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Abstract
In this note, we prove conformal lower bounds for Dirac operators of submanifolds in terms
of conformal and extrinsic quantities.
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1 Introduction

The eigenvalues of Dirac operators on spin manifolds are extensively studied. In 1980,
Friedrich [7] first derived the lower bound of the first eigenvalues of a Dirac operator D
in terms of the scalar curvature Sy, and dimension m of the underling manifold M:

m
A2 (D) > ——Sy. 1.1
D)z 4 m_1oM (I.D
Since then, various kinds of estimates in terms of intrinsic geometric quantities have been
proved (see e.g. [8,9] and the references therein). A well known result of Hijazi [11] states
that

W2(D) > — A (L) (1.2)
= 4m—1)
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for m > 3, where Ly = —%A + Sy is the Yamabe operator of M. If m = 2, Bir [2]
proved that
4 (1 —
32 () = U= 8m) (13)
area(M)

where gy is the genus of M. The equality in (1.1), (1.2) or (1.3) gives an Einstein metric.
On the other hand, the submanifold theory for Dirac operators was introduced by Bir

in [3]. Let M™ <& M™*" be a closed oriented connected spin submanifold isometrically
embedded in a Riemannian spin manifold M"*+" with fixed spin structures. Milnor’s Lemma
claims that there is a unique spin structure [18] on the normal bundle N of M in M. Denoted
by SM, =M and £ N the spinor bundles of M, M and N respectively. Denoted by v,V
and V< the Levi-Civita connections on M, M, N respectively. Denoted by VEM yEM gnd
V=N the Levi-Civita connections on £ M, ¥ M and = N respectively. Forevery X, Y € TM,
define

R(X,Y) :=[Vx, Vy] - Vix.y],

R(X,Y) :=[Vx,Vy]l = Vix vy,

RY(X.Y) :=[Vx. Vyl— Vix y).
REM (X, y) i=[VEM vEM) — vEM
REM(X,v) =[VEM, VM) - vEM,.
RN ) =IVN, v = vy,

Denoted by j, y, y* the Clifford multiplications on £ M, = M and = N respectively. Denoted
by D, D, D+ the Dirac operators on S M, M and TN respectively. Let A* be the shape
operator of M in M with respect to the normal vector field u, B the second fundamental
form of M in M and H the normalized mean curvature vector of M in M. Let {vy} be a local
orthonormal frame of the normal bundle N, then A = ) | A®vgand H =) | H%,.
Denote by A the trace free part of A, i.e., A = Yoy A% @ vy and AY = A — H%g. If M
is a hypersurface of M, we denote A by the shape operator of M in M with respect to the
unit outward normal vector field. Finally, denote R(¢) by the normalized trace of the ambient
sectional curvature on the tangent space, i.e.,

1 .
R() = m Z R(e;, €j, €, ej),
i,j=1
where {e¢;} is a local orthonormal frame of 7M.

The lower bounds of hypersurface Dirac operators was studied by Zhang [20-22] and later
generalized to submanifold Dirac operators by Hijazi and Zhang [14,15]. In particular, Hijazi
and Zhang [14,15] give optimal lower bounds for the submanifold Dirac operator in terms
of the mean curvature and other geometric invaraints as the Yamabe number or the energy-
momentum tensor under some extra assumptions. Ginoux and Morel [10] also considered
the eigenvalue estimates problem for submanifold Dirac operators.

In this paper, we study the eigenvalue estimats problem for Dirac operator D>V of the
twistor bundle ¥ M ® X N which can be viewed as a Dirac bundle on M [18]. Locally,

DEN(Y ®0):=DYy ®0+ Y y(e)y ® Vio.

i=1
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According to [3], we know that

XMQZN, mn=0 mod 2

M|y =
(EM®EN)®(EMQEN), mn=1 mod?2.

DZN

We will prove comformal lower bound estimates for Dirac operator in terms of con-

formal and extrinsic quantities.

