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Abstract. We develop estimates for the solutions and derive existence and uniqueness results of
various local boundary value problems for Dirac equations that improve all relevant results known
in the literature. With these estimates at hand, we derive a general existence, uniqueness and reg-
ularity theorem for solutions of Dirac equations with such boundary conditions. We also apply
these estimates to a new nonlinear elliptic-parabolic problem, the Dirac-harmonic heat flow on Rie-
mannian spin manifolds. This problem is motivated by the supersymmetric nonlinear o -model and
combines a harmonic heat flow type equation with a Dirac equation that depends nonlinearly on the
flow.

Keywords. Dirac equation, existence, uniqueness, chiral boundary condition, Dirac-harmonic map
flow

1. Introduction

The Dirac equation is one of the mathematically most important and fruitful structures
from physics. As the name indicates, it was first introduced by Dirac [26]. Dirac’s orig-
inal equation is hyperbolic, but the elliptic version, which this paper is concerned with,
appears naturally in geometry. Both solutions on closed manifolds and on manifolds with
boundary have found important applications. In this paper, we shall systematically inves-
tigate boundary value problems and derive results that are sharper and stronger than all
relevant results known prior to our work. We shall then provide a new application which
depends on our regularity, existence and uniqueness results and which could not have
been derived with the results known in the literature.

The mathematical history of boundary value problems for Dirac equations started with
the work of Atiyah, Patodi and Singer. In their seminal papers [4—6], they introduced a
nonlocal boundary condition for first order elliptic differential operators and established
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an index theorem on compact manifolds with boundary. This constitutes a cornerstone of
the theory of first order elliptic boundary value problems.

In recent years, important progress has been achieved on various extensions, gen-
eralizations and simplifications of the Atiyah—Patodi—Singer theory and their applica-
tions. In particular, in the works of Bismut and Cheeger [12], Boo3-Bavnbek and Woj-
ciechowski [14], Briining and Lesch [16, 17], Bartnik and Chrusciel [10], Ballmann,
Briining and Carron [7], Bdr and Ballmann [9], etc., regularity theorems, index theorems
and Fredholm theorems for such kind of elliptic boundary value problems have been es-
tablished.

Although the index theorems and Fredholm theorems give us information or criteria
for the existence of solutions, in many cases (for instance the proof of the positive energy
theorem [28, 31, 44, 52] and Dirac-harmonic maps, see below), for an elliptic boundary
problem and given boundary data, one needs more precise results about the existence and
uniqueness of solutions, and usually this is based on appropriate global elliptic estimates
for the solutions. This is our motivation for studying boundary value problems for Dirac
equations.

In this paper, we first consider the existence and uniqueness for Dirac equations under
a class of local elliptic boundary value conditions B (including chiral boundary condi-
tions, MIT bag boundary conditions and J-boundary conditions, see the definitions in
Section 2, cf. [9, 32]). A Dirac bundle E over a Riemannian manifold M™ (m > 2)is a
Hermitian metric vector bundle of left Clifford modules over the Clifford bundle C1(M),
such that multiplication by unit vectors in 7 M is orthogonal and the covariant derivative
is a module derivation. Let V be a smooth Dirac connection on E and consider another
Dirac connection of the form V = Vg + I, that is, I' € Q! (Ad(E)) commutes with Clif-
ford multiplication. We shall work with the Dirac connection spaces ®P (E) defined by
the norm

ITMp == TN 20 ary + AT 1z () -

In particular, I' need not be smooth.
The Dirac operator associated with the Dirac connection V is defined by

m =¢ 've,-s

where ¢; - denotes Clifford multiplication, and {e;} is a local orthonormal frame on M.
Here and below, we use the usual summation convention. We will establish the existence
and uniqueness of solutions of the following Dirac equations:

