qe“dvg>”yo/2e“dvg, i=1,...,k. (2.21)

Proof.  We modify an argument of Chen and Li [11]. Take smooth functions ¢1, ..., ¢ defined on
satisfying

supp ¢; Nsupp¢; =0, V1<i<j<k, (2.22)
;=1 onQ;, 0<¢; <1 onY, V1I<i<k, (2.23)

and for some positive constant b; depending only on by and g,
Vol <b1, V1I<i<k (2.24)

For any u € Wy () satisfying (2.21), we have ¢;u € W (Q) for all 1 <i < k, and thus (2.19) implies

1
/ e'dvy < — e"dvg
= Y Jo,
1 diu
< — e?du,
Y Jx

1 1
< % exp (W|Vg(¢z‘u)||2m(z) + C)'

Recall an elementary inequality: if a < a; for nonnegative numbers a and a;, i = 1,...,k, then a <
(a1 ---ag)*. In view of (2.22)-(2.24), we have

1 k 1 1/k
/Ze“dvg < %<H6XP <167T||vg(¢iu)”2L2(Z) JFC))
=% o (1o Z 19,000 s

oo (el (o))

< Cexp ( (1 +e)IVgullfas) + Cle)|lulz: z>> (2.25)

1
16km
Let 0 < A1 < Ao < < Ap < Apy1 < -+ be all the eigenvalues of the Laplace-Beltrami operator with

respect to the Dirichlet boundary condition with A\; — 400 as i — oo, and {e; }$2; be the corresponding
unit normal eigenfunctions, i.e., Age; = Aje; and fz eiejdvg = d;; for 4,5 = 1,2,... It is known that
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WiA(S) = E @ E}, where E; = span{ey,...,e;} and B} = {es11,e040,...}. Let u € W, *(X) be as
above. Write u = v + w with v € Ey and w € Ej-. Thus the Poincaré inequality implies

¢
lolleosy < S leilleos, / lullesldvy < CollVyullos,
=1

while by the definition of the (¢ 4 1)-th eigenvalue,

1
/devq < —/ IV yw|*dv,.
s T A1 Uy

Having the above two estimates and applying (2.25) to w, we have

u CellVgull 2 w
/Eedvgée gHIL2 (=) Ee dvg

< OeCeHVguHm(z) exp < 0(61)

6k ) |ng||%2(z)>

1 C(er)
CellVgul ! 2
< Ce™* 202 exp (16k7r (1 ta Av+1 )vgu”m@))

This together with Young’s inequality gives

(1 + el Vowl[Za(s) +

1 C(er)
1 Y, < ——( 1 . 2.2
og/Ee dvg 16k7r( —i—el)\/ +61)/|Vu| dvg + C e, - (2.26)

Let € > 0 be any given number. Choosing €; = €/(32km — 2¢), and then taking a sufficiently large ¢ such
that C'(e1)/Ae+1 < 1 in (2.26), we immediately have

1
1og/ze“dvg < m/z |V gul*dv, + C,

where C' is a constant depending only on by, vo, k and e. This is exactly (2.20). O
For any p > 0, we define a functional J, : W, *(%) — R by

1
Jp(u) = 3 /E |V gul?dv, — plog/Z hedvg. (2.27)

Clearly J, € C?(W,*(2),R). To find solutions of the mean field equation (1.3), it suffices to find critical
points of J,. For any a € R, the sub-level of J, is written as J§ = {u € Wy2(%) : J,(u) < a.
Let X, be the formal set of barycenters of ¥ (of order k), which is

k k
Zk—{Ztidmi:ti>0,xi€E,Zti—1}. (2.28)
i=1 =1

It is endowed with the weak topology of distributions. In computation, we use on X; the metric given
by (C1(2))* inducing the same topology. Similarly, we may define

k k
Zk{Zti(;mi:ti}O,xiGE,Ztil}. (2.29)
1=1 1=1

2.3 Continuous maps between sub-levels of J, and X

Let J,, ¥) and X be defined as in (2.27)-(2.29), respectively. In this subsection, we shall construct
continuous maps between sub-levels of .J, and £, (or Xj).

Lemma 2.3. For any k > 1, both &), and ¥}, are non-contractible.
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Proof.  Since X is homotopic to ¥y, we only need to prove that ¥ is non-contractible. Let x(X) be
the Euler characteristic of 3. By [21, Corollary 1.4(a)],

1
X(Bk) =1 = (1 =x(2)) - (k= x(%)). (2.30)
Denote the genus of ¥ by g and the number of the connected components of 9% by m. Notice that ¥ is
simply connected if and only if the Euler characteristic of ¥ equals 1. By the assumption, it then follows

that

X(E2)=2-2g-m<0. (2.31)
Inserting (2.31) into (2.30), we have
x(Zg) <0. (2.32)
On the other hand, it holds that
3k—1 ‘
X(Zk) = ) (1) dimH;(S, Z). (2.33)
j=0
Suppose that ¥y is contractible. Then dimH;(X,Z) = 0 for all j > 1, while dimHy(X¢,Z) = 1, since Xy
is connected. Hence (2.33) gives x (X)) = 1, contradicting (2.32). Hence X}, is non-contractible. O

Lemma 2.4. Let p € (8kw,8(k+1)w). Then for any sufficiently large L > 0, there exists a continuous
retraction
v gk {uewom( ): J,(u) < =L} — 3.

Moreover, if (u,) C Wy>(%) satisfies dvgy — 0 € 3y, then ¥(u,) — o € 3.

f e“n d'u
Proof. By [17, Proposition 4.1], for any € > 0, there exists an Ly > 0 such that for all u € JP_LO,

eu

5, etduy

where D(X) denotes the set of all the distributions on X. If ¢y > 0 is sufficiently small, then there exists

dvy € {0 € D(X) : d(0, %)) < €},

a continuous retraction
Y {o € D(D) : d(0,3%) < €0} — . (2.34)

For sufficiently large L > 0, we set

eu
\I/(’u,) :'I/Jk(j,eudvd'[}g>7 Yue JP_L.
z g

As a consequence, we have a continuous map veJ; L %

Moreover, if (u,) C Wy'?(X) satisfies T “ndv dvg — 0 € 3, then as n — oo,

U (uy) = Yy, <Mdvg) — g (0) = 0o,

as desired. O

Let o0 = Zle t;0:, € X be fixed. Take a smooth increasing function 7 : R — R satisfying n(t) = ¢ for
t <1,and n(t) =2 for t > 2. Set n,.(t) = rn(t/r) for r > 0. For A > 0 and z € X, we define