Theorem 1.1 Let M™ be a closed oriented submanifold isometrically embedded in a Rie-
mannian spin manifold M"*™. Suppose n = 1 or M is locally conformally flat. Then the
eigenvalue X of the Dirac operator DN of the twisted bundle M @ LN satisfies

2
d4r(l—gy) =Dy ‘A‘ B

=2,
A > ar’%a(M) 2 area(M) "
— A1 (L), 2.
am " "=
Here L1 (L) (if m > 2) is the first eigenvalue of the operator L defined by
4m — 1) o2
L:—7A+SM—(n—1)‘A’ .
m—2

Moreover, if . # 0, then the equality implies that the Ricci curvature of M satisfies

"o N2 4(m — DA?
Rie= (-1 (A*) + ="
ic=m-—1) (A + " g
a=1
Remark 1.1 1. Whenm = 2,

2
A

Jy

is invariant under the conformal change of the metric g. The equality implies that gy = 0
or gy = 1 and A=0,ie, Misa 2-sphere or a totally umbilici 2-torus.

2. For a Dirac operator D, let A; be the eigenvalues. We recall the conformal eigenvalue
0;i (D) of D (cf. [1]) given by

0i(D) = inf |1;(2)| voly,".
g€lgl 8

Here [g] stands for the conformal class of g. Similarly, for a second positive self adjoint
elliptic operator L, we have the conformal eigenvalue A; (L) of L by

oi(L) = inf A;(3)voly,"
gelgl

g

From Theorem 1.1, we have that

a1 — gy — "1 rlal 2
7l —gm)— — Juy , o m=2,
2 (=N
GI(D >2 70'(14)2 m>2
dm— 1 B ‘
3. If M is a hypersurface, i.e., n = 1, then £ N is the trivial complex line bundle and

D>V = Distheclassical Dirac operator on M acting on spinors. In this case, Theorem 1.1

is reduced to Hijazi’s result [11] for m > 3 and Bér’s result [2] for m = 2.
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2 Preliminaries

We first compare the Dirac operator on M with the one on M. We will use notations in [3]. We
also refer the reader to [5,12—15] and the references therein. Basic facts concerning Clifford
algebras and spinor representations can be found in classical books [4,18].

2.1 Algebra preliminaries

Let E be an oriented Euclidean vector space. If dim £ = m is even, then the the complex
Clifford algebra of E, denoted by CI(E), has precisely one irreducible module, the spinor
module ¥ E with dimension 2/2, When restricted to the even subalgebra CI°(E) the spinor
module decomposes into even and odd half-spinors ZE = ©TE @ £~ E associated the
eigenspaces of the complex volume element wc = lem/ zyE (e1...en). On TEE it acts
as 1. Here {¢;} stand for a positively oriented orthonormal frame of E and yg : CI(E) —>
End(FE) stands for the Clifford multiplication.

If m is odd there are exactly two irreducible modules, £°E and X!'E, again called
spinor modules. In this case dim X°E = dimZ'E = 20"=D/2_ Also the two mod-
ules Z°F and T!E can be distinguished by the action of the complex volume element
we = 1" (e - em). On TIE it acts as (—1)/, j = 0, 1. There exists a vec-
tor space isomorphism ® : £°E — X!'E such that ® o ypg = —yg.1 o ®, where
ve,j : CI(E) — End >/ E stand for the Clifford multiplication, j =0, 1.

Let E and F be two oriented Euclidean vector spaces. Let dim £ = m and dim F = n.
We will construct the spinor module of E & F from those of E and F.

Case 1. m and n are both even.
Put ¥ := Y FE ® X F and define

y E®F — End X,
YX®Y)o®1) =(p(X)o) @1+ (—1D*%% @ (yr(Y)T).

Here

In this case

StTEOF) =(ETE®Z'F)@ (X EQ T F),
S (E@F)=(S'EQT F)®a (S E®XTF).
Case 2. m is even and n is odd:
Put ¥/ := XE ® L/F for j = 0, 1. As similar to Case 1, we can define y; :
E & F — End %/ with obvious modification.
Case 3. m is odd and n is even. A A
This case is symmetric to the second one. Put £/ := ¥/ E @ X F and define

yj :E®F —> End ¥/,
YiX@Y)o ®1) =(=D** (yp(X)0) ® T + 0 ® (yr(Y)1).
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Extrinsic conformal lower bounds of eigenvalue for Dirac operator 1663

Case 4. m and n are both odd.
Set

T :=3E ® =°F,
» =xE®x'F,
T =Xtex .
Recall that there exists a vector space isomorphism & : ¥0F — %!F such that
® o yp o = —yp.1 o . With respect to the splitting & = £ @ =™, we define
y:E®F — End %,

y(X@Y):( 0 V=Treo(X) @ @~ +1d®(c1>*‘ow,1<Y)>).