Dy =9 in M,

(1.1)
By =By ondM,

where ¢ € LP(E) and Byy € WI=1/P-P(E|y5). Here and below, all of the Sobolev
spaces of sections of E are associated with the fixed smooth Dirac connection V. As-
suming

pf>1 iftm=2, p*>@Gm-2)/4 ifm>2,

we have the following
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Theorem 1.1. Let E be a Dirac bundle over a compact m-dimensional (m > 2) Rieman-
nian manifold M™ with boundary. Suppose that T' € ©P" (E), then for any 1 < p < p*,
(1.1) admits a unique solution ¥ € WLP(E). Moreover, Y satisfies the estimate

W lhwir ey < @l + 1BYollwi-rs g (12)
where ¢ = c(p, |T|lp+) > 0.

This estimate is optimal in dimension 2 in the sense that the exponents cannot be im-
proved. It also improves the known estimates in higher dimensions. (The condition
p* > (3m — 2)/4 for m > 2 arises from the unique continuation result of Jerison [35]
that we shall need in the proof.) For instance, in the fundamental work of Bartnik and
Chrusciel [10], only L?-estimates were developed. While that was sufficient for their
Fredholm theory of the Dirac operator, for the nonlinear setting that we shall treat later in
this paper, the finer L”-estimates that we obtain here are necessary. In [10], when apply-
ing the Fredholm criteria to get the existence of solutions, one needs additional conditions
(the mean curvature) on the boundary. Essentially, these conditions imply the triviality of
the kernel of the elliptic operators. In our case, this extra condition is unnecessary.

One key observation in our proof of the above theorem is that for a harmonic spinor
¥ € WLP(E), the homogeneous boundary condition Byr|5p = O is equivalent to the
zero Dirichlet condition |33 = 0 (see Proposition 3.1 and Remark 3.4), which is not
the case for general spinors. Thus, the uniqueness problem for (1.1) can be reduced to
the triviality of a harmonic spinor with zero Dirichlet boundary value for Dirac operators
with a nonsmooth connection Vo +I', I € DP" . To derive this uniqueness, in dimension
m = 2, inspired by the approach of Hormander [34], we establish an L’-estimate with
some suitable weight for our Dirac operators (see Theorem 3.6); in dimension m > 2, we
apply the weak unique continuation property (WUCP) of Dirac type operators D + V,
where D is a Dirac operator with a smooth connection and V is a potential (see [18]
for V continuous, [13] for V bounded, and [35] for V e LGm—2/ 2) and use an extension
argument for Dirac operators on manifolds with boundary as in [14]. For the case of a
smooth connection, see [33, 45]. Finally, by using the uniqueness result for our boundary
value problem (B, B), we can improve the standard elliptic boundary estimate for Dirac
operators to our main L”-estimate (1.2) (see Theorem 3.11 and Remark 3.7), which is
uniform in the sense that the constant ¢ = ¢(p, ||I'||,x) > 0 depends on the ||-|| ,» norm
of I" but not on I itself, a property playing an important role in our later application to
some elliptic-parabolic problem.

‘We can also apply the above result to derive the existence and uniqueness for boundary
value problems for Dirac operators along a map. This will also be needed for the Dirac-
harmonic map heat flow introduced below. Let M be a compact Riemannian spin manifold
with boundary d M, N be a compact Riemannian manifold and & a smooth map from M
to N. Given a fixed spin structure on M, let ¥ M be the spin bundle of M. On the twisted
bundle SM ® ® LT N, one can define the Dirac operator 1D along the map ® [22], i.e.,

DY = JY* @0 + i - Y* @ VEN, 6.
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Here ¥ = /% ® 0, {64} are local cross-sections of @' TN, {¢;} is a local orthonormal
frame of TM, § = ¢; - V,, is the usual Dirac operator on the spin bundle over M and
X stands for Clifford multiplication by the vector field X on M. We say that W is a
harmonic spinor along the map ® if PW = 0. The chiral boundary value problem for
Dirac operators along a map was first considered in [24], extending the classical chiral
boundary value problem for usual Dirac operators introduced in [28].