8)\2
Orolw 1°g<zt’ L+ 2 (dist(a, x»))?) (2.35)

and
82

Pro(T) = 5&0@) — log m (2.36)
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Lemma 2.5. Let p € (8km,8(k + 1)m) and ¢ > 0. If A > 0 is chosen sufficiently large, and r > 0 is
chosen sufficiently small, then for any o € ¥ with dist(supp o,0%) > €, it holds that

Jp(Pr,0) < (8km — p)log A (2.37)
and
ePxr.o
md'l}g — 0 as )\ — 400. (238)
Proof.  Given o € %y, without loss of generality, we assume suppo = {x1,...,25} C 2. Let (EAJ and

o0 be defined as in (2.35) and (2.36), respectively, where A > 0 and 0 < r < ¢/4. Write r; = r;(x) =
dist(z, ;) for x € ¥. A simple observation gives

k

82
o for xEE\UB2r(JCi)7
2,2)2
(1 +4A%r2) -1 (2.39)

8A?t; 8A%(1—t;)
ot (Yt (s ) o € B

B log
Do (T) =

As a consequence, ¢y , € I/VO1 (). For & € By, (;), a straightforward calculation shows

8A\?t;
V,bro(z) = T2(r)? AN, (r )l (ri )V g7
grane B 8A2t; 8A2(1—t;) 2,2 (. )
(1+>\2n$t(n:))2 + (1+4()\2r2)2 L4 A2 (i)

and thus
AN, (ri)m,. (i)
L+ Nn2(ri)

In view of (2.39), it holds that Vgg,\p(x) =0forzeX\ Ule By, (x;). Hence,

/|vg$>\76|2dvg :/ |vg$>\,d|2dv9
> Uiz Bar (1)

k

AN ()l (ri) \
< — 2 d
Z/B< T+ 22(r) ) ©

i=1

Vg@r0 ()] <

k
1
_ 2 2,2
— ;1%(1 +O(r ))<log(1+)\ r?) + T 1) +0(1)

< 16km(1+ O(r?))log \* + C (2.40)
for some constant C' independent of r and A. Moreover, for any s with

0 < s < min {r, min dlst(xz,xj)}
1<i<j<k

- 1
Ox,o — br.0
/ e e dvg / e e dvg + O<)\2 2)
8A2t;
_Z/ T+ 2) dvg+0(

=87(1+0(s%)) + O(vl 2>

1
¢>\ ad/U — O( )
/E\U,’;‘l Bar () A%rd

it holds that

and
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It follows that

[ s, =sa1+062) +0 (535 ) + 053 )

Passing to the limit A\ — +o0 first, and then s — 0+, we have

lim e‘”"’dvg = 8.
A——+oo »

Hence,

5 1+ 4)%r?)?
[eredu, = [ o, ST — s ot
b b

Combining (2.40) and (2.43), we obtain

1
JP(QA,U) = ) /Z |Vg¢>\,cr|2dvg — PIOg-/Zhe‘b*'”dvg

< (16km — 2p + O(r?)) log A + C,..

Since p > 8k, choosing r > 0 sufficiently small and A > 0 sufficiently large, we conclude (2.37).

(2.41)

(2.42)

(2.43)

Finally, we prove (2.38). Let o = Zle ti6z, € X be as above. For any ¢ € C1(X), similar to (2.41),

we calculate

k
~ 1 1
x,o — ) ) 2

/Zwe Modu, = 8T E tip(z;) +O(s )+O(/\232> +O<)\2r4>'

i=1
Letting A — +o0 first, and then s — 0+, we obtain

k
lim e o dv, = 8T Z tip(x;).
)

A—+oo .
=1

This together with (2.42) implies (2.38).

O

Lemma 2.6. Let ¥ and L > 0 be as in Lemma 2.4. If A > 0 is chosen sufficiently large, then there
exists a continuous map ®y : Xy — J;L such that W o ®y is homotopic to the identity map Id : Xy — 2.

Proof.  Let ¢, be constructed as in Lemma 2.5. For any o € X, we define ®5(0) = ¢y,. Clearly,
the map @y : ¥y — W, (2) is continuous. By (2.37), if A > e&/(?=857)  then Jo(¢xr0) < —L. Thus

®x(0) € J, *. By Lemma 2.4 and (2.38), it holds that

ePr.o
\I/ e} <I>>\(J) = \IJ(¢)\,U) = 'l][]k (u{M}d’l}g> — 0
= ' Y

as A — +o0o. Hence, ¥ o @, is homotopic to Id : ¥ — X.

2.4 Min-max values

In this subsection, we shall construct the suitable min-max value of J, for p € (8km, 8(k + 1)m), k € N*.

Recalling that ¥ is non-contractible, we can take a sufficiently small € > 0 such that
Y ={x € ¥ : dist(z,0%) > €}

is non-contractible. Let
Yer = {0 € Xy : dist(supp o, 0X) > €}.

According to Lemma 2.3, we see that X j is also non-contractible. Let

Ser =Sk x [0,1]/(Ser x {0})

(2.44)
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be the topological cone over ¥, . A path set associated with the metric space ie,k is defined by
'y={ve Co(ie,mWol’g(z)) Yz xq1y € aols (2.45)
where I'y o is given by
Txo = {7 € CO(ck x {1}, Wy *()) : 7(0, 1) = @x(0), Vo € N}

If we write a path 7 : ieﬁk — Wol’z(E) by J(o,t) = tdx,s, then 7 € 'y, and thus 'y # 0.
For any real numbers A and p, we set

ax, = inf  sup  Jy(v(0,1)) (2.46)
TELN (51)es.
and

BA,p = sup sup JP(’Y(Ua t)) (247)
YET N0 (0,t)EXc 1 x{1}

Lemma 2.7. Let p € (8km,8(k + 1)), and € > 0 be as above. If X\ is chosen sufficiently large, and r
is chosen sufficiently small, then —oo < B , < ay,, < +o0.

