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Abstract

In this paper, we study the rigidity theorem of closed minimally immersed Legendrian
submanifolds in the unit sphere. Utilizing the maximum principle, we obtain a new char-
acterization of the Calabi torus in the unit sphere which is the minimal Calabi product
Legendrian immersion of a point and the totally geodesic Legendrian sphere. We also estab-
lish an optimal Simons’ type integral inequality in terms of the second fundamental form of
three-dimensional closed minimal Legendrian submanifolds in the unit sphere. Our optimal
rigidity results for minimal Legendrian submanifolds in the unit sphere are new and also can
be applied to minimal Lagrangian submanifolds in the complex projective space.

Mathematics Subject Classification 53C24 - 53C40

1 Introduction

Let M be an n-dimensional closed minimally immersed submanifold in the unit sphere S" "
of dimension n + m. Let B be the second fundamental form of this immersion. Simons [27],
Chern, do Carmo and Kobayashi [7], Lawson [16] proved that under the pinching condition

IB|> < ——, M must be either one of the Clifford minimal tori S” (ﬁ) x §"TP <‘ / ?)

2—L>

m

in S"*! or the Veronese surface in S* unless M is the totally geodesic sphere S in S"*1.
Li and Li [17] improved Simons’ pinching constant to % for higher codimension m > 3.
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Chen and Xu [6] obtained the same pinching constant independently by using a different
method. These rigidity results mentioned above can be viewed as an intrinsic rigidity theorem
for pinching of the scalar curvature according to the Gauss equation. The intrinsic rigidity
theorem for pinching of the sectional curvature was obtained by Yau [32], for pinching of
the Ricci curvature by Ejiri [11]. The extrinsic rigidity theorem for pinching of the second
fundamental form was obtained by Gauchman [13].

There are many papers on the particularly interesting case of closed minimal Legendrian
submanifolds in the unit sphere S* ! or closed minimal Lagrangian submanifolds in CP" (for
an incomplete list, see e.g. [2, 5, 22, 30] for pinching of the scalar curvature, [3, 10, 23, 28, 31,
32] for pinching of the sectional curvature, [19] for pinching of the Ricci curvature). Inspired
by papers of Ros [24, 25] on pinching and rigidity of Kéhler submanifolds, Gauchman [14]
and Xia [29] studied pinching of the geometric quantity

O(p):= max B (X, X)|
XeT,M, |X|=1
for closed Lagrangian submanifolds in CP". In particular, Xia [29] proved that if % < 1/2,
then either M is totally geodesic or © = 1/2 and the last case was classified completely.

These curvature pinching and characterization results were proved based on analysis of
a Simons’ type formula. This formula is related to a special sort of submanifolds, those
that have parallel second fundamental form. Lagrangian submanifolds in CP" with parallel
second fundamental form were completely classified by Naitoh [20, 21] for the irreducible
case and by Dillen, Li, Vrancken and Wang [8] in the general case. The classification theorem
of Dillen, Li, Vrancken and Wang states that Lagrangian submanifolds with parallel second
fundamental form in CP" are one of the following:

(a) totally geodesic submanifolds;
(b) embedded submanifolds which are locally congruent to one of the following standard
embeddings in CP":

SUk)/SOk), n=(k-—1(k+2)/2, k=3,
SUKk), n=k -1, k=3,
SUQk)/Spk), n=2k*—k—1, k>3,
E¢/Fs4, n =26;
(c) locally a finite Riemannian covering of the unique flat torus, minimally embedded in
CP? with parallel second fundamental form;
(d) locally the Calabi product of a point with a lower dimensional Lagrangian submanifold
with parallel second fundamental form;

(e) locally the Calabi product of two lower dimensional Lagrangian submanifolds with par-
allel second fundamental form.

The examples of a)-c) are minimal Lagrangian submanifolds, but examples of d)-e) contain
both minimal and non-minimal ones. Furthermore the unique minimal submanifold in d) is
the so called Calabi torus, which is the image of Example 1.1 by the Hopf fibration of S>*+1
to CP".