—V=1yE0(X) ® ® — 1d ®(P o yF 0(Y)) 0

2.2 Geometric preliminaries

With respect to the orthogonal splitting TM |y = TM @ N, the Gauss formula says
o _( Vx —BX.)
T\Bx,y vy )

The following equations are well known, i.e., Gauss equations, Codazzi equations and Ricci
equations (cf. [19]). Forall X, Y,Z € TM,n € N,

R(X,Y)Z =R(X,Y)Z + ABX-D(y)y — ABY- D (xy + (VxB)(Y, Z) — (Vy B)(X, Z),
R(X, V) =(Vy AY*(X) — (Vx A" (Y) + R (X, Y)uu + B(A*(X), Y) — B(A*(Y), X).

From the consideration in the previous subsection we know for the spinor bundles that
YXM|y = XM ® XN unless m and n are both odd in which case XM |y = (XM @ XN) ®
(XM ® £N). Using a standard formula (cf. [18]), we have

— 1 n B
viMIM vV @ 1d+1d@VEY + 5 D7 PAYX) - va),

a=I

R¥MIn (X, y) =R (X,Y) @ [d+1d @R*N (X, V) + i D o y([AY(X), AN ®1d

a=1

1 n
+7 2 (4700, AP ) = (A7), AP(O)) 1d @y (ve - vp)
o, =1

I ., )
+ 5; 7 (VXA (Y) = (Vy A (X)) - ve)
Define
D=y plenvihe=y,
i=1
Then (cf. [3])
72 (DEN)zy mn =0 mod 2;
D” = 5
(DEN fay (_DEN)) . mn = 1 mod 2.
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1664 Q. Chen, L. Sun

Recall the Bochner formula (cf. [17,18]),
(Dzzv)2 _ (V2M®EN)* YEIMOEN 4 RN
where

1_
RN = Ey(ei e )REMOEN (¢ e ).

3 Conformal lower bound estimates

In this section, we will give conformal lower bounds of the first eigenvalue of the Dirac
operator on the twisted bundle ¥ M ® X N.
First, we have

Lemma 3.1
sy mm—1) I Ry g
REN = T (RO) + 1H) + 5 Z)/(A (e,-)~va)
i=1 \a=lI
1.
- gWija,s)?(ei “ej Vg - Vp) 3.1D
SM—(n—l)‘/i‘z m n L 2
n o °
DL 255 (e ) - £S5 (i )
i1 =1 n=
1 -
- gWijaﬁ);(ei “ej Vg V). (3.2)

Proof Recall the curvature decomposition of R. Denoted P by the Schouten tensor which is
defined by

Pyp = n+m;—2 (RiCAB - WME’AB) , 1A B<n+m,
the Weyl tensor W is given by
Wascp == Ragcp — (Pacgsp + Pep&ac — Pangsc — Pecgan) -
Therefore, for every orthonormal 4-frame {e4, e, ec, ep}, we have
Wascp = Ragep.

A standard computation (cf. [18]) gives a formula

=y _ ] Y Ly _
RN = g(R(ei, ej)Ek,el)J/(ei cej-ep-e)+ §<R (ei, )V, Vﬂ))/(ei “ej Vg - Vp).
3.3)
The first term in the RHS of (3.3) is
Sm 1 "o 2
T =7l X R(ei,ej,ei,ej)-FM(m—l)lle—IA‘ . (3.4)

i j=1
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According to Ricci equations, we compute the second term of the RHS as follows,

1 _
*(Rl(ei, €j)Va, Vﬂ>)/(€i ~ej Vgt Vg)

8

1
= L (R €0 )+ (A%Cey). AP = (A% (e AP ) P €5 vp)
1
§( (i, €j)va, Uﬁ>)7(ei ej Vg Vg)

1 N o o
+t3 (< *(e;), Aﬁ(ei)> - (Aa(ef)’ Aﬁ(gj))) yiei-ej v vp)
l m n . . o2

Z (Aa(ei)'va'Aﬂ(ei)'vﬂ)+’A‘

1. -

+ g(W(ei,ej)va,Vﬂ)f(ei "€j Vo Vp), G-

where we used the fact
Wijap = Rijap, Yi # j, o #p.
Thus, the second term in the RHS of (3.3) is
m n
33 7 (A% ve - A vg) + A | — SHapp g v ). G6)
i=1a,p=1

Now (3.1) follows from (3.3), (3.4) and (3.6).
On the other hand, according to (3.5), for every spinor ¥

