
∗

[u] M

N

α

α

I(M,u)

I(M,u)



I(M,u)

[u] M N I(M,u)

M

N

M I(M,u) M

N I(M,u)

N

I(M,u)

/D
u
= /D

u
1,0 + /D

u
0,1 (u∗TN)C = u∗T1,0N ⊕ u∗T1,0N

/D1,0

I(M,u∗T1,0N) :=

[
1

2
dimCker /D

u
1,0

]
Z2

M /D
u
1,0

M = CP1 N u : M → N

ΣCP1 ΣCP1⊗u∗T1,0N gN N c1(u
∗T1,0N) = aγ

a = 2deg(u)(1 − gN ) γ CP1
CP1

γ Λ1,0
CP1 = γ2

ΣCP1 ⊗ u∗T1,0N = (γ ⊕ Λ0,1
CP1 ⊗ γ)⊗ γa = γa+1 ⊕ Λ0,1

CP1 ⊗ γa+1.

dimC H0(CP1, γm) =

{
0, m > 0,

1−m, m � 0,

dimC ker /D
u
1,0 = dimC H0(CP1, γa+1) + dimC H1(CP1, γa+1)

= dimC H0(CP1, γa+1) + dimC H0(CP1, γ1−a)

= |a| = 2|deg(u)(gN − 1)|.
dimC ker /D

u
1,0 [u]

I(CP1, u∗T1,0N) [|deg(u)(gN − 1)|]Z2

2

I
M (N, i)

:

(1) (ΣM, i1) M j

(j2 = idΣM , ji1 = −i1j) N ;

(2) ΣM M j1
j2 T1,0N

j22 = idT1,0N , j2i = −ij2, ∇j2 = 0,



/D
u
1,0 u : M → N I(M,u∗T1,0N)

[u]

I(M,u∗T1,0N) �= 0

4 (ũ, ψ) α α

ũ ∈ [u] α � 1

α

Lα(u, ψ) =
1

2

∫
M

(1 + |du|2)α +
1

2

∫
M

〈ψ, /Du
ψ〉ΣM⊗u∗TN , ∀α � 1.

α = 1

α

Eα(u) =
1

2

∫
M

(1 + |du|2)α, ∀α � 1,

M m = 0, 6, 7 (mod 8) m = 0, 6 (mod 8)

m M :

m = 0, 6 (mod 8) N [u] I(M,u∗T1,0N)

�= 0.

m = 2, 4 (mod 8) N j2 1.2

[u] I(M,u∗T1,0N) �= 0

4 (ũ, ψ)

α α ũ ∈ [u] α � 1

m = 6 (mod 8)

α(M,u) m = 0 (mod 4) α(M,u) ind( /D
+
)

/D
+

m = 2k k ind( /D
+
) ind( /D

+
1,0)

ind( /D
+
1,0)

ind( /D
+
1,0) = 0

M α

/D
u0

1,0

α

(M, g) χ

ΣM 〈·, ·〉ΣM X ∈ Γ(TM) ξ ∈ Γ(ΣM)

〈X · ξ, η〉ΣM = −〈ξ,X · η〉ΣM .

∇ (M, g) ∇
ΣM 〈·, ·〉ΣM {eβ}β=1,2 M



/∂ := eβ · ∇β β = 1, 2

u M (N,h) n � 2

u∗TN TN u ΣM ⊗R u∗TN
〈·, ·〉ΣM⊗u∗TN ΣM u∗TN

∇̃ ΣM u∗TN
{yi}i=1,...,n ψ ΣM ⊗R u∗TN ψ = ψi ⊗ ∂yi(u), ψi

M ∇̃
∇̃ψ = (∇ψi + Γi

jk(u)∇ujψk)⊗ ∂yi(u),

Γi
jk N

u

/D := eα · ∇̃eαψ = (/∂ψi + Γi
jk(u)∇eαu

j(eα · ψk))⊗ ∂yi(u),

/D
u

L(u, ψ) :=
1

2

∫
M

(|du|2 + 〈ψ, /Dψ〉ΣM⊗u∗TN )

=
1

2

∫
M

(
hij(u)g

αβ ∂ui

∂xα

∂uj

∂xβ
+ hij(u)〈ψi, /Dψj〉ΣM

)
.

L⎧⎨
⎩τm(u)− 1

2
Rm

lij〈ψi,∇ul · ψj〉ΣM = 0,

/Dψi := /∂ψi + Γi
jk(u)∇eαu

j(eα · ψk) = 0,

τm(u) m u

N ∇ul ·ψj ∇ul ψj

Rm
lij N

R(u, ψ) :=
1

2
Rm

lij〈ψi,∇ul · ψj〉ΣM∂ym .

{
τ(u) = R(u, ψ),

/Dψ = 0,

(u, ψ) M N

{
∂tu = τ(u)−R(u, ψ) (0, T )×M,

/Dψ = 0 [0, T ]×M.

M

M

dimHker /D = 1

N α(M,u)

u M N N

u∗TN (u∗TN)C

ΣM ⊗R u∗TN = (ΣM ⊗C C)⊗R u∗TN = ΣM ⊗C (u∗TN)C.



u∗g u∗TN (u∗TN)C

ΣM ⊗ (u∗TN)C ΣM

(u∗TN)C 〈·, ·〉ΣM⊗(u∗TN)C

M Z2 G ∈
End(ΣM) G(ψ) = (

√−1)m/2e1 · e2 · · · em · ψ
{e1, e2, . . . , em} m = dimM ΣM = Σ+M ⊕Σ−M,

Σ±M G ±1 G

ΣM ⊗C (u∗TN)C = (Σ+M ⊗C u∗T1,0N)⊕ (Σ−M ⊗C u∗T1,0N)

⊕ (Σ+M ⊗C u∗T0,1N)⊕ (Σ−M ⊗C u∗T0,1N),

(u∗TN)C = u∗T1,0N ⊕ u∗T1,0N

/D = /D1,0 + /D0,1,

/D1,0 = /D
+
1,0 + /D

−
1,0,

/D0,1 = /D
+
0,1 + /D

−
0,1,

/D
±
1,0 /D

±
0,1 /D Σ±M ⊗C u∗T1,0N Σ±M ⊗C u∗T0,1N

N R
q

{
Δgu = II(du, du) + Re(P (S(du(eβ), eβ · ψ);ψ)),
/∂ψ = S(du(eβ), eβ · ψ),

II N R
q

S(du(eβ), eβ · ψ) := (∇uA · ψB)⊗ II(∂zA , ∂zB ),

Re(P (S(du(eβ), eβ · ψ);ψ)) := P (S(∂zC , ∂zB ); ∂zA)Re(〈ψA, duC · ψB〉).