Theorem 1.2. Let M™ (m > 2) be a compact Riemannian spin manifold with boundary
dM, and N be a compact Riemannian manifold. Let ® € wh2r"(M; N). Then for every
l<p<p'nelP(M;EM® ®'TN) and By € W'=V/P-P(3M; EM ® ®~'TN),
the boundary value problem for the Dirac equation

DY =1 inM,
BY =By ondoM,

admits a unique solution W € WP (M; M ® ®~'T N), where Ip is the Dirac operator
along the map ®. Moreover, there exists a constant ¢ = c(p, [P lly1.2p*(pp)) > 0 such
that

||\IJ||W1,1,(M) <cUmllLrm + ||BI//||W171/p-p(aM))-

We shall then apply these estimates and existence results to a new elliptic-parabolic prob-
lem in geometry that involves Dirac equations. The novelty of this problem consists in
the combination of a second order semilinear parabolic equation with a first order elliptic
side condition of Dirac type. We see this as a model problem for a heat flow approach to
various other first order elliptic problems in geometric analysis. In any case, this is a non-
linear system coupling a Dirac equation with another prototype of a geometric variational
problem, that of harmonic maps. The problem is also motivated by the supersymmetric
nonlinear o-model of QFT; see e.g. [25, 36] where the fermionic part is a Dirac spinor.
In fact, this is one of the most prominent roles that Dirac equations play in contemporary
theoretical physics, as this leads to the action functional of superstring theory.

In order to set up that problem, we first have to recall the notion of Dirac-harmonic
maps. Consider the functional

1
L(D, V) = EfM<||dd>||2+ (W, DV)),

where (,) = Re(,) is the real part of the induced Hermitian inner product (,) on
IM®dITN.

A Dirac-harmonic map (see [21, 22]) is then defined to be a critical point (P, W)
of L. The Euler-Lagrange equations are

T(@) = 5% e - YPIRY (0, 0p) D(ei) =: R(D, ), (1.3)
PV =0, (1.4)

where RN (X,Y) := [V}, V)] — V[’}f(’” for X,Y € I'(T'N) stands for the curvature
operator of N and 7(®) := (V,;d®)(e;) is the tension field of ®.
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The general regularity and existence problems for Dirac-harmonic maps have been
considered in [21-24, 47, 51, 54]. The existence of uncoupled Dirac-harmonic maps (in
the sense that the map part is harmonic) via the index theory method was obtained in [3].
For the construction of examples of coupled Dirac-harmonic maps (in the sense that the
map part is not harmonic), we refer to [2, 39].

Here, we propose and develop an alternative approach to the existence of Dirac-
harmonic maps. This will be the parabolic or heat flow approach. (1.3) is a second order
elliptic system, and so we can turn it into a parabolic one by letting the solution depend
on time ¢ and putting a time derivative on the left hand side. In contrast, (1.4) is first
order, and so we cannot convert it into a parabolic equation, but need to carry it as a con-
straint along the flow. Thus, we introduce the following flow for Dirac-harmonic maps:
for ® € C2M*(M x (0, T]; N)and ¥ € CM0(M x [0, T]; =M @ ®~'TN),

P =1(P) - R(P,¥V) inM x(0,T], (15)

DY =0 in M x [0, T], '
with the boundary-initial data

b =¢ inM x {0}UoM x [0, T], (1.6)

BY =By ondM x[0,T], '

where ¢ € C>14(M x {0}UdM x[0, T]; N) and y € C1O¢ (@M x[0, T]; EM x ¢~ 'TN),
and f € CA1% means that f(x,-) € C!**/2 and f(-, 1) € C¥+*. We call this system (1.5)
the heat flow for Dirac-harmonic maps.

We consider this problem as a model for a parabolic approach to other problems in
geometric analysis that involve first order side conditions. Also, we shall use this problem
to demonstrate the power of our estimates for Dirac equations.