Example 1.1 (Calabi torus) Let y = (1, y2) : S!' — S%bea Legendrian curve in S3 cC?

defined by
y(t) = ( /n-’il- [ &P (ﬁﬁt) A nj_ [ &P (—ﬁﬁt))
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and ¢ : ! — §?7!1 < C" the totally geodesic Legendrian sphere. Then
F:=(¢, ) : S! x§"~1 — §27+1 « ¢7*! is a minimal Legendrian immersion. Denote
by M:=F (Sl X S"_l). We call this minimal Legendrian submanifold M the Calabi torus.
One can choose a local orthonormal frame of 7'M such that the second fundamental form B
satisfies

1
B(el,ej)z— ;JEj—I—Slj«/ﬁJel, jel{l,...,n},
1 o
B(ei,ej):—(sij ;Jel, i,je{2,...,n}.

One can check that

— D +2 —1
Br= DD g B ="
n XeTM, |X|=1 v

Thus

2

B> = "} 0.

n
and forn =3

10

B =240%=—(1+07).

The above mentioned papers in paragraph 2 gave various curvature pinching and charac-
terization results for compact minimal Lagrangian submanifolds of a) (cf. [2, 3, 5, 23, 28,
30]); a) and c) (cf. [10, 22, 31, 32]); and a), b) when k = 3 and ¢) (cf. [14, 29]). Nevertheless
according to our knowledge such kind of result was missing for the examples in d) and e).
Bewaring of this, Luo and Sun [18] conjectured that if M is a closed minimal Legendrian
submanifold in S*"*' and |B]> < (n 4+ 2)(n — 1)/n, then M is either the totally geodesic
sphere or the Calabi torus (cf. Example 1.1). In this paper we aim to get a curvature pinching
and characterization result for the Calabi torus and we obtain the following theorem.

Theorem 1.1 Let M be a closed minimal Legendrian submanifold in the unit sphere
S+ (n > 2) and B its second fundamental form. Assume the following pinching condi-
tion holds pointwisely,

n+2
Bl<—"0. 1.1
B|- < 7 (1.1

Then M is either the totally geodesic sphere or the Calabi torus.
If n = 3, the pinching condition can be changed weakly to

B2 <2+ 02

Remark 1.1 Checking the proof step by step, we can prove that a closed minimal Legendrian
submanifold M in the unit sphere S7 with ®> < 2/3 must be the totally geodesic sphere.
Therefore we improve Xia’s result [29] for minimal Lagrangian submanifolds in CP?. From
this, in case of dimension 3, we can obtain Li and Li’s type pinching result [17] , i.e., M is
totally geodesic if [B|*> < 8/3.

Itis worth noting that this theorem could be stated similarly for closed minimal Lagrangian
submanifolds in CP", due to the well known correspondence of minimal Legendrian sub-
manifolds in $*"*! and minimal Lagrangian submanifolds in CP" (cf. [4]), or by proofs with
similar arguments.
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We prove Theorem 1.1 by applying a maximum principle for tensors and a Simons’
type formula of closed minimal Legendrian submanifolds in the unit sphere. We will also
use an integral method to get an integral inequality of three-dimensional closed minimal
Legendrian submanifolds in S7, which implies another pinching and rigidity result for the
three-dimensional Calabi torus in Example 1.1 (cf. Theorem 3.1).

In sect. 2 we give some preliminaries on Legendrian submanifolds of the unit sphere,
including a Simons’ type formula. In sect. 3 we prove an integral inequality of closed Leg-
endrian submanifolds in S7. Theorem 1.1 is proved in sect. 4. In the Appendix we prove
an integral inequality of closed Lagrangian submanifolds in the nearly Kihler S® by similar
arguments used in the proof of Theorem 3.1, which improves the main theorem of Hu, Yin
and Yin [15].

2 Preliminaries

Here we briefly record several facts about Legendrian submanifolds in the unit sphere. We
refer readers to [1] for more material on contact geometry.