P (ξ; ·) 〈P (ξ;X), Y 〉 = 〈A(X,Y ), ξ〉 X,Y ∈ Γ(TN)

Re(z) z ∈ C

π : Nδ → N,

Nδ := {z ∈ R
q | d(z,N) � δ} R

q

(u, ψ) u : [0, T ]×M → N ψ ∈ Γ(ΣM ⊗u∗TN)

∂tu
A −ΔuA = −πA

BC(u)〈∇uB ,∇uC〉 − πA
B(u)π

C
BD(u)πC

EF (ψ
D,∇uE · ψF )

(0, T )×M A = 1, . . . , q A u : [0, T ]×M → N ⊂ R
q

uA : M → R πA
B(z) B A π : Rq → R

q

ψA ∈ Γ(ΣM) ψ = ψA⊗ (∂A ◦u) (∂A)A=1,...,q

TRq ∇ 〈·, ·〉 M

FA
1 (u) := −πA

BC(u)〈∇uB ,∇uC〉,
FA
2 (u, ψ) := −πA

B(u)π
C
BD(u)πC

EF (ψ
D,∇uE · ψF ).

u ∈ C1(M,N) ψ ∈ Γ(ΣM ⊗ u∗TN)

II(dup(eα), dup(eα)) = −FA
1 (u)|p∂A|u(p),



R(u, ψ)|p = −FA
2 (u, ψ)|p∂A|u(p)

p ∈ M {eα} TpM

T > 0

XT

XT := B([0, T ];C1(M,Rq)),

‖u‖XT
:= max

A=1,...,q
sup

t∈[0,T ]

(‖uA(t, ·)‖C0(M) + ‖∇uA(t, ·)‖C0(M)).

v ∈ XT v R XT

BT
R(v) := {u ∈ XT | ‖u− v‖ � R}.

Put,vs = Put,vs(x) N

π(u(x, t)) π(v(x, s)) Put,vs

(π ◦ ut)
∗TN → (π ◦ vs)∗TN,

ΣM ⊗ (π ◦ ut)
∗TN → ΣM ⊗ (π ◦ vs)∗TN,

ΓC1(ΣM ⊗ (π ◦ ut)
∗TN) → ΓC1(ΣM ⊗ (π ◦ vs)∗TN).

Λ(ut) = sup{Λ̃ | spec( /Dπ◦ut) \ {0} ⊂ R \ (−Λ̃(ut), Λ̃(ut))}
γt(x) : [0, 2π] → C

γt(x) :=
Λ(ut)

2
eix.

γ γ(x) : [0, 2π] → C

γ(x) :=
Λ

2
eix

Λ ker( /D
π◦ut)

ΓL2(ΣM ⊗ (π ◦ ut)
∗TN) → ΓL2(ΣM ⊗ (π ◦ ut)

∗TN),

s �→ − 1

2πi

∫
γt

R(λ, /D
π◦ut)sdλ,

R(λ, /D
π◦ut) : ΓL2 → ΓL2 /D

π◦ut : ΓW 1,2 → ΓL2

E → M
/D
E
: C∞(M,ΣM ⊗E) → C∞(M,ΣM ⊗E)

I(M,χ,E) ∈ KOm(pt)

KOm(pt) ∼=

⎧⎪⎪⎨
⎪⎪⎩

Z, m = 0 (4),

Z2, m = 1, 2 (8),

0, .

I(M,χ,E) ker( /D
E
)

I(M,χ,E) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

{ch(E) · Â(M)}[M ], m = 0 (8),

[dimC(ker( /D
E
))]Z2

, m = 1 (8),[
dimC(ker( /D

E
))

2

]
Z2

, m = 2 (8),

1

2
{ch(E) · Â(M)}[M ], m = 4 (8).



E = u∗TN χ I(M,χ,E) I(M,u)

ΣM ⊗C u∗T1,0N

1.2 ρ : Clm → EndC(Σm)

Clm
ΣM = Spin(M)×ρ Σm [p, v]h := [p, vh]

p ∈ Spin(M) v ∈ Σm h ∈ H

ΣM ⊗C u∗T1,0N C

I ΣM ⊗C u∗T1,0N

I(ψk ⊗C θk) := i(ψk)⊗C θk = ψk ⊗C i(θk).

ΣM

u∗T1,0N J : ΣM ⊗C u∗T1,0N

→ ΣM ⊗C u∗T1,0N

J(ψi ⊗C θi) := j1(ψ
k)⊗C j2(θk).

j1 j2 i J ΣM ⊗C u∗T1,0N

j1 j2 J I J2 = −1 J
/D
u
1,0

/D
u
1,0 ◦ J = J ◦ /D

u
1,0.

/D
u
1,0

I J

j1 j2

m �= 3 (mod 4)

[u] t ∈ [0, 1]

t

λ1(t) t → T

λ−1(t) λ−1(t) = −λ1(t)

m Z2 G

〈 /Du
1,0ψ

+, ψ+〉 = 〈 /Du
1,0ψ

−, ψ−〉 = 0

ψ± ∈ C∞(M,Σ±M ⊗ u∗T1,0N)

( /D
u
1,0ψ

+, ψ+)L2 = ( /D
u
1,0ψ

−, ψ−)L2 = 0.

(us)s∈(−ε,ε) α ũ ∈ [u] us|s=0 = ũ

ΣM ⊗ u∗
sT1,0N

ΣM ⊗ u∗
sT1,0N = (Σ+M ⊗ u∗

sT1,0N)⊕ (Σ−M ⊗ u∗
sT1,0N),

I(M,u∗T1,0N) �= 0 Ψ ∈
ker /D

ũ
1,0 Ψ = Ψ+ + Ψ− Ψ± ∈ Γ(Σ±M ⊗ ũ∗T1,0N)



Ψs Ψ Ψ±
s ∈ Γ(Σ±M ⊗u∗

sT1,0N) Ψ±

d

dt

∣∣∣∣
s=0

( /D
usΨ±

s ,Ψ
±
s )L2 = 0.