Proof. 1t L > 0 is large enough, ¥ : J~ L — ¥ is well defined (see Lemma 2.4 above). It follows
from Lemmas 2.5 and 2.6 that for sufficiently large A > 0 and sufficiently small » > 0, it holds that
®x(0) € J,; 4 for all o € X . This together with (2.47) implies

Brp < —AL. (2.48)

Now we claim « , > —2L. If not, ay , < —2L. By the definition of « ,, namely (2.46), there exists
some 7, € I'y such that sup, , s Jo(711(o,t)) < —3L/2. As a consequence,

o,t
3 ~
Jo(m(o,t)) < _iL for all (0,1) € Ec .

Since U : Jp_L — ¥, is continuous, the map ¥ oy : ie,k — Y, is also continuous. Note that 7 (o,1)
= ®,(0) and v1(0,0) = up € Jp_L for all 0 € X . If we let 7 : ¥ — ¥ ) be a continuous projection,
then 1o ¥ o @y : X, — X is homotopic to a constant map mo ¥ oy (-,0) : X¢  — X, . Moreover,
by Lemma 2.6, m o ¥ o @) is homotopic to Id : ¥ — 3. . Hence the identity map Id : ¥ — Xc i
is homotopic to the constant map mo W o~v(+,0) : ¢ — X, which contradicts the fact that X 5 is
non-contractible. Therefore,

ax, > —2L. (2.49)

Since J, € CQ(WOLQ(Z),R) and EAJG,;C is a compact metric space, we immediately have that 8y, > —oo
and o, < +00. This together with (2.48) and (2.49) concludes the lemma. O

To proceed, we need several uniform estimates for functionals J,.
2.5 Uniform estimates with respect to p
Let [a,b] C (8km,8(k + 1)7) be any closed interval. Let L > 0 be sufficiently large such that
VRN (2.50)

is a continuous map defined as in Lemma 2.4. Let X, be given as in the previous subsection. Choose a
sufficiently large A > 0 such that for all o € 3., Px(0) = ¢, satisfies

Ja(dr,0) < —(a —8km)log A < —4L, (2.51)

where ¢ , is defined as in (2.36). It should be remarked that the choice of A depends not only on L, k
and a, but also on €. Let I'y and a , be given as in (2.45) and (2.46), respectively.
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Lemma 2.8. Letp € [a,b]. Then ¥ : J;L — Xy is well defined uniformly with respect to p. Moreover,
for all p € [a,b], it holds that

Jp((b)\,a)
Proof.  Let p € [a,b]. If u € J,; ¥, then J,(u)

< —4L, Vo e X
< —L. This implies

log/ he“dvg > 0.
b
It follows that Jy(u) < J,(u) < —L and u € J, “. As a consequence Jbc J, b, and thus by (2.50),

8 JP_L — X, is well defined.
Let 0 € X, i, and ¢y, satisfy (2.51). As above, we have that by (2.51),

1
Toora) = 5 [ 1Vabraldy = p [ heed,
’ 2Js ’ )
1
< f/ IV, 002 dv, —a/ he v duv,
2 s ’ )
= Ja(¢A,a) < —4L.
This ends the proof of the lemma. 0

For simplicity, we denote a , by a,. By Lemmas 2.7 and 2.8, «,, is a real number for any p € [a,b].
Then we have an analog of [15, Lemma 2.4].

Lemma 2.9. «,/p is decreasing in p € [a,b).

Proof. Let a < p1 < pg < b. Then for any (o,t) € ie,k and any vy € Iy, it holds that

In((01) (0 1) (1 _ 1) /E V(0. )ldvy > 0.

P1 P2 P1 P2
It then follows that a,, /p1 > ap,/p2. O
By Lemma 2.9, a,/p is differentiable almost everywhere in [a,b] C (8km,8(k + 1)m). Define
Aop = {p € (a,b): % is differentiable at p}. (2.52)

Then A, is a dense subset of [a, b].
2.6 Existence for a dense set

In this subsection, we shall prove that J, has a critical point for any p € A,,. The argument we shall
use is adapted from Ding et al. [15]. For readers’ convenience, we provide the details here.

Lemma 2.10. If p € Ay, then «, is differentiable at p. In particular, if p € Aqy, then we have
a;=0a,+0(p—p) asp—p.

Proof.  In view of (2.52), it suffices to notice that a, = p(a,/p). O
As an analog of [15, Lemma 3.2], we have the following lemma.
Lemma 2.11.  If p € Ay, then a, is a critical value of J,.

Proof.  Let (pn) C [a,b] be an increasing sequence converging to p € Aqp. By the definition of «,,,
there must be a path ~, € I'y such that

sup  J,, (u) < ap, +p— pn. (2.53)
wEYn (Sek)

Also we use the definition of «, to find some u,, € 'yn(flslk) C Wy *(2) with

Jp(un) > @, — (p— pu). (2.54)
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For the above u,,, by Lemma 2.10, we have

1 Jon (Un) _ Jp(un)
2 "
§/Z|Vgun‘d”g: pi_lp

pn P
Qp, — Qp 1 1
<p—Lp (———Ja,+pu+p
P = Pn Pn P

<o (2.55)

for some constant ¢y depending only on p, v, and (c,/p)’. Moreover, by Lemmas 2.9 and 2.10, and the
estimate (2.53), one finds

Toltin) < =Ty, () < (0, +p = pu) < g+ Clp = pu) (2.56)

n

for some constant C' independent of n.
Suppose that «, is not a critical value of J,. Since any bounded Palais-Smale sequence must converge
to a critical point of J, (see [15, Lemma 3.1]), there would exist a § > 0 such that

Hde(u)H(W(}ﬂ(z))* =20 (2.57)

for all u € A5, where
Ny = {u e WD) : / |V gul*dv, < 2¢q, |J,(u) — a,| < (5}. (2.58)
b

It follows from (2.54)-(2.56) that A5 # 0. Let X, : A5 — Wy '*(X) be a pseudo-gradient vector field for
J, in A5, namely, a locally Lipschitz vector field satisfying ||XPHW01’2(E) < 1and

0., (u)(X () < 0. (2.59)

Here, we have used (2.57). One can check that as n — oo, dJ,, (u) converges to d.J,(u) in (Wy?())*
uniformly in w with fz |V u|?*dv, < c¢*. Thus, X, is also a pseudo-gradient vector field for .J,, in A5.