Let M be a closed n-dimensional submanifold of the unit sphere S+ ¢ C"*!. We say
that M is Legendrian if

JTM CT M, JFeTl (TLM)

where F : M —> S?"*1 is the position vector and J is the complex structure of C*+!. We
say that M is a minimal Legendrian submanifold of S?**! if M is a minimal and Legendrian
submanifold of S?**!. Define

o(X,Y,Z)=BX.,Y),JZ), VX, Y. ZeTM.
The Weingarten equation implies that
o (X, Y, Z)y=0(Y,X,Z).
Moreover, by definition, one can check that o is a tri-linear symmetric tensor, i.e.,
o X, Y. Z)y=0(,X,Z)=0(X,Z,Y).
The Gauss equation, Codazzi equation and Ricci equation become

RX,Y,Z,W)=(X,Z)(Y.W)—(X, W) (Y,Z)-i—ZU(X, Z,ej)o (Y, W,e)

l

Y o (X.W.e)o (Y. Z.er).

1

(Vxo) (Y, Z, W) = (Vyo) (X, Z, W),
RY(X, Y, JZ,JW) =) o0 (X,Z.e)o (Y, W,e)— Y o (X,W,e)o (Y. Z,e),

1 1

where {¢;} is an orthonormal basis of 7M. The Codazzi equation implies
(Vxo) (Y, Z, W) = (Vyo) (X, Z, W) = (Vxo) (Z, Y, W) = (Vxo) (Y, W, Z),

i.e., Vo is a four-linear symmetric tensor.
We will need the following Simons’ identity (cf. [27], see also [5, 30]).
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Lemma 2.1 (Simons’ identity) Assume that M is a minimal Legendrian submanifold in S*" 1.

Then
Aojjii= thijk,u
!
=+ Dojjk +2 Z 05101t Okts — Z 011i 01150 jks 2.1)
1,s,t 1,s,t
- Zo'tljatlsaiks - Zatlkgtlso'ijs~
l,s,t l,s,t
Consequently,
1
- 2 _ 2 2 _ o\ )2
Aol =Vl + o+ Dol Z(al,aj> Z |l 051", (2.2)
i i
where o; = (Gi/k)lgj,kgn'

Proof The proof is classical. For readers’ convenience, we provide details of the proof here.
The Ricci identity yields

Oijk,im = Oijk,ml + Z Otjk Reitm + Z Oitk Rejim + ZGiertklm-
t t t
Therefore,
Aojjr = Z Oijk.ll
!
=Y oijiu
!
= oijik+ Y_oujiRuk + Y _ ot Rejrr + Y 0ijt Rutka
l Lt Lt Lt

=Hi,jk + Z o1ji Riiki + Z ot Rijkr + Z iji Rl

Lt It It

Here p; = tr o;. Thus by the Gauss equation,

Aoijk =Mi jk + Z 01j1 (81k8it — S818ik + OtksOils — OtlsOiks)

Lt
+ Zcfril (8181 — 88k + O1ksTjis — 1150 jks )
11
+ Y 0ijs (0 = Dk + 01ks015 — O11501ks)
1t

=W, jk + 0ijk — 1Sk + ZG:_/I (OtksOils — OtlsTiks)

l,s,t
+ 0ijk — Widjk + Z o1i1 (01ksOjis — O1ls O jks)
l,s,t

+ (n = Doijk + Y 0iji (Orkshs — O1lsOlks)

l,s,t

=i jk — Widjk — Wjdix + Zdijtdtksus

5.t
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+ (n+ Dojjr +2 Z 01jI0tksOils — Z 01j10%1sOiks

l,s,t l,s,t

- Zatilatlsajks - Zatlsalksaijt

I,s,t 1,s,t

=(n+ Doijk +2 ) 01j101ksOils — Y _ 01101150k

l,s,t l,s,t

- Zo'tilo'tlsajks - Zo'tlsalkso'ijtv

l,s,t l,s,t

where we used the fact that i; = 0 since M is minimal. m}

3 An integral inequality for the three-dimensional case

In this section we prove an integral inequality for closed three-dimensional minimal Legen-
drian submanifolds in S’, which is inspired by a recent paper of Hu,Yin and Yin [15].

Theorem 3.1 Let M be a closed minimal Legendrian submanifold in the unit sphere S’. Then

/ IB|? (lBl2 _ (1+ @2)) > 0. (3.1
M 7

Consequently, if

B2 < 17—0 (1+0?),

then M is either the totally geodesic sphere or the Calabi torus.