α ũ

d

dt

∣∣∣∣
s=0

Lα(us,Ψ
±
s ) =

d

dt

∣∣∣∣
s=0

∫
M

(1 + |dus|2)α = 0.

α (ũ,Ψ±)

I(M,u∗T1,0N)

dimHker( /D
u
1,0) �

{
0, indu∗T1,0N (M) = 0,

1, indu∗T1,0N (M) �= 0.

/D
u
1,0 N

/D
u
1,0 /D

u′

1,0

u′ ∈ [u]

u′ ∈ [u] H u′ u H : [0, 1] → C∞(M,N)

H(0) = u H(1) = u′ H {Vl}Ll=1
1
2 inj(N)

Vl ∩ Vl+1 �= ∅ i = 1, . . . , L− 1

u ∈ V1, u′ ∈ VL.

u1 ∈ V1 ∩ V2 H1
t

H1
t (x) := expu(x)(t exp

−1
u(x) u1(x)),

x ∈ M exp N

Pt = Pt(x) : T1,0N |u(x) → T1,0N |H1
t (x)

N u(x) H1
t (x)

/Dt := P−1
t ◦ /D

H1
t

1,0 ◦ Pt.

/Dt t N /D
ut

1,0

t ∈ [0, 1] /D
u1

1,0

uL−1 ∈ VL−1∩VL /D
uL−1

1,0 HL−1
t

uL−1 u′ /D
HL−1

t

1,0 t ∈ [0, 1]

(1, 0) C∞ [u]

C1

α

α

M⎧⎨
⎩∂tu =

1

(1 + |∇u|2)α−1

(
τα(u)− 1

α
R(u, ψ)

)
,

/D
u
ψ = 0.



α ⎧⎨
⎩τα(u) := τ((1 + |du|2)α) = 1

α
R(u, ψ),

/D
u
ψ = 0,

τ

N R
q u : M → N u = (uA)

u ψ = ψA ⊗ (∂A ◦ u) ψA M η ∈ C∞
0 (M,Rq)

ξ ∈ C∞
0 (ΣM ⊗ R

q)

ut = π(u+ tη), ψA
t = πA

B(ut)(ψ
B + tξB),

π

Lα

ΔuA = −2(α− 1)
∇2

βγu
B∇βu

B∇γu
A

1 + |∇u|2 + πA
BC(u)〈∇uB ,∇uC〉

+
πA
B(u)π

C
BD(u)πC

EF (u)〈ψD,∇uE · ψF 〉
α(1 + |∇u|2)α−1

/∂ψA = πA
BC(u)∇uB · ψC .

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tu
A = ΔuA + 2(α− 1)

∇2
βγu

B∇βu
B∇γu

A

1 + |∇u|2 − πA
BC(u)〈∇uB ,∇uC〉

−πA
B(u)π

C
BD(u)πC

EF (u)〈ψD,∇uE · ψF 〉
α(1 + |∇u|2)α−1

,

/D
π◦u

ψ = 0.

M N n

u0 ∈ C2+μ(M,N) 0 < μ < 1 dimHker( /D
u0

1,0) = 1 ψ0 ∈ ker( /D
u0

1,0) ‖ψ0‖L2 = 1

ε1 = ε1(M,N) > 0 α ∈ (1, 1 + ε1)

(u, ψ) {
‖ψt‖L2 = 1, ∀ t ∈ [0, T ],

u|t=0 = u0, ψ|t=0 = ψ0

u ∈ C2+μ,1+μ/2(M × [0, T ], N)

ψ ∈ Cμ,μ/2(M × [0, T ],ΣM ⊗ u∗TN) ∩ L∞([0, T ];C1+μ(M))

T > 0

u : M × [0, T ] → R
q

ψt : M → ΣM ⊗ (π ◦ ut)
∗TN ψt

π ◦ ut u N

R
q



u0 T > 0 ε δ R

u(x, t) ∈ Nδ

dN ((π ◦ u)(x, t), (π ◦ v)(x, s)) < ε <
1

2
inj(N)

u, v ∈ BT
R := BT

R(ū0) = {u ∈ XT | ‖u − ū0‖XT
� R} ∩ {u|t=0 = u0} x ∈ M t, s ∈ [0, T ]

ū0(x, t) = u0(x) t ∈ [0, T ] R

dimHker( /D
π◦ut

1,0 ) = 1

Λ = 1
2Λ(u0)

#{spec( /Dπ◦ut

1,0 ) ∩ [−Λ,Λ]} = 1

u ∈ BT
R t ∈ [0, T ] Λ(u0) spec( /D

u0

1,0)\{0} ⊂ R\ [−Λ(u0),Λ(u0)]

ψ0 ∈ ker( /D
u0

1,0) ‖ψ0‖L2 = 1√
3

4
� ‖ψ̃ut

1 ‖L2 � 1

u ∈ BT
R1

t ∈ [0, T ] ψ̃ut = Pu0,utψ = ψ̃ut
1 + ψ̃ut

2

ΓL2 = ker( /D
π◦ut

1,0 )⊕ (ker( /D
π◦ut

1,0 ))⊥ R1 = R1(R, ε, u0) > 0

T > 0 κ > 0

V T
κ := {v ∈ C1+μ, 1+μ

2 (M × [0, T ]) | ‖v‖
C1+μ,

1+μ
2

� κ, v|M×{0} = 0}.

κR1 := κ(R1) > 0

u0 + v ∈ BT
R1

, ∀ v ∈ V T
κ , ∀κ � κR1

.

κ0 := κR1
V T := V T

κ0

v ∈ V T u0 + v ∈ BT
R1

ψ(v + u0)

v + u0 ∈ C1+μ(M) Lp

‖ψ(v + u0)‖C1+μ(M) � C(μ,M,N, κ0, ‖u0‖C1+μ(M)).