We shall apply our elliptic estimates for Dirac equations with boundary conditions to
obtain the local existence and uniqueness of the heat flow for Dirac-harmonic maps. The
long time existence will be considered elsewhere, as it involves problems of a different
nature. For the classical theory of harmonic map heat flow, we refer to e.g. [19, 27, 30,
42,43, 49, 50].

Theorem 1.3. Let M™ (m > 2) be a compact Riemannian spin manifold with boundary
0M, and N be a compact Riemannian manifold. Suppose that

¢pe ) CHM x[0,TL:N),
T>0

and

By e () CO*OM x[0,T]; SM @ ¢~'TN)
T>0

for some 0 < o < 1. Then the problem (1.5), (1.6) admits a unique solution

= ﬂ C>L (M x [t,7]) N COU(M x [0, T} ]; N),

O<t<t<T)
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and

e ﬂ CchOrpr x [, 7)) N C20*(M x (0, Ty))

O<t<t<T)

NCYO9%M x [0, T1]; M ® ®~'TN)
for some time T\ > 0. The maximum time Ty is characterized by the condition

limsup [[d®(-, 1)l coizy = 00.
t<Ty,t—T
Remark 1.1. All our results (Theorems 1.1-1.3) hold for the chiral boundary operators
Bt = %(Id 4 n - G), the MIT bag boundary operators BﬁlT = %(1 + +/—1n), and the
J-boundary operators Bf = %(Id +n - J). We will only give the proofs for the case of
the chiral boundary conditions. The proofs for the other cases are similar and hence we
will omit them.

We would like to mention that Branding [15] considered regularized Dirac-harmonic
maps from closed Riemannian surfaces and studied the corresponding evolution prob-
lem.

The paper is organized as follows. In Section 2, we provide the definitions of Dirac
bundle etc. and Dirac-harmonic maps. We also derive the Euler-Lagrange equation for
Dirac-harmonic maps. In Section 3, we derive some elliptic estimates and the existence
and uniqueness of solutions of Dirac equations with chiral boundary value conditions.
In Section 4, we will prove Theorem 1.2. In Section 5 we give a proof of the short time
existence for the flow of Dirac-harmonic maps, Theorem 1.3. Finally, in Section 6 we
discuss a special case of the Dirac equation along a map between Riemannian disks. In
this special case, the solution can be given through Cauchy integrals.

Notations. The lower case letter ¢ will designate a generic constant possibly depending

on M, N and other parameters, but independent of a particular solution of (5.1) and (5.2),

while the capital letter C will designate a constant possibly depending on the solutions.
We list some notations:

e X M the spin bundle on M.

e CK(M; N) the space of all C*-maps from M to N.

Ck(E) = Ck(M; E) the space of all C*-sections of E where E is a vector bundle
on M.

CK(dM; E) the space of all C¥-sections of E restricted to the boundary d M.
CRLa(M x I; E) the space of all sections (-, 1) of E such that v € CFL(M x I).
WSP(E) = WP(M; E).

End(E) the endomorphism bundle of E.

QP(E) =T (APT*M ® E) the space of all E-valued p-forms on M.

QF(s0,) = QP (M) ® s0,.

Ad(E) a subbundle of End(E) such that A = —A* for all A € Ad(E).

A(D) the space of all holomorphic functions on D.

|-l the inner norm, i.e., ||[¥|> = (¥, ¥). We also use the same notation for some
special norms, specified in appropriate places.
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2. Preliminaries

2.1. Dirac bundles

Definition 2.1 ([40]). Let E be a Hermitian bundle of left Clifford modules over the
Clifford bundle CI(M) on a Riemannian manifold M™. Denote Clifford multiplication,
the metric and the connection by -, (, ), V respectively. We say that E is a Dirac bundle
if the following properties hold:

DI. Clifford multiplication is parallel, i.e., the covariant derivative on E is a module
derivation, i.e.,

Vx(Y -¥)=VxY -y +Y -Vx¢¥, VX, Y el(TM), v € T(E).