Remark 3.1 We would like to point out that though the pinching result we obtain by integral
estimates here is actually weaker than that we obtain in Theorem 1.1, we can not get any
integral inequality like (3.1) by the maximum principle used in the proof of Theorem 1.1.
Furthermore here we slightly refine the argument in [15] and use it to give an improvement
of the main theorem in [15], please see Theorem Appendix A.1 in the Appendix for details. It
seems that the maximum principle is not applicable in proving pinching results for Lagrangian
submanifolds in the nearly Kihler S°.

Proof of Theorem 3.1 Consider an algebraic curvature R defined by
Rijii = (B (ei, ex) . B (ej, er)) — (B (ei,er) . B (e, ex)),
ie.,

Rijr = Z (0ikaGjia — OilaGjka) = [07, 01k
a

The algebraic Ricci curvature Ric and the algebraic scalar curvature S are given by
ﬁic,-j = Zﬁiaja = —<(T,‘, (Ij>, S = ZR\I’C,‘I‘ = — |O‘|2.
a i
We then can rewrite Simons’ identity (2.2) as follows

1 2 2 2 s P51
SAlo = Vol + 1+ 1) o] —’ch’ —’R’ . 32)
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Recall the orthogonal decomposition for the algebraic curvature

~

P 1 2 N
R=W+ ——Rico —80g,
+n—2 ' g+2n(n—l)g §

where W is the algebraic Weyl curvature and Ric = Ric — % g is the traceless algebraic
Ricci curvature. We have the following identity

12
éz 12 4 |Ric 232
- + n—2 +n(n—1)
N 2
A2+4 Ric 23‘2
n—2 n—DHm-=2)"

For n = 3, the algebraic Weyl curvature W vanishes. It follows from (3.2) that

1 ~ 12 12
§A|o|2:|Va|2+4|a|2—5‘Ric‘ +‘S‘
& 2
=Vol? +4l0> =5 ) (0. 0] +ol*.
i j=1

At a point p, choose e such that

0111 = max O'(X,X,X),
XeS,,M3

then o112 = o113 = 0. Then we choose {e3, e3} such that o123 = 0. In other words, we may
assume

AM4+Ar2 0 0 0 —x; O 0 0 —Xx
o1 = 0 —x 0 |, oo=|—-2 1 p2 ]|, o3=| 0 2 —m
0 0 —X2 0 m2 —m —hy —p1 —p2

A direct calculation yields
o> =433 + 423 + 2h1 00 + 4 (13 + 13)
=§ (M +22)% + ; (M —22) +4 (uf + 13)
3 foi oV =4 (A3 433+ ana)t +4 (G + ]+ 13) + 43+ ud +3)°
ij
+2 (1 — A2)% (1f + 13)
11 4, 3 4 2, .2)?2
= (422" 4+ 700 = 22)" +8 (1] + w3)
+ % (1 +22)2 (1 — 22)2 +4 00 + 12)? (,u% + M%)
+6 (i —12)* (1] + 143) -
Set

x=0a+m?% y=0 -t z=4(u+4d),
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then

5 3
o> ==x+ >y +z,
27 T2

11 3 1 9 3
2:(0,-,0_,»)2 =—x+ Zyz—i— Ezz—l— —xy+xz+ —yz,

- 4 2 2
i,j
I 4 5, 9, 1, 3 3
5|a| _4x +20y +5Z +2xy+xz+5yz.