0 < t, s < T

/∂(ψ(v + u0)(t)− ψ(v + u0)(s))

= −Γ(π ◦ (v + u0)(t))#∇(π ◦ (v + u0)(t))#ψ(v + u0)(t)

+ Γ(π ◦ (v + u0)(s))#∇(π ◦ (v + u0)(s))#ψ(v + u0)(s)

= −Γ(π ◦ (v + u0)(t))#∇(π ◦ (v + u0)(t))#(ψv(t)− ψ(v + u0)(s))

− Γ(π ◦ (v + u0)(t))#(∇(π ◦ (v + u0)(t))−∇(π ◦ (v + u0)(s)))#ψ(v + u0)(t)

− (Γ(π ◦ (v + u0)(t))− Γ(π ◦ (v + u0)(s)))#∇(π ◦ (v + u0)(s))#ψ(v + u0)(s),

/D
π◦v(t)

(ψ(v + u0)(t)− ψ(v + u0)(s))

= −Γ(π ◦ (v + u0)(t))#(∇(π ◦ (v + u0)(t))−∇(π ◦ (v + u0)(s)))#ψ(v + u0)(t)

− (Γ(π ◦ (v + u0)(t))− Γ(π ◦ (v + u0)(s)))#∇(π ◦ (v + u0)(s))#ψ(v + u0)(s),

# λ ∈ (0, 1)

Lp

‖ψ(v + u0)(t)− ψ(v + u0)(s)‖Cλ(M)

� C(λ,M,N, κ0, ‖u0‖C1(M))(‖v(t)− v(s)‖L∞(M) + ‖dv(t)− dv(s)‖L∞)

� C(λ,M,N, κ0, ‖u0‖C1(M))|t− s|μ/2.



‖ψ(v + u0)‖Cμ,μ/2(M) � C(μ,M,N, κ0, ‖u0‖C1(M)).

α − 1 (v, ψv)

v1 ∈ C2+μ,1+μ/2(M × [0, T ],Rq)

∂tw
A = Δgw

A + 2(α− 1)
∇2

βγw
B∇β(v + u0)

B∇γ(v + u0)
A

1 + |∇(v + u0)|2
+ πA

BC(v + u0)〈∇(v + u0)
B ,∇(v + u0)

C〉

+
(πA

Bπ
C
BDπC

EF )(v + u0)〈ψD(v + u0),∇(v + u0)
E · ψF (v + u0)〉

α(1 + |∇(v + u0)|2)α−1

+Δgu
A
0 + 2(α− 1)

∇2
βγu

B
0 ∇β(v + u0)

B∇γ(v + u0)
A

1 + |∇(v + u0)|2 ,

w(·, 0) = 0,

‖v1‖C2+μ,1+μ/2(M×[0,T ]) � C(μ,M,N)(‖v1‖C0(M×[0,T ]) + ‖u0‖C2+ν(M) + κ0).

v1(·, 0) = 0

‖v1‖C0(M×[0,T ]) � C(μ,M,N)T (‖v1‖C0(M×[0,T ]) + ‖u0‖C2+ν(M) + κ0).

T > 0

‖v1‖C0(M×[0,T ]) � C(μ,M,N)T (‖u0‖C2+ν(M) + κ0).

v1 ∈ V T T > 0 v1
ψ(v1+u0) (v, ψ(v+u0)) (v1, ψ(v1+u0))

v2 ∈ V T vk+1 (v, ψ(v + u0))

(vk, ψ(vk + u0))

‖ψ(vk+1 + u0)‖Cμ,μ/2(M) � C(μ,M,N, κ0, ‖u0‖C1(M))

‖vk+1‖C2+μ,1+μ/2(M×[0,T ]) � C(μ,M,N)(‖u0‖C2+ν(M) + κ0).

vk u C2,1(M × [0, T ]) ψvk+u0

ψ C0(M × [0, T ]) (u, ψ)

u(·, 0) = u0 ψ(·, 0) = ψ0

u(x, t) N (x, t) ∈ M × [0, T ]

u ∈ C2,1(M × [0, T ],Rq)

ψ ∈ Cμ,μ/2(M × [0, T ],ΣM ⊗ (π ◦ u)∗TN) ∩ L∞([0, T ];C1+μ(M))

‖·‖ 〈·, ·〉
‖ · ‖g 〈·, ·〉g (M, g)

ρ : Rq → R
q ρ(z) = z − π(z) ϕ : M × [0, T ] → R

ϕ(x, t) = ‖ρ(u(x, t))‖2 =

q∑
A=1

|ρA(u(x, t))|2.



(
∂

∂t
−Δ

)
ϕ(x, t) = −2

q∑
A=1

‖∇(ρA ◦ u)(x, t)‖2g

+ 2〈ρ ◦ u,−πA
B(u)F

B
1 (u)〉

+
2

α(1 + |∇u|2)α−1
〈ρ ◦ u, ρAB(u)FB

2 (u, ψ)〉

+
4(α− 1)

1 + |∇u|2 〈ρ ◦ u,∇
2
βγu

C∇βu
C∇γu

BρAB(u)〉,

FA
1 FA

2

ρ ◦ u ∈ T⊥
π◦uN (dπ)u : Rq → Tπ◦uN

〈ρ ◦ u,−πA
B(u)F

B
1 〉 = 〈ρ ◦ u, ρAB(u)FB

2 〉 = 0.

4(α− 1)

1 + |∇u|2 〈ρ ◦ u,∇
2
βγu

C∇βu
C∇γu

BρAB(u)〉

� 4(α− 1)‖u‖C2(M)‖ρ ◦ u‖‖∇(ρ ◦ u)‖
� 2(α− 1)(‖u‖2C2(M)ϕ+ ‖∇(ρ ◦ u)‖2),

( ∂
∂t − Δ)ϕ(x, t) � Cϕ, C = C(‖u‖C2,1(M×[0,T ])) ϕ(x, t) � 0 ϕ(x, 0) = 0

(x, t) ∈ M × [0, T ] ϕ = 0 M × [0, T ] u(x, t) ∈ N

(x, t) ∈ M × [0, T ]

ε

u ∈ C2+μ,1+μ/2(M × [0, T ], N)

ψ ∈ Cμ,μ/2(M × [0, T ],ΣM ⊗ u∗TN) ∩ L∞([0, T ];C1+μ(M)).

(u, ψ)

Eα(u(t)) + 2α

∫ t

0

∫
M

(1 + |∇u|2)α−1|∂tu|2 = Eα(u0).

Eα(u(t)) [0, T ]

α

(u, ψ)

p ∈ (1, 2)

‖ψ(·, t)‖W 1,p(M) � C, ∀ t ∈ [0, T ],

C = C(p,M,N,Eα(u0))

ε



(u, ψ)

ω0 = (x0, t0) ∈ M × (0, T ]

PR(ω0) := BR(x0)× [t0 −R2, t0].