D2. Clifford multiplication by unit vectors in 7'M is orthogonal, i.e.,

(X-Yo)=—V.X-9), VXeTM, ¢, ¢cE.
D3. The connection is a metric connection, i.e.,

X, @) =(Vx¥,0) + (¥, Vxo), VX eTM,y,¢ecl'(E).
We call such a connection a Dirac connection.
Then one can define the Dirac operator associated to the Dirac bundle by
D=yFov,
where y £ stands for Clifford multiplication on E. In local coordinates, I} is given by
D=yEe)Ve =¢ -V,

where {e;} is a local orthogonal frame of T M. One can check that ) is in general not
self-adjoint: we have the Green formula

/ubw,m:/ (v, lﬁtp)+/ (n-v,9), V¥, 9 ecl'(E).
M M oM

Suppose E is a Dirac bundle on M and F = E|j) is the restriction of E to the
boundary d M. Then F is a Dirac bundle in a natural way:

F1. The metric on F is just the restriction of E on M.
F2. Clifford multiplication of F, denoted by vy, is defined as

yX)Yy:=n-X -, VXeToM,yeF.
F3. The connection V of F is defined as
Vxy = Vxy + %V(A(X))lﬁ, VX el'(ToM), ¢ € T'(F),

where A is the shape operator of 9 M with respect to the unit outward normal field n
along dM.
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Lemma 2.1. This construction gives a Dirac bundle F on M.

Proof. (1) It is obvious that y 0o A € QUAA(F)). As a consequence, V is a metric
connection on F. Moreover, y (X) € I'(Ad(F)).
(2) Let B be the second fundamental form of dM in M. For every X, Y € I'(TOM)
with VxY = 0 at the point under consideration,
Vx(y(M)Y) = Vx@m-Y -9) + 3AX) - Y - ¢
=—AX)-Y -y +n-BX,Y) -y +n-Y -Vyy +FAX)- Y ¢
=—AX) Y-y — (A, Y)Y +n-Y - Vxy + 3AX) - Y -y
=—AX)- Y Y+ 5AX)-Y Y+ 1Y - AX) -y +n-Y - Vxy
+3AX) Y -y
=n-Y Vxy + 31V AX) ¥ =y(¥)Vxy.
This identity means that y is parallel. Therefore, F is a Dirac bundle on d M. O
The Dirac operator I_D of F, defined by

¢ = V(ei)ﬁe,- ’
where {e;} is a local orthogonal frame of TdM, according to the definition, satisfies the

relation

- m—1
ID=n-lﬁ+Vn—Th

where / is the mean curvature of d M with respect to n. If M is a surface, —# is just the

geodesic curvature of 9 M (as a curve) in M.

2.2. Chiral and MIT bag boundary value conditions

In this subsection, we introduce the chiral and MIT bag boundary conditions (cf. [9, 32]).
We say that G is a chiral operator if G € I'(End(E)) satisfies

G*=1d, G*=G, VG=0, GX-=-X-G
for every X € T M. It is easy to check that
y(X)G =Gy(X), VG=0, BG=GP, Pn-=-n-D
on the boundary d M for all X € TdM. The chiral boundary operator B is defined by
B*:=l1d£n-0G).

It is obvious that (B%)* = BT and PB* = BFIp. The chiral boundary operator is
elliptic [9] since
n-X-B*=BF.n-X, VXeToM.
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The MIT bag boundary operator is defined by
By = 3Id £ /~1n).
More generally, when J € I'(End(E)) satisfies
JP=-1d, J'=-J, VJ=0, JX-=X-J

for every X € T M, we can define a boundary operator, called the J-boundary operator,
by
By :=11d£n- .