For every «, we have

2 1 3 3 3 9
> loiio)) - S lo|* :Ex2 + Eyz + Ezz +3xy + 55z

iJ
3 s L3020, 3
T\ T T sy T3E) TgY

3 9
+ 3y + vz

10 10

9% 5 2k 5 15k +9 8k
Ty | - =

1Oy 32 0 xy —(1+4+x)xz 5yz

3 2K 3 2
=—|x+ky+ — +-y+ -
2 Y 3Z * Sy 3Z

9% -3 5, 206—-9 , 15« —21
— — 72—

0 "~ 30 0
(140 166k — 9
— K)XZ — .
Z 10 yz
FOI‘KZ%,

2 1 4 3 2K 3 2
Z<Ui,0j> —§|0| SE x+/cy+?z x—l—gy-l-gz
i,

2 5k —3
= o -2L 202 102,
5 2K
Sk

-3
—@2—|a|2> o, Vi >
2k

Therefore we have the estimate

1 2 5 2
—Alo|” > |Vo|"+ 2 | —+
2 K

SRIN

. . 7 .
In particular, taking x = s we obtain

1 14 (10
EA|a|2 >|Vol|> + < <7 (1+0%) - |o|2> lo|?.

By integral by parts, we prove the first claim of the theorem.
If B> < 17—0 (1 + ©2), we must have either B = 0 and M is totally geodesic or [B|> =

170 (1+0%) and A = Ay = i?, w1 = 2 = 0 and M must be the minimal Calabi torus
by [18] since M is closed. ]
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4 Proof of Theorem 1.1

In this section, we will give a proof of Theorem 1.1. Firstly we need to prove several lemmas
about the function ©.

Let SM be the unit tangent bundle of M and S, M the fibre of the unit tangent bundle of
M at p € M. We have the following characterization of the function ®.

Lemma 4.1

@(p):xmg)xMcr(X,X,X). 4.1)

€

Proof Tt is a straightforward verification. For readers’ convenience, we list a proof here.
It suffices to prove that

max o (X, X,X) > 0O(p).
XeS,M

Assume for some u € S, M,

O(p) = max |B(X,X)|=1|Bu,u)|.
XeSpM

Choose a local orthonormal basis {e;} of T, M such that e; = u. Applying the maximum
principle,

(AP 1), e) = (Ber,en) . Bere;)) =0, V)= 1.
Here A" is the shape operator associated with the normal vector v. Thus,
ATAT () = AT (=UB (e1, €1)) = AP (e)) = [B (er, en) ey
We conclude that
A" (e1) = £ [B(er,en)ler.
Consequently,
O(p) = s [B(X. X)| =B (er,en| =+ (A7 (e1), e1) = %0 (er. er.en

< max o (X, X, X).
XeS,M

In the rest of this paper we will use the equivalent description (4.1) of ®.
Lemma 4.2 O is a nonnegative Lipschitz function on M.
Proof Tt suffices to prove that for every pi, p» € M,
O(p1) = O(p2) + max |Voldist(p1, p2).

Choose a geodesic y : [0, p] — M connecting p; and p», i.e., y(0) = p1, ¥ (p) = p2,
where p = dist(p1, p2). Assume

O(p1) =ole, e, e),
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where e € S, M. We can extend e to a tangent unit vector field e(¢) € T, )M along y (¢)
by parallel transport. Consider the function f(¢) = o (e(t), e(t), e(t)), then

O(p1) — O(p2) < f(0) = f(p) = f'(t0)p = (Vo) (e () , e (10) , € (1)) p,
where 79 € (0, p). Therefore,

O(p1) —O(p2) < max |Vo|dist(pi1, p2).

Choose e (p) € S, M such that

O(p) = o (e1(p), e1(p), e1(p)) .

Applying the method of Lagrange multipliers we obtain
o (er(p),e1(p), X) = O(p) (e1(p), X), VX eT,M.
Hence we can choose an orthonormal basis {e1(p), e2(p), ..., e, (p)} of T, M such that
o (e1(p). ei(p).ej(p)) = wi(p)sij.

where O (p) = u1(p) = na(p) = --- > u,y(p). Applying the maximum principle, one can
check by definition directly that w1 (p) > 2us(p). We say that ®(p) is of multiplicity one if

e€SpyM, o(e.e.e) =0 (e1(p).ei(p).ei(p) =0(p) = e=ei(p).

Lemma4.3 If u1(po) > 2ua2(po) and O (po) is of multiplicity one, then there is a unique
smooth unit tangent vector field e around a neighborhood U C M of po with e(py) = e1(po)
such that

O(p) =0 (e(p),e(p),e(p)), VYpeU.