1 _ 1 - _
<f <RJ‘(e,~, €j)Va, v,g>y(e,~ cej Vg - vg)Y + §W,~ja,gy(e,~ cej Vg - VgV, 1//>

8
<i Z (ACer) v AP(er) v ) v + ]fi\zvf,w>

2
1
=5 | 2@ enw =3 3 raen vy
1
=3 \y(A el - Y- |
1 : 2
=" y(Aﬂ(e,»w—ny(v,e A v)w| — =1 |A[ 1P
i.p
3.7
Insert (3.7) into (3.3) and (3.4) to obtain (3.2). O

Remark3.1 1. Ifn =1,

1 m(m—l)(

1.2
REN = —§) = R H2—7‘A‘.
1 Sm 1 (1) + [HI7) 1
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2. Ifm=2,n=2,
SN 1 1 1, - 5
RV ls= =gum £ Jxkn = 5 (R(e1, ez, e1,e2) + |H|?)
i+
4 2N
1 m
)

1

2
i)?(ﬁ“(e‘)w) | g+ =1‘A‘22F1(KN—R(81 €2, v1,12))
1 o > 4 ) 5 5 N .

1 \e=l

Here
— (Rt
KN = (e1, e2)va, vi).
A direct consequence is

0|2
J, A =2
M

2 x(N) —/ R(ey, €2, v1, 12)
M

Therefore,

1 _
X(M)-I-’X(N)—*/ R(e1, e2,v1,12)
2 M

1 _
5—(/ R(61,€2761782)+|H|2)~
21 M

In particular, if M is flat and M is minimal (cf. [16]), then
x(M) + |x(N)| <0.

Proof The first remark is obvious. For the first part of the second remark, we refer the reader
to H. Iriyeh’s paper [16]. For the second part, we have

1 m ( n 2
- f(/i%e,-)-va)) 5=
4 1 \«

2 2
1 . :
=22 2 7 (A%en - APt v - v)
i=1a,p=1
1.2 1 /. .
=24 + 32 7 (A A v vp)
i=1 a#p
1.2 1 _ 5
=24 + 32X 7 (4 - AP e v vp)
i=1 ap
L2 1o p _
:Z‘A‘ +ZZZZ<AO((65)’E~[)(A (e,-),ek))/(ej-ek~va-vg)
i=1 j#k azp

2
11.2 1
=3 ‘A' +3 g (A" (e, er)(A%(en), e2) — (Al (en), e2){A%(er), e1)) 7 (e1 - €2 - v1 - 2)
AP el R
_Z‘ ' E(KN— (e1,e2,v1,12)).

@ Springer



Extrinsic conformal lower bounds of eigenvalue for Dirac operator 1667

The third part follows from the fact

i (Zn: 7 (A% va)>2 > 0.

i=1 \a=1

ENI

Hence,

2,
2 Jm

Finally, according to the Gauss equation,

o

2 _ _
A Z/ lky — R(er, e, v1, 10)| > ‘27TX(N)—/ R(e1, e2,v1, 12)|.
M M

_ S NI
ky = R(ey, ez, e1,e) + |H| —5’1‘\‘ .

1 _
57(/ R(€1,€2,€1782)+|H|2)~
21 M

Now we are in position to give the proof of our main theorem.

we obtain

1 _
x (M) + ‘X(N) - 7/ R(ey, e2,v1,12)
27‘[ M

Proof of Theorem 1.1 For every smooth function f on M, we have the following weighted
Bochner formula (cf. [6])

" ewin [Pl
M

_ /M exp(/) (’”2‘ Lap o m=Dm=2) g 00 +R§N> 2

4

+ /M exp(1—m) )| PZN (exp (%f) V) g (3.8)
where
REV Y2 = (R¥Vy, v),
and PV is the twistor operator defined by
P)}(:Nlﬂ — V§M®EN¢ + iz(X)D}:NII/,
andy =y ®Id.
According to Lemma 3.1, we have
)
RGN = u— b ‘A’ _ Wisap (7ei-¢j - va-vp)¥- ¥) (3.9)

- 4 8|y

The second term of RHS of the above inequality vanished according to the assumption.
Suppose v is an eigenspinor of D>V associated with 1, i.e.,

DNy = .
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1668 Q. Chen, L. Sun

Inserting (3.9) into (3.8), we obtain

m—1
—ﬁf el ly?
m M

> [ o | Mrar - PR sy
" 2 4

SM—(n—1)‘/§2’ o
1 vl

(3.10)
We consider two cases.