ε2 = ε2(M,N) > 0 ε3 = ε3(M,N, u0) > 0 C =

C(μ,R,M,N,Eα(u0)) > 0

1 < α < 1 + ε2 sup
[t0−4R2,t0]

E(u(t);B2R(ω0)) � ε3,

√
R‖ψ‖L∞(PR(ω0)) +R‖∇u‖L∞(PR(ω0)) � C,

0 < β < 1

sup
[t0−R2

4 ,t0]

‖ψ(t)‖C1+μ(BR/2(x0)) + ‖∇u‖Cβ,β/2(PR/2(ω0)) � C(β).

sup
M

sup
[t0−4R2,t0]

E(u(t);B2R(ω0)) � ε3,

‖u‖
C2+μ,1+μ/2(M×[t0−R2

8 ,t0])
+ ‖ψ‖

Cμ,μ/2(M×[t0−R2

8 ,t0])
+ sup

[t0−R2

8 ,t0]

‖ψ(t)‖C1+μ(M) � C.

α

α α > 1

α

M (N,h)

u0 ∈ C2+μ(M,N) μ ∈ (0, 1) dimHker /D
u0

1,0 = 1

α ∈ (1, 1 + ε1) α (uα, ψα)

uα u0 ‖ψα‖L2 = 1

mα
0 := inf{Eα(u) | u ∈ W 1,2α(M,N) ∩ [u0]},

[u0] u0 u0 α

(u0, ψ0) α ψ0 ∈ ker /D
u0

1,0 Eα(u0) > mα
0

u ∈ C2+μ,1+μ/2(M × [0, T ), N)

ψ ∈ Cμ,μ/2(M × [0, T ),ΣM ⊗ u∗TN) ∩
⋂

0<s<T

L∞([0, s];C1+μ(M))

∫
M

(1 + |∇u|2)α � Eα(u0).

0 < ε < ε3 r0 = r0(ε, α,Eα(u0))

(x, t) ∈ M × [0, T ) ∫
Br0

(x)

|∇u|2 � CEα(u0)
1/αr

1− 1
α

0 � ε.



Z =
{
T ∈ R

∣∣∣ lim
ti↗T

dimHker /D
u(ti)
1,0 > 1

}
{ti} ↗ T

(u(·, ti), ψ(·, ti)) → (u(·, T ), ψ(·, T )) C2+μ(M)× C1+μ/2(M)

‖ψ(·, T )‖L2 = 1.

Z = ∅ (u, ψ) T

(u(·, T ), ψ(·, T ))
t → ∞ {ti} → ∞∫

M

|∂tu|2(·, ti) → 0.

{ti} α

(uα, ψα) ∈ C∞(M,N) × C∞(M,ΣM ⊗ (uα)
∗TN) (u(·, ti), ψ(·, ti)) (uα, ψα)

C2(M)× C1(M) ‖ψα‖L2 = 1

Z �= ∅ T ∈ Z Eα(u(·, T )) > mα
0 (u(·, T ), ψ(·, T ))

α u1 ∈ C2+μ(M,N)

mα
0 < Eα(u1) < Eα(u(·, T ))

dimHker /D
u1

1,0 = 1.

ψ1 ∈ ker /D
u1 ‖ψ1‖L2 = 1

(u1, ψ1) (u1, ψ1) α

Z = ∅ (u2, ψ2)

{ui(x, t)}i=1,...,∞
{Ti}i=1,...,∞

Eα(ui(t)) + 2α

∫ t

0

∫
M

(1 + |∇ui|2)α−1|∂tui|2 = Eα(ui), ∀ t ∈ (0, Ti),

ui(·, 0) = ui ∈ C2+μ(M,N) Ti {ti}
ti ∈ (0, Ti) α Ti → 0

Eα(ui) mα
0

mα
0 {ti} ti ∈ (0, Ti)

i ui(ti) C2(M)× C1(M) α uα

/D
uα

1,0 ψ ∈ ker /D
uα

1,0 (uα, ψ) α
/D
uα

1,0 Z2 G⊗ id

α (uα, ψ
±
α ) ker /D

uα � ψα = ψ+
α + ψ−

α

ψα ‖ψ+
α ‖L2 = 1 ‖ψ−

α ‖L2 = 1

α

mα
0 C > mα

0

C α

{ti} 0 < Tk � +∞
lim
ti↗T

(u(·, ti), ψ(·, ti)) → (uα, ψα) C2(M)× C1(M),



(uα, ψα) α Eα(uα) = mα
0 uα

α α

α > 1 1 α (uα, ψα)

Eα(uα) � Eα(u0), ‖ψα‖L2 = 1,

‖ψα‖W 1,p(M) � C(p,M,N,Eα(u0))

1 < p < 2 α 1

M N n

j2 1.2

u0 ∈ C2+μ(M,N) μ ∈ (0, 1) dimHker /D
u0

1,0 = 1 (

Ψ �= 0) (Φ,Ψ) ‖Ψ‖L2 = 1 N

Φ u0

α (uαk
, ψαk

)

αk ↘ 1 k → ∞
ε0 > 0

(Φ,Ψ) ∈ C∞(M,N)× C∞(M,ΣM ⊗ Φ∗TN)

(uαk
, ψαk

) → (Φ,Ψ) C2
loc(M \ S)× C1

loc(M \ S),

S :=

{
x ∈ M

∣∣∣∣ lim inf
αk→1

E(uαk
;Br(x)) �

ε0
2
, ∀ r > 0

}

x0 ∈ S xαk
→ x0 λαk

→ 0

(φ, ξ) : R2 → N

(uαk
(xαk

+ λαk
x), λαk−1

αk

√
λαk

ψαk
(xαk

+ λαk
x)) → (φ, ξ) C2

loc(R
2),

α → 1 p∗ > 4 p = 2p∗

2+p∗

‖ψαk
‖Lp∗ (M) � C(p∗,M,N,Eαk(u0))

‖ξ‖L4(DR(0)) = lim
αk→1

λαk−1
αk

‖ψαk
‖L4(Dλαk

R(xαk
))

� lim
αk→1

C‖ψαk
‖Lp∗ (M)(λαk

R)2(
1
4− 1

p∗ ) = 0.

ξ = 0 φ ‖ψα‖L2 = 1

‖Ψ‖L2(M) = lim
αk→1

‖ψα‖L2(M) = 1.