If J = +/—1, then it is easy to see that the MIT bag boundary operator is just the
«/—_l-boundary operator. Another example is J = ~/—1G |G, where [G1,Gz] = 0
with G1, G, being chiral operators. In fact, in our setting, the J-operator is just the com-
position of the chiral operator G with e - e2 - and vice versa. One can check that Bf is
elliptic since

By n-X=n-X-Bf, VXeTiM.

For simplicity, we shall denote by B one of B, Bf,HT and Bf. For convenience, we will
mainly consider the case of chiral boundary conditions and omit the detailed discussions
of other boundary conditions.

The following theorem is well known [9, 23, 46, 47].

Theorem 2.2 (see [46, p. 55, Theorem 1.6.2]). The operator
(D, B): WP (E) > W™ NP(E) x WVPP(E|gy)

is Fredholm for all s > 1 and 1 < p < oo. Moreover its kernel and cokernel are
independent of the choice of s and p. Therefore, we have the following elliptic a priori
estimate:

1Y llwsrey < cU BV lws—1.0gy + 1BY lws-1100 £y + 1 L0 (E)),
where ¢ = c(p, s, M, oM, D, B) > 0.

Proof. This is a consequence of the fact that (1, B) is an elliptic operator for s > 1 and
1 <p<oo. O

2.3. Dirac connection spaces

Let E be a Dirac bundle. We consider the affine space of those connections V for which E
is again a Dirac bundle. Choose a connection Vy; then for any other connection V on E,

V=Vy+T,

where I' € Q' (End(E)).
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Lemma 2.3. Suppose V is a Dirac connection. Then V := Vo—+T is a Dirac connection
if and only if
reQ'(AdE), [, y*1=0,

where y ¥ denotes Clifford multiplication of E.

Proof. We only need to check that y£ is parallel. For every X, Y € I'(TM) with
VxY = 0 at the point under consideration, we have

Vx(EX)Y) = Vox(yEY) + Ty EX Y = yE)Voxy + vy E(NT (X
=yE@)Vxy. O
Introduce V' := y£ o ' = y£(e;)I"(¢;). Then

D=D0Do+7,

where D, D¢ are the Dirac operators associated to the connections V, Vj respectively.
From now on, we will consider the modified nonsmooth connection Vo + I', denoted
by V. All of the Sobolev spaces are associated with some fixed smooth connection Vj. It
is well known that this definition of Sobolev spaces is independent of the choice of Vy if
M is compact. However, the connection V need not be smooth—we only assume that I"
belongs to some special function space. For example,

dr e LP" (M), T e L*" (M),

where
p*>1 ifm=2, p*>0BBm-2)/4 ifm>2.

Definition 2.2. For p > 1, define ®7(E) to be the completion of the subspace of
QY (Ad(E)) defined by

D(E) ={I € QUAA(E)) : [T, yE1=0}
with respect to the norm

ITMp == TN 20 ary + AT 1z (ar) -

We call these spaces the Dirac connection spaces.

2.4. Dirac-harmonic maps

Let (M™, g) be a compact Riemannian spin manifold with (possibly empty) boundary
oM, and (N, h) be a compact Riemannian manifold. Concerning the definition and
properties of Riemannian spin manifolds, we refer the reader to [40] for more back-
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ground material. For any (&, V) € CYM,N) x T(EM ® ®1TN), we consider the
functional [21]

1 2
L(®, W) = 3 (Id®||* + (¥, W),
M
where (,) = Re (, ) is the real part of the Hermitian inner product (, ).

A Dirac-harmonic map (see [21, 22]) is then defined to be a critical point (P, V)
of L. The Euler-Lagrange equations are

T(®) = LW e - YPRN (O, 0p) Duler) = R(D, W),
lDle = 07

where RN(X,Y) = [V}, V)1 - ) for X, Y € T(TN) stands for the curvature
operator of N and 7(®) := (V,, dd>)(el) 1s the tension field of ®.