Moreover, it holds that for all u € A5 and sufficiently large n,
dJ,, (u)(Xp(u) < —0/2. (2.60)

Take a Lipschitz continuous cut-off function 7 such that 0 <7 <1, n =1 in Aj/5, and n = 0 outside A5.
Let ¢ : Wy?(2) x [0,400) be the flow generated by nX,, which satisfies

%ww, 8) = n(w(u, $) X, (¢ (u, 5)),

P(u,0) = u.

This flow has long time existence because it always remains stationary outside .4;5. It follows from (2.59)
that for all u € A5/,

d

ds Tp((u, 8)) = dJ,(u)(X,(u)) < 0. (2.61)

s=0

In view of (2.49) and (2.58), one easily sees ¢\, & A5 for all 0 € X . Since J,(¢Y(Pxr0,5)) is
decreasing in s, it holds that J,(¢¥(¢xs,s)) < —4L for all s € [0, +00). Hence ¢ (v,(0,1),s) ¢ A5, and
thus ¥(v,(0,1),s) = ¥(yn(0,1),0) = ¢r, for all 0 € E. j, and all s € [0,+00). As a consequence, if we
write ¥4(-) = 9(-, s), then we have 15 07, € I'y. By (2.56) and the monotonicity of J,(¢s(u)) in s, we
obtain

a, < sup Jp(u)
uewso'Yn(ie,k) ue'Yn(Zﬁ,k)

N
]
=

e}

Jp(u) < ap+Clp—pn). (2.62)
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We now claim that

sup J,(u) is achieved in .Aj /5. (2.63)
uew.so’}’n(iak)

In fact, since EAJG, 1 18 a compact metric space, the continuous function Jp(ws 0, (+, +)) attains its supremum
at some (o, tp) € lek. As a result, the function s, = 15 0 v, (00, to) achieves SUD, e o (5 p) Jp(u).
If n is chosen sufficiently large, (2.62) implies that a, < J,(usn) < @, + /2. By (2.60), J,, (¥s(u)) is
decreasing in s, which together with (2.53) gives J,, (usn) < @,, + p — pn. It then follows that

1 S’I’L s,
§/Z|vgus,n|2dvg = ( - ) = u - P(u : ))

p

(4
(-3) (i)

< Co,

where ¢g is the same constant as in (2.55). Therefore, us, € A /2, and our claim is confirmed.
Let 5 > 0 and 7,, = ¢5 0 y,. Then by (2.61) and (2.63), we have

d _
Ll s o) = 0| s T s07,(01)
S ls=3 (0,8)ES $=5 (0,t)EXc k
d _
di sup Jp(ws o ’Yn(o-v t))
5=0 (0,t) €S
d
< s | )
u€EN5 /2 S ls=0
<-4 (2.64)

Using the Newton-Leibniz formula, we conclude from (2.62) and (2.64) that

sup Jp(u) < ap,
UEY50Yn (ie,k)

if s > 0 is sufficiently large. This contradicts the definition of «,, and ends the proof of the lemma. [
2.7 Existence for all p € (8kw,8(k + 1))

In this subsection, we use the previous analysis to complete the proof of Theorem 1.1.

Proof of Theorem 1.1.  For any p € (8kw,8(k + 1)7) and k € N*, there are two constants a and b
with 8k7m < a < p < b < 8(k + 1)m. By Lemma 2.11, we may take an increasing sequence of numbers
(pn) C Aqp such that p, — p and «,,, is achieved by u,, € Wol’z(E). Moreover, u,, satisfies

hetn
Agtuy = pp—————  in X. (2.65)
g J5; hetndo,
By Lemma 2.9,
b
ap, < ~Qa (2.66)

Denoting vy, = u,, — log [y, he“rdv,, by (2.65), we have

Ag’Un = pphe’,

/ he’"dvg = 1.
b
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By Lemma 2.1, (u,,) is bounded in L>(X). Let Q1, ..., Qx4 1 be disjoint sub-domains of 3. By Lemma 2.2,

1
lo e"dy,  ———m8M8M — YV, |2dv, + C.
g/z e 16(,6“)77_6/2 yunl2do,

for any € > 0 and some constant C, > 0. This together with (2.66) implies that for 0 < € < 16(k+1)7—2b,

1
5/ Vgun|*dvg = Jp, (un) + pn log/ het" dvg
b b
b

<— 2 .
< 16(k+1)ﬂ__6/2\vgun| dvg +C

It then follows that (u,) is bounded in WO1 2(¥). Without loss of generality, we assume that u,, converges
to u, weakly in VVO1 (%), strongly in LP(X) for any p > 1, and almost everywhere in X. Moreover, ¢¥»
converges to e strongly in LP(X) for any p > 1. By (2.65), u, is a distributional solution of (1.3).
Hence, u, is a critical point of .J,,. O

3 The Neumann boundary value problem

In this section, we shall prove Theorem 1.2 by the min-max method. Since part of the proof is analogous
to that of Theorem 1.1, we only give its outline but stress the difference. In Subsection 3.1, we prove
a compactness result for solutions of (1.4). In Subsection 3.2, we derive an improved Trudinger-Moser
inequality for functions u € W2(X) with Js, udvg = 0. In Subsection 3.3, we construct two continuous
maps between sub-levels of J, and the topological space %%, where J, and %} are defined as in (3.26)
and (3.27), respectively. In Subsection 3.4, we construct min-max levels of J,. The remaining part of the
proof of Theorem 1.2 is outlined in Subsection 3.5.

3.1 Compactness analysis

Let (p,) be a number sequence tending to p € R, (h,) be a function sequence converging to h in C*(%),
and (u,) be a sequence of solutions to

hpe%r 1
Ayt = po o — ) i X,
o P (fz hnetndug |Z|) o

Ou, /0v =0 on 0%, (3.1)
/ updvg = 0.
b

Uy = Uy — log/ hne"duvg.
b

Define

Then Agv, = pp(hne’ —1/|%]) and [g hpe'ndvg = 1. Concerning the compactness of (uy), we have an
analog of Lemma 2.1.

Lemma 3.1.  Assume that p is a positive number and h is a positive function. Up to a subsequence,
one of the following alternatives holds:

(i) (un) is bounded in L>=(X);

(ii) (vn) converges to —oo uniformly in X;

(iii) there exists a finite singular set S = {p1,...,pm} C X such that for any 1 < j < m, there is a
sequence of points {p;n} C X satisfying pjn — pj, un(pjn) — +00, and v, converges to —oo uniformly
on any compact subset of X \'S as n — 0o. Moreover, if S has ¢ points in ¥ and (m — £) points on 9,
then

pn/ hpe’"dvg — 4(m + O)7.
b
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Proof.  We modify arguments in the proof of Lemma 2.1, and divide the proof into two parts.