(Φ,Ψ) (N,h)

(uαk
, ψαk

) → (Φ,Ψ) C2(M)× C1(M).

Φ u0



α

α

2

Lp

u∗T1,0N

T > 0 BT
R(ū0) := {u ∈ XT | ‖u − ū0‖XT

� R} ∩ {u|t=0 = u0}
ū0(x, t) = u0(x) t ∈ [0, T ]

u0(x) π ◦ ut(x)

N. N

R
q

N ⊂ R
q

R
q

A C > 0 ‖A‖ � C

‖A‖ := sup{‖AvX‖ | v ∈ T⊥
p N, X ∈ TpN, ‖v‖ = 1, ‖X‖ = 1, p ∈ N}.

0 < δ0 < 1
C 0 < δ � δ0 p, q ∈ N ‖p− q‖2 < δ

dN (p, q) � 1

1− δC
‖p− q‖2,

‖ · ‖2
δ R

BT
R(ū0) BT

R(ū0)

‖u(x, t)− ū0(x, t)‖2 = ‖u(x, t)− u0(x)‖2 � R

(x, t) ∈ M × [0, T ] R � δ

d(u(x, t), N) � ‖u(x, t)− u0(x)‖2 � δ



(x, t) ∈ M × [0, T ] u(x, t) ∈ Nδ π ◦ u N

‖(π ◦ u)(x, t)− u0(x)‖2 � ‖(π ◦ u)(x, t)− u(x, t)‖2 + ‖u(x, t)− u0(x)‖2 � 2δ.

ε > 0 2ε < inj(N) δ

δ < min

{
1

4
δ0,

1

4
ε(1− δ0C)

}
,

δ0, C > 0 u, v ∈ BT
R(ū0)

‖(π ◦ u)(x, t)− (π ◦ v)(x, s)‖2 � 4δ < δ0.

dN ((π ◦ u)(x, t), (π ◦ v)(x, s)) � 1

1− δ0C
‖(π ◦ u)(x, t)− (π ◦ v)(x, s)‖2

� 1

1− δ0C
4δ < ε <

1

2
inj(N).

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ε > 0 2ε < inj(N),

δ > 0 δ < min

{
1

4
δ0,

1

4
ε(1− δ0C)

}
,

R � δ,

u(x, t) ∈ Nδ

dN ((π ◦ u)(x, t), (π ◦ v)(x, s)) < ε <
1

2
inj(N)

u, v ∈ BT
R(ū0) x ∈ M t, s ∈ [0, T ]

ε δ R ε > 0 C =

C(R) > 0

‖((P vs,ut)−1 /D
π◦ut

1,0 P vs,ut − /D
π◦vs

1,0 )ψ(x)‖ � C‖ut − vs‖C0(M,Rq)‖ψ(x)‖

u, v ∈ BT
R(ū0) ψ ∈ ΓC1(ΣM ⊗ (π ◦ vs)∗T1,0N) x ∈ M t, s ∈ [0, T ]

f0 := π ◦ vs f1 := π ◦ ut C1 F : M × [0, 1] → N

F (x, t) := expf0(x)(t exp
−1
f0(x)

f1(x)),

exp N F (·, 0) = f0 F (·, 1)
= f1 t �→ F (x, t) f0(x) f1(x)

Pt1,t2 = Pt1,t2(x) : T1,0N |F (x,t1) → T1,0N |F (x,t2)

F ∗T1,0N ∇F∗T1,0N T1,0N

γx(t) := (x, t) γx(t1) γx(t2) x ∈ M t1, t2 ∈ [0, 1] P0,1 = P vs,ut

ψ ∈ ΓC1(ΣM ⊗ (f0)
∗T1,0N)

((P0,1)
−1 /D

f1P0,1 − /D
f0)ψ = (eα · ψi)⊗ (((P0,1)

−1∇f∗
1 T1,0N

eα P0,1 −∇f∗
0 T1,0N

eα )(bi ◦ f0)),



ψ = ψi ⊗ (bi ◦ f0) {bi} T1,0N ψi C1 ΣM

{eα} TM

C1 Θi F ∗T1,0N

Θi(x, t) := P0,t(x)(bi ◦ f0)(x).

t ∈ [0, 1] Tij(·, t) := Tα
ij(·, t)

(P0,t)
−1((∇F∗T1,0N

eα Θi)(x, t)) =
∑
j

Tα
ij(x, t)(bj ◦ f0)(x).

Tij

‖((P0,1)
−1∇f∗

1 T1,0N
eα P0,1 −∇f∗

0 T1,0N
eα )(bi ◦ f0)(x)‖2

= ‖(P0,1)
−1((∇F∗T1,0N

eα Θi)(x, 1))− (P0,0)
−1((∇F∗T1,0N

eα Θi)(x, 0))‖2

=

∥∥∥∥∑
j

Tij(x, 1)(bj ◦ f0)(x)−
∑
j

Tij(x, 0)(bj ◦ f0)(x)
∥∥∥∥
2

=
∑
j

(Tij(x, 1)− Tij(x, 0))
2

=
∑
j

(∫ 1

0

d

dt

∣∣∣∣
t=r

Tij(x, t)dr

)2

.

Tij

F ∗T1,0N X ∈ Γ(TM)

d

dt

∣∣∣∣
t=r

((P0,t)
−1((∇F∗T1,0N

X Θi)(x, t)))

=
d

dt

∣∣∣∣
t=0

((P0,t+r)
−1((∇F∗T1,0N

X Θi)(x, t+ r)))

=
d

dt

∣∣∣∣
t=0

((P0,r)
−1(Pr,r+t)

−1((∇F∗T1,0N
X Θi)(x, t+ r)))

= (P0,r)
−1 d

dt

∣∣∣∣
t=0

((Pr,r+t)
−1((∇F∗T1,0N

X Θi)(x, t+ r)))

= (P0,r)
−1((∇F∗T1,0N

∂
∂t

∇F∗T1,0N
X Θi)(x, r)).