Embed N into R? 1sometrlcally for some integer g. We may assume there is a bounded
tubular neighborhood Nof NinRY. Letw : N — N be the nearest point projection. We
may assume 7 can be extended smoothly to the whole R? with compact support. Now we
can derive the Euler-Lagrange equation for L. Let ® : M — N with ® = (&%), and a
spinor W = W4 ® 4 o ® along the map ® with W = (W) where W4 are spinors over M,
and 94 = 9/9z*. Notice that drr |y is an orthogonal projection and dz(T+N) = 0. In
fact,

dr(X)=X, VXeTN,
and
dr(§) =0, VEeT*N,
where TL N is the normal bundle of N in R?. Hence, after restriction to N, we have
ng‘ngznc, né‘:rrf.
It is easy to check that
va@)VEE =0, vi(@)WE =0,

A._ A __A
where vy =8 — 7p.

For any smooth map n € C§°(M, R?) and any smooth spinor field & € C°(Z M QR?),
we consider the variation

O =(®+11), W =np(@)(WE +1£8).

It is easy to check that

Il
<

D9

Il
o

W
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and
apA qwA
S| =mp@n, =l =g @)E" + g @)mp (@)W,
I li=0 =0
where
A 2_A
7'[A = BL ﬂA — L
B az8’ BC 9zB9zC"°

Moreover,

Tho (@S (D) = 7B (D)5 (@), whe =785 2.1)
Then we have
Proposition 2.4. The Euler—Lagrange equations for L are
ADA = 1 (D)VDE VOO + 1 (D)7 § (@) (D) (WP, VOE . wh)
and
A =1 (@) Vs . Wl
Remark 2.1. Denote

Q4 = v (@)dv§ (@) — dvd (PG (@) = [V(D), dv(D)] 5,

A ._ _A_C _G_C G_C _A_C
RGpr ‘=TRAppTETEp — T TgpTE TR,

Qg = AREpp(@)(WP e - W'

Then Qg = —Qﬁ, Q’g = —Qﬁ and the Euler—Lagrange equations for L can be rewritten
as follows [24]:
AP = —(Q4, dDB) + (QF, doB),
Jut = -4 . wB,
Using Clifford multiplication - for the Dirac bundle *(M), we can also write the above
system as follows:
ADA = Q4 - dDdE +(Q4, ddB),
Jut = -4 . Wi,

Proof of Remark 2.1. The proof is similar to one in [24]. However, we present it using
our notations. Introduce

Then
A AC oGC GC ¢AC
Ropr=5Sp S —Sp SF
satisfies

A _ G _ A
RGDF - _RADF - _RGFD'
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Moreover,

(Q3,dd8) = LRA ) L (@)(WP, VOl . wF) = A€ sSC(wP vof . wh)

=nprSpnS (P, Vol . wh),
Now we only need to check that Q‘g A d®B = 0. Using vg‘dCDB = 0, we have
Q4 AdDdE =v2dv§ A dof = 0. a]

Proof of Proposition 2.4. Note that both n and £ have compact support in M. Since

1

L(®, ¥) = —/ (IVOA? + (WA, §uty),

2J/m

by using (2.1) we have

dL(Dy, Vy)
dt

1
:/M(VCDA,V(ngnB))+E/M(ngéB+n§‘Cng\IlB D gyh)
t=0

1
+ E/ (WA, i (mpe® + mpem 5 wEn))
M
- /chpA,ng‘vnB + 15 VOnB) +/M(ng‘53 +npensWENP gty
1
2 / (4 n- (rgg” +mpenp¥PnP))
oM
- _/ (AP — g (VOB VOO) — fns s p (WP, Vot . wh))ys
M
+/Mng‘n§[,(\lf’3, JwC — gl Vol whd 4 /M(a\p/‘ — VOB wE g
+/ Va®@4nA + LA -t
aM
= —/ (A* — 7 f (VOB VOC) — mpn§pmsp (WP, VOE . wh))ps
M
+ /}an‘ngD(qu, JwC — S Vel whyt 4 [M@mﬂ‘ — g VOP W EY),
where n is the unit outward normal vector field along d M. O
3. Existence and uniqueness of solutions of Dirac equations with chiral boundary
conditions
In this section, we suppose that M™ (m > 2) is a compact Riemannian spin manifold