Part I. Analysis in the interior domain X.
Let (uy) be a sequence of solutions to (3.1). By the Green representation formula (see [38]), we have

[unllwias) < Cq V1<g<2 (3.2)

Since (hy,) converges to h > 0 in C1(X), there exists some constant C' > 0 such that for all n € N,

/ e"dv, < C. (3.3)
b

Moreover, Jensen’s inequality implies

liminf/ e'rdug > |X].
n—oo >

Without loss of generality, we assume that p,,h,e"dv, converges to some nonnegative measure £ on 3.
If pu(z*) < 4m for some a* € ¥, then there exist two positive constants ey and rq verifying

/ prnhne’dvg < 41 — €.
Ba:* (TO)

In view of (3.1), by a result of Brezis and Merle [5, Theorem 1] and elliptic estimates, we have that (uy,)
is bounded in L (By-(ro/2)). This leads to p(x*) = 0. Define a set S = {z € ¥ : p(x) > 4n}. If S # 0,
then by almost the same argument as the proof of (2.4), we conclude that for any compact set A C X\ S,
it holds that

vp, — —oo uniformly in z € A. (3.4)

Assume S = {z1,...,z;} for some positive integer j. We shall show that p(x;) = 8 for all 1 <i < j.
Without loss of generality, it suffices to prove u(x1) = 8w. For this purpose, we choose an isothermal
coordinate system ¢ : U — By = {(y1,y2) € R* : y7 + y3 < 1} near z;. In such coordinates, the metric g
and the Laplace-Beltrami operator A, are represented by g = e?W) (dy? + dy?) and AVIES —e YW Ao,
respectively, where v is a smooth function with 1(0,0) = 0, and Agz = 9%/9y} + 8?/0y3 denotes the
standard Laplacian on R?. Set & = uo ¢! for any function u : U — R. Since (u,) satisfies (3.1),
Up = Uy © ¢~ satisfies

—Ap2iin(y) = @ p, (i (y)e™ ¥ — |5 7), y € By. (3.5)

Multiplying both sides of (3.5) by y - Vreu,(y), by integration by parts, we have

L / | Ve, |?do — r/ (Vially, v)2do = r/ ¥ pphne’ do — / e pp (Vg2 (ewﬁn), y)dy
2 Jom, OB, OB, B,

- 2/ ¥ prhne’ dy + P eVy - Vo tindy, (3.6)
B % /s,

r

where B, = {y € R? : y? + 432 < r}, OB, = {y € R? : y? + y2 = r}, and v denotes the unit outward
vector on OB,.. In view of (3.4), (u,) converges to a Green function G(z1,-) weakly in W4(X) and in
CE.(2\S). Locally, G(z1, ) satisfies

Ay Ga1,2) = p(@1)ds, (2) = p|Z| 7", V2 € 97 (By).

Clearly,

Gy) = G(z1,07 (y)) = —% log [y +n(y)

for some n € C%(B,). Passing to the limit n — oo first, and then r — 0 in (3.6), we obtain

p(zy) = lim (; /BBTWW(?, V) 2do — Z/am |VR26|2da> _ (@) (3.7)

r—0 87
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This immediately leads to (1) = 8. In conclusion, we have
w(z;) =8 forall 1l <i<j. (3.8)

Part II. Analysis on the boundary 0X.
Let z* € ¥ be fixed. Note that p,h,e’"dv, converges to the nonnegative Radon measure y on 3 as
n — oo. If p(x*) < 27, there exist a neighborhood V' of z* and a number ¢ > 0 such that

/ prhne’dvg < 2w — 7. (3.9)
v

Without loss of generality, we take an isothermal coordinate system (V,¢,{y1,y2}) such that ¢(z*)
=(0,0),and ¢ : V = B UT = {(y1,2) : 47 + y3 < 1, y2 > 0}, where I' = {(y1,92) : 11| < 1,2 = 0}.
Moreover, in this coordinate system, the metric g = e?®) (dy? + dy3) and the Laplace-Beltrami operator
Ay = —e YW A2, where ¢ : Bf UT — R is a smooth function with ¢(0,0) = 0; moreover, 9/dv
= e v/ 20/0y,. For more details about isothermal coordinates on the boundary, we refer the readers
to [38, Section 2]. Now the local version of (3.1) is

—Apga(un 0N (y) =e?Wp, ((hy, o Qﬁ*l)(y)e(vno‘i’”)(y) _ 5 i B

0 1 (3.10)
—(up 0@~ =0 on I'.
(067 )(0)
For any function u : V' — R, we define a function u : B; — R by
_ uod (yi,y2),  if y2 >0,
u(yr,y2) = 71( 1 42) e (3.11)
wo ¢ (y1, —y2), if Y2 <O.
One can easily derive from (3.10) that w, is a distributional solution of
—Ag2@in(y) = fuly), y € By, (3.12)
where f,, is defined as in (3.11) and for y € B UT,
fro 6™ (y) = e py (o 0 71 (y)el>? W) — 2|7,
In view of (3.9) and the fact ¢(0,0) = 0, there exists a number 7y € (0,1) such that
/ |fa(®)ldy < 47 = 7.
70
Let w,, be a solution of
—Agewy, = fn in Broa
w, =0 on JB,,.
By [5, Theorem 1], there exists some constant C' depending only on €, and rg such that
4T — ~v0/2)|wy,
/ exp (M/le)dy <cC
Brg I frllzr @,y
Hence, there exists some gy > 1 such that
||e‘w"|||L‘10(IB%TO) <C. (3.13)
Let 1, = u,, — w,. Then 7,, satisfies
7A n — 0 i ET )
Rl P (3.14)
N = Un on 0B,,.
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Noticing (3.2) and (3.13), we have by applying elliptic estimates to (3.14) that
17l 8, ,.) < C. (3.15)

Combining (3.3), (3.13) and (3.15), we conclude || f || a0 (B, /2
we obtain ||un|[r=@,, ,,) < C, which implies Hun\|Lm(¢,1(B+/ )y < C. In conclusion, we have that if
ro/4

y < C. Applying elliptic estimates to (3.12),

u(x*) < 2w, then (u,) is uniformly bounded near z*. This also leads to u(z*) = 0.