Case 1. m =2.
In this case, we choose f € C* (M) as the unique solution to the following PDE

o2

n—1 4 4r(—gw) (n—1 [ |A /f—O

2 " area(M) 2area(M) = Jy '
on M. Therefore, according to (3.10), we get

Af 4+kym—

2

j2 2 A= gu) (=1 [y |A
area(M) B 2area(M)

Case2. m > 2.
In this case, (3.10) implies that for every positive function u,

m— 1A2/ ylmm/(m=2) |1ﬁ|2
m M

<

ly|?. (3.11)

Sy —(m—1 ‘Az
Z/ u—m/(m—Z) _m — lAu + M ( )

Choose u € C* (M) as a positive eigenfunction of the operator L, i.e.,
4(m — 1) .2
Lu=——Z 2 Aut Sy — (1= 1) ‘A‘ = (L)u.

m —

Moreover, after rescalling, we can choose u satisfying

/ ur = vol(M).
M

Then the inequality (3.11) implies that

2> .
4(m — 1)
Next, we will consider the limit case. If we suppose
)

, dr—gw = DJy|A

area(M) 2 area(M)

as m = 2 is the case and
M=)
4m —1)
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Extrinsic conformal lower bounds of eigenvalue for Dirac operator 1669

as m > 2 is the case. On one hand, since P>V (exp (%f) 1/f> =0,ie.,
_ pEN m
o= 7" (e (21)9)

= (5 /) [v)%M@ENvf + %ﬂxw”w +2XW A+ 5y (X)) w} . VX eTM,

we have

V;M@ENW_F&Z(XW,_F@X(]CW/_FEZ(X.Vf)y/:O, (3.12)
m 2 2

Consequently, V (e™~1//2 ||?) = 0 which implies that ¢ ~1//2 |3|? is a nonzero con-
stant on M. On the other hand, the equality in (3.2) gives

P(A%(ei) - va) ¥ = 7(AP(er) - vp)¥, Vi, B. (3.13)
According to (3.12) and (3.13), a direct computation gives

mT_l (D2N>2w _ (PEN)* PENy 4 RENy,
m—1 (m = 1)(m —2) SM—(”‘D‘A‘Z
ol e A B E—

-1
- v hy.
m

Notice that in the limit case,

_ — m — Sy —(n—1)|A _
m2 1Af—(m 1)4(m 2)|Vf|2+ )‘=m 1)\2.

We conclude that

m—1
2y (Vv =o.
m

Since A # 0and ¥ # 0 holds everywhere, we know that f is a constantand f = 0 according
to the normalizing condition. Hence,

A
VRO Y+ —y (XY =0,
which implies that

" 2(m — A2
Zf(ei)REM@’EN(ei, eV = (mmiz));(ej)w,

i=1

Applying Gauss equations and Ricci equations, a stand calculation yields (cf. [11,18]),

D e REMEEN (¢, e )y

i=1
m

1 m n
Z (R(ei, ej)er, er) v (ei - ex - eV + 7 Z (RL(ei’ €j)Vy, Vﬂ)?(ei Vg VY

ik,l=1 1 a,p=I

FN.

1 e o . o o
= 37 (Ricep) v = 7 Y37 (Blej.en - A% - va + A%(e) - va - Blej.en) v

i=1 a=1
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1670 Q. Chen, L. Sun

According to (3.13),

S50 (Blejeen A v+ A%Ge) v Bley.en) v

P o
= Z i <2B(e/,e,) A%(e;) - Vg —2(4"(ei),e,->f§"(ei))1/f
2221/;@ ) el>vﬁ A%(e;) - vy —2Z(A“) ) | v
=7 [ 2n i;l (4%, ei) v - AP (e - vp — Zi (/3“)2 () | v
20— 1) Z 7 ((fi“)z (e,.)> 2
Thus -
éf(e,-)RZM@N(eh eV :%;7 (Ric(e)) ¥ + 1;”;;/ ((/&a)z (e,-)) v.

Summarize these identities, we get

1

1 —n 0\ 2 A2
57 (ch(e])w—i-TnZ)?((A“) (ej)>w=¥y(e,)w (3.14)
1

o=

Since ¥ vanish nowhere on M, then (3.14) implies that

Ric=n—-1) i (fio‘)z + Mg.

m
a=1
O
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