Proof Consider a smooth map

n

f:SMxR—TM, ((p,u),r)— | p,Au —Za(u,u,ej(p))ej(p)
j=1

= (Ps h(p’ u, )‘)) 5

where {e i ( p)}; | 1s an orthonormal basis of 7) M. We compute

dh (6x) =A0k — 20 (u, 0, ej(p))ej(p). k=1,....n—1,

(5)
dh | — ) =u,
ar

where {9/(}2;11 is an orthonormal basis of 7}, (SpM). Notice that {e2(po), - - ., en(po)} is an
orthonormal basis of T¢, (py) (Spo M ). The assumption gives us

det (A1 ((pg,er (poyosr (pony) = Wj=a (11(po) = 21 (po)) # 0.

Apply the inverse function theory to conclude that f : @ — f(£2) is a diffeomorphism
for some neighborhood 2 C SM x R of (po, e1(po), 1(po)). In particular, for some
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neighborhood U C M of py, there is 1 € C® (ﬁ) ande € T <SU) such that A(pg) =
©(po), u(po) = e1(po) and
o (u(p), u(p),e;(p))e;(p) = rpu(p), peU.

Consider a second order tensor ¢ (-, ) = o (u, -, -) on U. Let A > XAy > - > A, be
the eigenvalues of ¢. One can check that A; = A with eigenvector # and Ax(po) = ik (po)-
Moreover, each Ak is local Lipschitz in U. Assume O(p) = o (e, e, e) where e = e(p) =
costu(p) +sintv € T,M and v L u(p). By assumption, choose ¢ > 0 such that

O(po) = 21(po) > (2+ &) A2(po).

If cost < 1, we claim that

1
cost < ,
1+e¢

in a neighborhood UcUof po. In fact, by definition of ®, we have
o (e,e,u(p)) = O(p) (e, u(p)) .
which implies that
cost®(p) = cos’ tA(p) + sin? to (v, v).

Without loss of generality, assume 0 < cost? < 1, then

102

sin” ¢
O(p) = costh(p) + —¢ (v, ) .
cost
We get
1+ cost 1+ cost
O(p) < —¢d v, v) < ———(p).
cost cost
Thus A2(p) > 0 and
A
cost < &
O(p) — *2(p)

By the continuity of ® and A;, we prove the claim.

Now we claim that there is a neighborhood U C U of po such that e(p) = u(p) for all
p € U. Otherwise, there are sequences {p,} C U, {v, € S,, M}, {t,} C [0, 27] such that
en = cos tyu(py) + sin t,v, satisfies

1
® =0 , €n, , cost, < s
(pn) (en, en, en) n 1+

Without loss of generality, assume lim ¢, = p, lim 7, = ¢, lim v, = v. Since ® is
n—oo n—oo n—o0

continuous according to Lemma 4.2, u:= lim u, = costu(po) + sintv # ej(po) satisfies
n—oo

O(po) = o (u(po), u(po), u(po)) ,

which is a contradiction. O

Now we are prepared to give a proof of our main Theorem 1.1.
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Proof of Theorem 1.1 When n = 2 we have |[B|? = 4©?2, therefore (1.1) is equivalent to
IB|? < 2 and we get the conclusion from [31].

We need to check the case n > 3. Assume that M is not totally geodesic and ® achieves
its maximum value at po. Choose an orthonormal basis {e;}7_; of Ty M such that

1 = o111 (po) = O(po).
One can check that
o11j (po) =0, j=2,...,n.
Thus, we may assume that
o1jk(po) = wjdjk, 1= j,k <n.