If p(x*) > 2w, in the same coordinate system (V, ¢, {y1,y2}) as above, fn(y)dy converges to a Radon
measure g with (0,0) = 2u(x*) > 4w. Obviously, there exists some r; > 0 such that for any = €
B,, \{(0,0)}, fi(x) = 0. Using the same argument as the proof of (3.4), we conclude that for any compact
set A C B,, \ {(0,0)}, 7, converges to —oo uniformly in A. This leads to that f,(y)dy converges to the
Dirac measure 7i(0,0)d(0,0)(y). Recalling (3.2), we have that w,, converges to G weakly in W4(B,,) and

a.e. in B,,, where G satisfies
~Ag:Go(y) = A0,0)00.0)w) ~ pISI ™"y € By,

Clearly, Gy is represented by

~ ﬁ(ov 0)
2

Go(y) = —Tlog ly| + Ao + O(ly|)

as y — 0, where A is a constant. Noting that v,, converges to —oo locally uniformly in B, \ {(0,0)}, we
have by applying elliptic estimates to (3.12) that

Un = Go i Cie(By, \ {(0,0)}).

Multiplying both sides of (3.12) by y - Vrew,(y), completely analogous to (3.6) and (3.7), we obtain
1(0,0) = 8m, and thus

u(x™) = 4m. (3.16)

Note that if pu(z;) > 0 for some x; € %, then there must exist x;,, C ¥ satisfying wu, (z;,) — +oo.
If not, (uy,) would be uniformly bounded near x, which leads to u(x) = 0. The lemma then follows
from (3.8) and (3.16) immediately. O

3.2 An improved Trudinger-Moser inequality

For a compact surface with smooth boundary, it was proved by Yang [36] that
sup / eQMdeg < 0. (3.17)
weWbH2(%), [ |Vgul|?dvg<1, [5 udvg=0J%

Define @ = ﬁ Js udvg. By (3.17) and Young’s inequality, we obtain

)
—z 2m e+ |V gull3
log/ e du, <log/e Ivgully =57 dvg
D) s

1 QWﬁ(uiiﬂ

= 87/E|Vgu|2dvg+log/2e I¥oulz du,
1

< 87/E|Vgu|2dvg +C

Hence,

1 1
log/ e"dvy < —/ |V gul?dv, + —/ udvy, VueWhH(%). (3.18)
b 8 Js %] Js



LiJY et al. Sci China Math  January 2023 Vol. 66 No.1 135

Lemma 3.2. Let by and o be two positive constants, and Qi,...,Q be k domains of ¥ with
dist(£2;,9Q5) > by for all 1 <i < j < k. Then for any € > 0, there exists some constant C' depending only
on bo, Yo, k and € such that

1 1
1 “ < — 2 — 1
og/ze dvg SkW—G/E‘VgM dvg + 5 /Zudvg—FC (3.19)

for all w € WH2(2) with

/ edvg > 70/ e'dvg, i=1,...,k. (3.20)
b

Proof.  We follow the lines of Chen and Li [11]. Take smooth functions ¢1, ..., ¢x defined on 3 satisfying

supp ¢; Nsuppo; =0, V1I<i<j<k, (3.21)
pi=1 onQ;, 0<¢ <1 onX, VI<i<k, (3.22)

and for some positive constant b; depending only on by and the metric g,
Vil <b1, V1<i<k. (3.23)
For any u € WH2(3) satisfying (3.20), we have ¢;u € W12(Q) for all 1 < i < k, and thus (3.18) implies

1
/ e'dvg < — | e"du,
b Y0 Jao,

1
< — e¢"“dvg
Yo

1 1 1
< %exp <87T||Vg(¢zu)|%2(2) + ﬁ /Z d)iudvg + C)
Note that (3.21) gives

)

L2(x)

i_invg(@u)n%zm = H (o Z@)

and (3.22) implies

Z/ (bZ'U/d’Ug /|u‘dvg X ‘E|1/2||’L”||L2(E

Combining the above three estimates, (3.23), Young’s inequality and an elementary inequality
Vk R
a< (ap--ap)’’, f0<a<a, i=1,...,k,

we obtain

17k 1 1 1/k
edv, < — exp [ — ||V (psu)||?2 —1——/ ;udv —|—C>)
Jeaes < 2 (e (G190l + 57 [ oy
e¢ 1< 9
= %EXP (8k7rz ||v9(¢iu)”L2(2 k: |E\ Z/ @udvg)

Lon (g o)

<o (G4 @)Vl +c<el>||um) (329

Let 0 < Ay < Ag < --- < Ap < A1 < -+ be all the eigenvalues of the Laplace-Beltrami operator
with respect to the Neumann boundary condition. Clearly \; — 400 as i — oo. Let {e;}72; be the
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corresponding unit normal eigenfunctions, i.e., Age; = Ajey, fz e;dvy = 0 and fz eiejdvg = 0;; for
i, =1,2,... It is known that 27 = {u € Wh?(X) : u = 0} = E, ® E}, where E, = span{ei, ..., e}
and B} = span{esy1,€r42,...}. Let u € WH2(X) be given as above. We decompose u —u = v + w with
v € Eyand w € Ej. Thus, the Poincaré inequality implies

L
Iollooy < 3 ledlongsy [ lu=lleskdvy < CellViulzzcs,
=1

while by the definition of the (¢ 4 1)-th eigenvalue Ag1,

1
/devg < —/ |V yw|*dv,.
= Aey1 Js

Having the above two estimates and applying (3.24) to w, we have

U—u CollVgull 2 w
/Ee dvg < e ) Ze dvg

1 C
g CeCZHVguHLz(Z) exp <8k;7-r )\(Ell)va'U)”%z(E))

f 1 C(er)
Ce||V gul YDAV wll?
s o s e (Skw ( ‘ Aet1 )” gunLQ(E))