Θi

F (∇F∗T1,0N
∂
∂t

∇F∗T1,0N
X Θi)(x, r)

Tij t

∇F∗T1,0N
∂
∂t

∇F∗T1,0N
X Θi

= RF∗T1,0N

(
∂

∂t
,X

)
Θi +∇F∗T1,0N

X ∇F∗T1,0N
∂
∂t

Θi −∇F∗T1,0N

[ ∂
∂t ,X]

Θi

= RF∗T1,0N

(
∂

∂t
,X

)
Θi = RT1,0N

(
dF

(
∂

∂t

)
, dF (X)

)
Θi,

∇F∗T1,0N
∂
∂t

Θi = 0 Θi [ ∂∂t , X] = 0



∑
j

(
d

dt

∣∣∣∣
t=r

Tij(x, t)

)2

=

∥∥∥∥ d

dt

∣∣∣∣
t=r

((P0,t)
−1((∇F∗T1,0N

eα Θi)(x, t)))

∥∥∥∥
2

= ‖(∇F∗T1,0N
∂
∂t

∇F∗T1,0N
eα Θi)(x, r)‖2

=

∥∥∥∥RT1,0N

(
dF(x,r)

(
∂

∂t

)
, dF(x,r)(eα)

)
Θi(x, r)

∥∥∥∥
2

� C1‖dF(x,r)(∂t)‖2‖dF(x,r)(eα)‖2,
C1 N

‖dF(x,r)(∂t)‖ ‖dF(x,r)(eα)‖

dF(x,r)(∂t|(x,r)) = ∂

∂t

∣∣∣∣
t=r

(expf0(x)(t exp
−1
f0(x)

f1(x))) = c′(r),

c(t) := expf0(x)(t exp
−1
f0(x)

f1(x)) N c′ c

‖c′(r)‖ = ‖c′(0)‖ = ‖ exp−1
f0(x)

f1(x)‖

‖dF(x,r)(∂t)‖ = ‖ exp−1
f0(x)

f1(x)‖ � dN (f0(x), f1(x)) � C2‖ut − vs‖C0(M,Rq),

π C3(R) > 0

‖dF(x,r)(eα)‖ � C3(R) (x, r) ∈ M × [0, 1]

∑
j

(
d

dt

∣∣∣∣
t=r

Tij(x, t)

)2

� C1C
2
2C3(R)2‖ut − vs‖2C0(M,Rq)

(x, t)

ε δ R ε > 0 C = C(ε)

> 0

‖P vs,u0Put,vsPu0,utZ − Z‖ � C‖ut − vs‖C0(M,Rq)‖Z‖
Z ∈ T1,0N |u0(x) u, v ∈ BT

R(ū0) x ∈ M t, s ∈ [0, T ]

ε δ R u, v ∈ BT
R(ū0) s, t ∈ [0, T ]

P vs,ut : ΓW 1,p(ΣM ⊗ (π ◦ vs)∗T1,0N) → ΓW 1,p(ΣM ⊗ (π ◦ ut)
∗T1,0N)

C = C(R, p) ‖P vs,ut‖L(W 1,p,W 1,p) � C u, v

∈ BT
R(ū0) x ∈ M t, s ∈ [0, T ]

BT
R(ū0)

dimHker( /D
u0

1,0) = 1 ε δ R A.2. R

dimHker( /D
π◦ut

1,0 ) = 1

Λ = 1
2Λ(u0)

#{spec( /Dπ◦ut

1,0 ) ∩ [−Λ,Λ]} = 1

u ∈ BT
R(ū0) t ∈ [0, T ] Λ(u0)

spec( /D
u0

1,0) \ {0} ⊂ R \ (−Λ(u0),Λ(u0)).



A.5

R(λ, /D
π◦ut

1,0 ) : ΓL2 → ΓL2 /D
π◦ut

1,0 : ΓW 1,2 → ΓL2 Lp ( [4,Lemma 3.3])

R(λ, /D
π◦ut

1,0 ) : ΓLp → ΓW 1,p

2 � p < ∞ R > 0 C = C(p,R)

> 0 sup|λ|=Λ
2
‖R(λ, /D

π◦ut

1,0 )‖L(Lp,W 1,p) < C u ∈ BT
R(ū0) t ∈ [0, T ]

u ∈ BT
R(ū0) ψ0 ∈ ker( /D

u0)

‖ψ0‖L2 = 1 √
1

2
� ‖ψ̃ut

1 ‖L2 � 1,

ψ̃ut = Pu0,utψ0 = ψ̃ut
1 + ψ̃ut

2 ΓL2 = ker( /D
π◦ut

1,0 )⊕ (ker( /D
π◦ut

1,0 ))⊥

α

δ ε R

ψ0 ∈ ker( /D
u0

1,0)

ψ̄(ut) := ψ̃ut
1 = − 1

2πi

∫
γ

R(λ, /D
π◦ut

1,0 )Pu0,utψ0dλ

u ∈ BT
R(ū0) γ 2 Λ = 1

2Λ(u0)

ψ̄(ut) ∈ ker( /D
π◦ut

1,0 ) ⊂ ΓC0(ΣM ⊗ (π ◦ ut)
∗T1,0N).

ψ(ut) := ψ(u(·, t)) = ψ̄(ut)

‖ψ̄(ut)‖L2

.

ψA(ut) ΣM ψ(ut) = ψA(ut)⊗ (∂A ◦ π ◦ ut) A = 1, . . . , q

C = C(R, ε, ψ0) > 0

‖Put,vs ψ̄(ut)(x)− ψ̄(ut)(x)‖ � C‖ut − vs‖C0(M,Rq)

‖ψA(ut)(x)− ψA(vs)(x)‖ � C‖ut − vs‖C0(M,Rq)

u, v ∈ BT
R(ū0) A = 1, . . . , q x ∈ M s, t ∈ [0, T ]

D1 D2

R(λ,D1)−R(λ,D2) = R(λ,D1) ◦ (D1 −D2) ◦R(λ,D2),

Put,vs ψ̄(ut)− ψ̄(vs)

= − 1

2πi

∫
γ

R(λ, Put,vs /D
π◦ut

1,0 (Put,vs)−1)(Put,vsPu0,utψ0 − Pu0,vsψ0)

− 1

2πi

∫
γ

(R(λ, Put,vs /D
π◦ut

1,0 (Put,vs)−1)−R(λ, /D
π◦vs

1,0 ))Pu0,vsψ0

= − 1

2πi

∫
γ

R(λ, Put,vs /D
π◦ut

1,0 (Put,vs)−1)(Put,vsPu0,utψ0 − Pu0,vsψ0)