For each ¢;, choose a geodesic y : (—¢, ¢) —> M with y(0) = po, y(0) = ¢;. We move
e; € TpyM along the geodesic y () to ej(t) € T, )M by parallel transport. Consider the
function f : (—e, ¢) —> R defined by

f@) =0 (ei(t), e1(r), e1(1)).
Then f(¢) achieves its local maximum value at # = 0. The maximum principle gives
0> f"(0) = o111, (po)-
Thus
Aoi11(po) < 0.
Now applying Simons’ identity (2.1), we have at pg

0>+ 1)o111 + 201a6016c01ca — 301ab0abeO11c

=(n+1)u1+22@—3u12u§

J J
=+ D —p +2) 1) =3y 15
j>1 j>1

Without loss of generality, assume 1 > 0. Set
aj=—pj, j>1

Since Zj wj =0, we get

3
OZ(n—i—l)Zaj— Zaj —22(1?—32(1]-2(1,%
j>1 j>1 j>1 Jj k>1
3
=(n+1)2aj—6 Zaj —|—12Za,- Z ajap — 6 Z aja;ag.
j>1 j>1 i>l  j>k>1 i>j>k>1

By Newton’s inequality,

2
2(n - 3) (Zj>k>1 aia)
Z aijajar = )
3(n—2) Doisq i

i>j>k>1
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the equality holds if and only if
M2 = U3 =+ = Up.
We obtain
2 5 2
4(n —3 ( j >k 1a.iak)
0=n+1-6(>a;] +12 ) aja - (n =3 \Zi~k> . 4.2)
Jj>1 Jj>k>1 i>1 %
Define § by
2
ﬂ=u%+32/¢3=4 Zaj —6Zajak,
j>1 j>1 Jj>k>1
then (4.2) gives
n—3 B 2
02n+1+2u2—2ﬂ—7<4u1——>
: 9(n —2) n
20 +6) [ 5n—6 2 3n g2
=n+1+ ( )< ﬁ—m) —7%.
9(n —2) \2(n +6) u 2(n +6) ui
Since
2
3 n—+2
> 24— | = 2
Bzui+— ZM; Pt Ot
Jj>1
we have
Sn—6 B n—1
A AT T ML= ﬁ —n1 >0
2(n+6) up n+2u
Therefore,
Sn—6 B 27n(n —2) B2 9(n+1)(n—2)< <n—lﬁ
2(n +6) 11 4(n + 6)2 ;L% 2(n + 6) _Ml_n+2,u1’
which implies
n+2
> .
B = NG Ml
We conclude that
n+2
B> >8> .
Bl* >8> N M1
If n = 3, we have the following estimate
B> > =2+ .
Therefore under the assumption (1.1), we must have B|> = % 1 at po and
o1jk (po) = wjdjk, j,k=1,...,n 4.3)
oijk (po) =0, i,j,k>1. 4.4)

Moreover, up = -+ = u, = —nil,ul < 0.
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Claim © is a constant on M.

If this claim is true, then the previous argument claims that conditions (4.3) and (4.4)
hold everywhere. As an immediate consequence, M is the Calabi torus (cf. [18]) since M is
closed.

Now we prove the above claim as follows.

Proof of the Claim Consider the nonempty subset € of M defined by
Q={peM:0(p)=u}.

Since ® is continuous, we know that 2 is a closed subset of M. Then it suffices to prove that
2 is also an open subset of M since M is connected.

Firstly we claim that ®(po) is of multiplicity one, i.e., the unit tangent vector e € T,y M
with o (e, e, ) = 1 is unique. In fact, pute = ), xle;, then Z,’ xix/ =1and

u1=o(ee,e)
:xixjxk(fijk
=xlxlxlpy + 32! ijxju_,
j>1
:xlxlxlul ! lx1 (1 —x! 1).

We must have x! = 1 and e = e;. Therefore, by Lemma 4.3 we can extend e; to a smooth
tangent vector field still denoted by e; in a neighborhood U of py, such that for all p € U
we have

O(p) =o(er, e1, e1)(p).
Secondly, we claim that ® is subharmonic in U. In fact, we have
Ve, ® = o111,j + 3011 <Vej€1, ei) =0111,j = O11j,1,
and for j > 1,
0=V, o1
=o011j.1 + 2014j (Ve,e1. ex) + o115 (Ve €. ek)

=o115,1 + Zkaj (Verer, ex) + o111 (Ve e, €1)
k>1

=011+ 2201kj (Veyer, ex) — o111 (Veyer, ej) .
k>1

At a considered point p € U, we may assume o jx = 01;;6;; and V,e; = 0fori, j > 1.
We get

Ve ® =0111,1,
Ve,0 = (0 = 201j) (Vesernej), j> 1,
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and