This together with Young’s inequality gives

(1+ 61)||ng||2L2(2) +

= 1 C
log/ e “dv, < 1+ Gy +e / |V gul?dvg + Co e, - (3.25)
. 8kn Nt - ok,

Let 0 < € < 8k7 be any given number. Choosing ¢; = ¢/(16km — 2¢), and then taking a sufficiently large ¢
such that C(e1)/Aer1 < 1, by (3.25), we have

a 1
1 u—u g < — Qd !
og/ze Vg 8]€71__E/E|Vgu| vy, +C

where C' is a constant depending only on by, 7o, k¥ and e. This is exactly (3.19). O
Define a functional .J, : WH?(X) — R by

1
Jp(u) = 7/ |V gul®dv, — plog/ he"dvg + L/ udvg. (3.26)
2 s s Xl Js
From now on to the end of this section, J, is always given as in (3.26).
3.3 Continuous maps between sub-levels of J, and X

Let X, be defined as in (2.29), and (9%)x be defined by

k k
(0%)k = {Zti% 4,20,y =1m€ az}.
i=1

i=1

Lemma 3.3.  Let p € (dkm,4(k+1)mw). Then for any sufficiently large L > 0, there exists a continuous
retraction

e = {u eWh(2): J,(u) < —L} — Ty

Moreover, if (u,) C WH2(X) satisfies dvg — o € Sy, then U(u,) = o € .

Js eun dv
Proof.  Since the proof is almost the same as that of Lemma 2.4, we omit the details here. O

For any finite set E, we denote the number of all the distinct points of E by #E. We define

S ={0 € Xk :f(suppo NY) + fsuppo < k}. (3.27)
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Let us explain what ., means. Clearly, %1 = (0X); = 9X. For k = 2,
o ={0p 2 € B} U{tdy, + (1 =)0, : 0 <t < 1,21, 20 € OX} = (08) U L.
For k = 3, we write

S ={tdy, + (1 =)0, : 0 <t < 1,21 € B, 20 € X}
U {t10z, + 120z, + 1302, : 0<t; < 1,2, € 08,1 <4< 3, +ta + 13 =1}
= (0%)3 U o,
where o7y = {t0;, + (1 — )0y, : 0 <t < 1,21 € E,29 € 0X}. We observe that dimes < dim(9%)3 = 5,
since (0%)3 \ (0%)3 is a smooth 5-dimensional manifold, and dim.e7 < 4
Lemma 3.4. For any k > 1, % is non-contractible.

Proof.  Obviously, .7 = 0% is non-contractible. For k > 2, based on the above observation, an
induction argument shows ., = (0X); U @, where dime, < dim(9X), = 2k — 1. Though (9%) is a
combination of several branches of different dimensions, we still denote the maximum dimension of those
branches by dim(9X);. Arguing as in [17, Lemma 4.7], we have that (0X); is non-contractible. (This
was also noticed by Zhang et al. [40].) In fact, we have

Hop—1((0X)g, Z2) # {0} (3.28)

Give any (2k — 1)-dimensional closed chain Co_1 and any (2k — 1)-dimensional boundary chain o1 of
(0%)g. Since (9%)y is a closed sub-topological space in ., and dim((9%)x) = dim(.%%) = 2k — 1, one
easily sees that Cop_1 is also a closed chain of .} and £3,_1 = 0 is also the boundary (2k — 1)-chain of
.. Hence,

Hop—1((02)k, Zo) C Hop—1 (%, L2),

which together with (3.28) implies that .7 is non-contractible. O

Take a smooth increasing function 7 : R — R satisfying n(¢t) = ¢ for t < 1 and n(t) = 2 for t > 2. Set
ne(t) = rn(t/r) for r > 0. For A > 0, x € 3, and 1 < £ < m, we define

ti 8\? - 8\2
O.q(x) = log <Zz_; 2 (14 202 (dist(x, ;)))2 + i:lZ—&-l b (1 4+ A2n2(dist(x, xl)))2> (3.29)
and
Dro () = Pro( I / P, odvg. (3.30)

Lemma 3.5. Let p € (4km,4(k + 1)w). If X > 0 is chosen sufficiently large, and r > 0 is chosen
sufficiently small, then for any o € %, it holds that

J(6n0) < (4k7 — p)log X (331)
and
Oro
deg — 0 as A — +oo. (3.32)

Proof.  Both the cases where supp cNY = () and supp cNY # () can be dealt with in the same way. Give
o € .%. Without loss of generality, we assume suppo = {z1,...,2,,} C X, suppo NE = {z1,..., 2/}
and m+¢ < k. Let qz)w and ¢ » be defined as in (3.29) and (3.30), respectively, where A > 0 and r > 0.
Write r; = r;(x) = dist(z, x;) for z € 3. A simple observation gives
k
for z € 3\ U Bay (),
i=1 (3.33)

) for x € By, (z;),

82
(1 + 4)2r2)2
log ( 8A2E; 8A2(1 — 7))
L+ N7 | (L 4xer2)2

B log
¢)\70' (.’L‘) -
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where #; = t;/2 for 1 <i < {,t; =t; for £+ 1< i <m, and Ba,(z;) = {z € X : dist(x, z;) < 2r} denotes
a geodesic ball centered at x; with radius 2r. One easily sees ¢y, € e wh 2( and fz ®xr,0dvg = 0. For
x € Bo,(z;) and i = 1,...,m, a straightforward calculation shows
L 2 /
Vot o(z) = N2 (r)? AN (i) (ri) Vgri
990 8A2E; N 8A2(1—1;) 1+ X202(r;) )
(I+A2n2(r))2 T (1+4A%r2)2
and thus,
AN, (ro)m). (73)

b <
|vg¢)\,a(m)| X L+ A22(ry)

In view of (3.33), it holds that Vg<5>\7g(x) =0for z € ¥\ U~ Bar(x;). We calculate that for 1 <i </,

AN, (i) (i) \ 2 9 o 1
/BQT(T ) (1‘1'>\277%(7“1)> d’Ug = ].6’/T(].+O(7' ))(10g(1+)\ r )+ w — ]_>’

and for £ +1 < i <m,

AN (ri)my (i) \ ® 2 9 9 1
EESCa = 8n(l log(1 ———1).
/Bzr(w,) ( 1+ A2n2(r;) dvg = 8m(1+ O(r")){ log(1 + A°r%) + T

For a fixed r > 0, since x1, . . ., Z,, are arbitrary, one sees that { Ba,- (1), . . ., Ba, ()} may have nonempty
intersections, and thus,

/‘vggkﬂ‘QdUgZ/ |vg$>\,o|2dvg
= UL, Bar(zi)