− 1

2πi

∫
γ

(R(λ, Put,vs /D
π◦ut

1,0 (Put,vs)−1) ◦ (Put,vs /D
π◦ut

1,0 (Put,vs)−1 − /D
π◦vs

1,0 ) ◦R(λ, /D
π◦vs

1,0 ))Pu0,vsψ0,

γ Λ = 1
2Λ(u0) p

‖Put,vs ψ̄(ut)(x)− ψ̄(vs)(x)‖
� C1‖Put,vs ψ̄ut − ψ̄vs‖W 1,p(M)

� C2

∥∥∥∥
∫
γ

R(λ, Put,vs /D
π◦ut(Put,vs)−1)(Put,vsPu0,utψ0 − Pu0,vsψ0)

∥∥∥∥
W 1,p(M)

+ C2

∥∥∥∥
∫
γ

(R(λ, Put,vs /D
π◦ut(Put,vs)−1) ◦ (Put,vs /D

π◦ut(Put,vs)−1 − /D
π◦vs)

◦R(λ, /D
π◦vs))Pu0,vsψ0

∥∥∥∥
W 1,p(M)

� C2

∫
γ

‖R(λ, Put,vs /D
π◦ut(Put,vs)−1)(Put,vsPu0,utψ0 − Pu0,vsψ0)‖W 1,p(M)

+ C2

∫
γ

‖(R(λ, Put,vs /D
π◦ut(Put,vs)−1) ◦ (Put,vs /D

π◦ut(Put,vs)−1 − /D
π◦vs)

◦R(λ, /D
π◦vs))Pu0,vsψ0‖W 1,p(M)

� C3 sup
Im(γ)

‖R(λ, Put,vs /D
π◦ut(Put,vs)−1)‖L(Lp,W 1,p)‖Put,vsPu0,utψ0 − Pu0,vsψ0‖Lp

+ C3 sup
Im(γ)

‖R(λ, Put,vs /D
π◦ut(Put,vs)−1)‖L(Lp,W 1,p) sup

Im(γ)

‖R(λ, /D
π◦vs)‖L(Lp,W 1,p)

× ‖Put,vs /D
π◦ut(Put,vs)−1 − /D

π◦vs‖L(W 1,p,Lp)‖Pu0,vsψ0‖Lp .

‖Put,vs /D
π◦ut(Put,vs)−1 − /D

π◦vs‖L(W 1,p,Lp) � C(R)‖ut − vs‖C0(M,Rq).

‖Put,vsPu0,utψ0 − Pu0,vsψ0‖Lp � C(ε, ψ0)‖ut − vs‖C0(M,Rq).

‖ψ̄A(ut)(x)− ψ̄A(vs)(x)‖ � C(R, ε, ψ0)‖ut − vs‖C0(M,Rq).

‖ψ̄A(ut)(x)− ψ̄A(vs)(x)‖
� ‖ψ̄(ut)(x)− ψ̄(vs)(x)‖ΣxM⊗Rq

� ‖Put,vs ψ̄(ut)(x)− ψ̄(vs)(x)‖ΣxM⊗Rq + ‖Put,vs ψ̄(ut)(x)− ψ̄(ut)(x)‖ΣxM⊗Rq

= ‖Put,vs ψ̄(ut)(x)− ψ̄(vs)(x)‖ΣxM⊗T(π◦vs(x))N

+ ‖Put,vs ψ̄(ut)(x)− ψ̄(ut)(x)‖ΣxM⊗Rq

� C(R, ε, ψ0)‖ut − vs‖C0(M,Rq) + ‖Put,vs ψ̄(ut)(x)− ψ̄(ut)(x)‖ΣxM⊗Rq .

γ(r) := exp(π◦ut)(x)(r exp
−1
(π◦ut)(x)

(π ◦ vs(x))), r ∈ [0, 1]

N (π ◦ut)(x) (π ◦ vs)(x) X ∈ Tγ(0)N

X(r) γ X(0) = X

Put,vsX −X = X(1)−X(0) =

∫ 1

0

dX

dr

∣∣∣∣
r=ξ

dξ =

∫ 1

0

II(γ′(r), X(r))dr.



‖Put,vsX −X‖Rq � C1 sup
r∈[0,1]

‖γ′(r)‖N sup
r∈[0,1]

‖X(r)‖N = C1‖γ′(0)‖N‖X‖N ,

II N R
q C1 N

π

‖γ′(0)‖N � dN ((π ◦ ut)(x), (π ◦ vs)(x)) � C2‖ut(x)− vs(x)‖Rq

‖Put,vsX −X‖Rq � C3‖ut(x)− vs(x)‖Rq‖X‖N .

‖Put,vs ψ̄(ut)(x)− ψ̄(ut)(x)‖ΣxM⊗Rq � C(R, ε, ψ0)‖ut(x)− vs(x)‖Rq .

‖ψA(ut)(x)− ψA(vs)(x)‖

=

∥∥∥∥ ψ̄A(ut)(x)

‖ψ̄(ut)‖L2

− ψ̄A(ut)(x)

‖ψ̄(vs)‖L2

+
ψ̄A(ut)(x)

‖ψ̄(vs)‖L2

− ψ̄A(vs)(x)

‖ψ̄(vs)‖L2

∥∥∥∥
� ψ̄A(ut)(x)

‖ψ̄(ut)‖L2‖ψ̄(vs)‖L2

|‖ψ̄(vs)‖L2 − ‖ψ̄(ut)‖L2 |

+
1

‖ψ̄(vs)‖L2

‖ψ̄A(ut)(x)− ψ̄A(vs)(x)‖

=
ψ̄A(ut)(x)

‖ψ̄(ut)‖L2‖ψ̄(vs)‖L2

|‖ψ̄(vs)‖L2 − ‖Put,vs ψ̄(ut)‖L2 |

+
1

‖ψ̄(vs)‖L2

‖ψ̄A(ut)(x)− ψ̄A(vs)(x)‖

� ψ̄A(ut)(x)

‖ψ̄(ut)‖L2‖ψ̄(vs)‖L2

‖Put,vs ψ̄(ut)− ψ̄(vs)‖L2

+
1

‖ψ̄(vs)‖L2

‖ψ̄A(ut)(x)− ψ̄A(vs)(x)‖

�
(

ψ̄A(ut)(x)

‖ψ̄(ut)‖L2‖ψ̄(vs)‖L2

+
1

‖ψ̄(vs)‖L2

)
C(R, ε, ψ0)‖ut − vs‖C0(M,Rq).