AO =V,;V;© = Vy, ;0

= o +4) ounj(Veer ef)

j>1
+ Z (Glll,jj + 32011k,j (Ve,e1. ex) + ZGm,k (Ve ek))
j>1 k k
=Y Ve, 0(Veere))
j>1
=Aoi + 3ZV3,-@<V€1€1’€./>
j>1
=Aoq1] + 32 (@ — 20’1]']') (V€|el, €j>2 ,
j>1

where in the second equality we used the symmetry of the four-linear tensor (ojj,;). By
assumption (1.1), the previous argument implies that

Ao > 0.

Therefore, we have forall p € U,

AO >33 (O 201 (Veer. ¢)
i>1
One can check that o11;(p) = 0 and ®(p) > 20y;;(p) foralli > 1 and all p € U. Thus
® is subharmonic in U. Since ® achieves its local maximum value at pg € U, the strong
maximum principle implies that ® locally must be a constant in U. We conclude that py is
an interior point of 2. Thus €2 is an open subset of M. Therefore, ® is constanton M. 0O

At the end let us show that when n = 3, condition (1.1) implies |B|2 < 2 + ©2. Since

2
502 2 5 2 2 5 a _ 2 2_ 1
302 < B < 30, wehave ® < 2, and @ +2 ﬁ(a_(@ ﬁ) +3-Loxo0

Therefore |B|? < %@ implies IB|?> <2+ ©2. This completes the proof of Theorem 1.1. O

Appendix A. An application to lagrangian submanifolds in the nearly
Kahler S®

Here we give a slight improvement of the main theorem in [15] as follows, by similar argu-
ments used in the proof of Theorem 3.1.

Theorem Appendix A.1 Let M be a closed Lagrangian submanifold in the homogeneous
nearly Kiihler S°. Then we have

1
/ IB|? <|B|2 - % - 70@2) > 0. (4.5)
M

Moreover, the equality in (4.5) holds if and only if M is either the totally geodesic sphere,
or the Dillen-Verstraelen-Vrancken’s Berger sphere (see [9, Theorem 5.1]) which satisfies

BI> = 2 4+ 1202 with |B]> = 2 and © = .
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Proof Here we only give a brief sketch. For more details please see [15]. We identify R” as
the imaginary Cayley numbers. The Cayley multiplication induces a cross product “ x " on
R’. The almost complex structure J on S® C R” is then given by

JX:=x x X, VX e T,S°.

Let V be the Levi-Civita connection on S°, then (?X J ) X = 0 forall X € TS®. Then
wijk = <(6€i J) ej, Jek>is the volume form of M. Since M is Lagrangian,i.e., JTM C T+M,
we have ([26, Lemma 3.2])

B (ei. (Ve 7) ex) = I (Vn(ere))d ) ek + I (Ve, J) B erex)

which implies that M is minimal (cf. [12, Theorem 1]). We have the following Simons’
identity (cf. [7])

3 3
1 2 2 2
ol g e

Here {v,} is a local orthonormal frame of 7M. Set
oijk = (B (ei.ej) ., Jex).

then o is a tri-linear symmetric tensor. One can check that

Oijkl = <(V$B) (ej,ex) . Je1>.
Introduce

1

Mijkl::Z (Uijk,l + 0jkii + 0ori,j + Uzij,k)

1
=0jjk,1 — 1 (ijmwlim + CikmWijm + Gi_/mwlkm) .

One can check that u is a four-linear symmetric tensor and ), u;;; x = 0. By using the fact
Oijk,l = Oijlk + Oijm®ikm, a direct calculation yields (cf. [15, emma 4.4])

2 3
‘VLB‘ = luf + 3 IBP.

‘We therefore obtain

3

1 15 -
EAIGI =ul* + — IOI - oi, o) Z o7, 01|

i,j=1 i,j=1

’

where 0; = (O‘,‘ fk)l <jk<n’ Then, similarly as in the proof of Theorem 3.1, we obtain

1 14 75 10
~ABP?> — ®% - |B|*) |BJ%.
2 5 56

The rest of the proof follows from that in [15]. ]
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