- AN (o)) \ 2
) Z/BH ( L+ 222 (r;) ) s
< (167 + 87(m — £))(1 + 0(r2>>)(1og<1 A2 4 ﬁ _ 1) +o(1)
< 8km(1+0O(r?))log A2 + C (3.34)

for some constant C' depending only on r. Moreover, for any s and

1
0<s<min<r,— min dist(x;,x;
{ "2 1<i<i<m (3, J)}’

it holds that

z 1
Pr.o = o
e dU = / e d’U + O( )
/wllB”(x” T o, B ! N2s2
8A%T; .
a 761 o —
Z/B(;c) 1+ \2r2)2 Ug T+ (/\252>

=4n(1+ 0(s%)) + O(Azl 2)

1
e¢’A dvg = O( )
/Z\U;“l Ba, (1) A2rd

/Ze%«dug —4n(14 0(s%)) + 0<A21 2) + 0<A21T4). (3.35)

and

It follows that
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Passing to the limit A — +o0 first, and then s — 0+, we have

lim | e®ody, = 4r. (3.36)
A—+oo »

Note that there exists some constant C' depending only on r such that
1 ~
— / drodvy, < —logA? + C. (3.37)
%l Js
Hence by (3.36) and (3.37),
/e‘b“’dvg > C(1+ 0x(1))N\%
i

This together with (3.34) gives

1
JP(QAJ) = ) /Z |Vg¢>\,cr|2dvg — PIOg-/Ehem'”dvg

< (4km — p+ O(r?))log A? + C,..

Since p > 4km, choosing r > 0 sufficiently small and A > 0 sufficiently large, we conclude (3.31).
Finally we prove (3.32). Let o = Y| t;6,, € %% be as above. For any ¢ € C*(X), similar to (3.35),

we calculate
. k 1 1
. - 2
/ZQOem’ dvg = 4m E tip(zi) + O(s )+O()\232> JrO<)\2,~4>'

i=1
Letting A\ — +o0 first, and then s — 0+, we obtain

k

; Pro Jp. — o
Agrfoo . pe?rodyy = 4w ; tip(x;).
This together with (3.36) implies (3.32). O

Similar to (2.34), for a sufficiently small ¢y > 0, we have a continuous retraction
p:{ceDX):d(o,7%) < e} = k.

Lemma 3.6. Let ¥ and L be as in Lemma 3.3. If A > 0 is chosen sufficiently large, then there exists
a continuous map Py : S — Jp_L such that p o Wo &y : S — S is homotopic to the identity map
Id: yk — yk.

Proof.  Let ¢y, be constructed as in Lemma 3.5. For any o € .7, we define ®5(0) = ¢y, for
large A > 0. Clearly, the map ®, : .7 — WH2(X) is continuous. By (3.31), if A > eX/(?=47) then
Jo(Pr.0) < —L. Thus ®x(0) € J, % By Lemma 3.3 and (3.32), it holds that

po o (I>)\(O') =po \IJ(QZ))\,U)
e®r.o J
“Povs (fz ePredug Ug)
— 0o
as A — +o0o. Hence, p o ¥ o ®, is homotopic to Id : ./ — F%. ]

3.4 Min-max values

Let
H = {u e Wh2(%): / udvg = O}
b
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and

S =S4 % [0,1]/(F x {0})

be the topological cone over .%%. A path set associated with the metric space 5/”; is defined by
Ty ={y €I H) : V7 w1y € Paols
where I'y o is given by
Dyo={y€C(F x {1},H) : v(0,1) = @)\ (0),Y 0o € S}

If we write a path 7 : 5/’; — H by Y(o,t) = tdxs, then 7 € 'y, and thus I'y # 0.
For real numbers A\ and p, we set

ay,= inf sup J,(y(o,1))
TN (e

and

Brp = sup sup Jp(v(0,1)).
Y€l 0 (0,t)ES x{1}

Lemma 3.7. Let p € (4dkm,4(k + 1)w). If X is chosen sufficiently large, and r is chosen sufficiently
small, then —oco < By, < ay,p < +00.

Proof.  The proof is very similar to that of Lemma 2.7. It suffices to use Lemma 3.6 instead of the
fact that mo Wo @, : ¥, — X is homotopic to Id : X, — X¢ %, and use Lemma 3.4 instead of the
non-contractibility of X j. O

3.5 Completion of the proof of Theorem 1.2

Define o, = vy, for sufficiently large A > 0. Similar to Lemma 2.9, a,/p is decreasing in p € (4km,
4(k+ 1)m). Let
Ax = {p € (dkm, 4(k+ D7) : %0 is differentiable at p}.
P
In view of an analog of Lemma 2.11, «, is a critical value of J, for any p € Ay.
Now we let p € (4km,4(k+ 1)7). Take an increasing sequence of numbers (p,,) C Ay such that p, — p,

(pn) C [a,b] C (4km,4(k+1)7), and «,,, is achieved by u,, € H. Moreover, u,, satisfies the Euler-Lagrange
equation

heln 1
Ajuy = pp| ——-7— — — |. 3.38
ot P <f§; hetn dvg |E> ( )

Since a,/p is decreasing in p € [a, b],
b
a,, < —0g. (3.39)
a
Define v,, = u,, — log fE he“rdvg, and we have

Agvn = pn(he — |Z71),

/ he’"dvg = 1.
b

By Lemma 3.1, (u,) is bounded in L>(X). Let Q,...,Qs41 be disjoint closed sub-domains of . It
follows from Lemma 3.2 that

1
1 “nduy, < ————— Vo un|?d C.
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for any € > 0 and some constant C > 0. This together with (3.39) implies that for 0 < ¢ < 8(k+1)m —2b,

1
5/ IV gun|?dvg = J,, (un) + pn log/ he'"dv,
2 b

b
< [ |Vguu|2dvy + C.
8(k+1)7r—6/2| gtin|"dvg +
Then it follows that (u,) is bounded in H. Without loss of generality, we assume that w,, converges to ug
weakly in H, strongly in LP(X) for any p > 1, and almost everywhere in . Moreover, e converges
to e*0 strongly in LP(X) for any p > 1. By (3.38), uo satisfies

A he'o 1

ung = _— — —
gto =# Js hevodv, |3
in the distributional sense. In particular, ug is a critical point of J,,.
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