with boundary M and E is a Dirac bundle on M. We want to derive an existence and
uniqueness result for solutions of Dirac equations with chiral boundary conditions. The
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key observation is that for harmonic spinors, the homogeneous chiral condition is equiv-
alent to the zero Dirichlet boundary condition. With this observation, we can derive a
useful L2-estimate for solutions of Dirac equations with chiral boundary conditions. The
assumption that the boundary is nonempty is essential here. Another application of this
observation is that one can derive Schauder boundary estimates.

3.1. A property of chiral boundary conditions

Importantly, the chiral boundary condition is conformally invariant. Moreover, it satisfies

Proposition 3.1. Suppose V is a smooth Dirac connection. Then for every v € H'(E),
we have

VBM(IWIIZ = 21BYID| < 20¥ 1l 20y |1 BV | 125y
Proof. First, we assume that v is smooth. Introduce a vector field
X =1, e - GYe;.
Then
(X.m) =3(y,n-Gy), B I’ =3lvI>+(X.n), divX =—(By, Gy).

Using these facts and integrating by parts, we get

‘/m(uwnz - 2|By 1) < 20DVl 2 1V 1l L2y

_ z’/M(W, Gy

The general case follows since I'(E) is dense in HUE). ]

Remark 3.1. This proposition says that the two systems

Dy =0 inM, Dy =0 inM,
By =0 ondM, Y =0 on oM,

are equivalent. This fact is important for our whole theory of Dirac equations. With this
observation, we can then solve Dirac equations with chiral boundary value conditions.

Remark 3.2. Proposition 3.1 also holds for J-boundary operators. The proof is similar to
Proposition 3.1 and we omit it here. Moreover, all the results associated to chiral boundary
values are also valid for J-boundary values. Again, we omit the proof.
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3.2. Regularity of weak solutions and elliptic estimates

Definition 3.1. Suppose that I' € L (M). Let ¥, ¢ € L? _(E) where 1/p + 1/p/ = 1

loc

with p > 1. We call ¢ a weak solution of the Dirac equation Py = ¢ if

/(w, n)=/ (W, In)
M M

for all smooth spinors n € I'g(E) of E with compact support in the interior of M.
Assume

m>2 form=2, m=m form>2.
First, we have the following regularity results.

Theorem 3.2 (Regularity of weak solutions [9, 10]). Let M, E be as in Theorem 1.1.
Suppose that V' € W™ (M). Let € L% (E) be a weak solution of DY = ¢ with

loc loc

¢ € HE (E). Then v € HETH(E).

loc

Theorem 3.3 (L”-estimate). Let M, E be as in Theorem 1.1. Suppose that p € (1, 00)
and V' € L*(M) where p = mif p <mand u > pif p > m. Let y € W'P(E) be a
solution of Py = ¢ with ¢ € LP(E). Then there exists a constant ¢ = c¢(p, V') > 0 with

IV lwieey < cllolire + 1BY lwi-1r g, T 1L E))-
Proof. For every & > 0, decompose V' = V', + Vo, with
IVelloeey <€, WoollzoE) < c(e).

Noticing that
Doy =9 Ty =0Ty =T,

we have

B0 llLrg) < l@llrE) + VeV llrE) + 1V e (e
< llellrey + Vel 1V Loww-p gy + 1V oollLooey 1¥ [l Le (k)
< llellerey + el llwirgy +c@NYLrE)

sincel/p—1/u=1/p—1/mforp <m,and 1/p—1/u > 1/p—1/mforpu > p > m.
Hence, by Theorem 2.2, for suitable ¢ > 0, we get

I llwrr ey < cll@lLre + 1BV lwi-1ppE)y) + 1 ILeE).- o

Remark 3.3. If u > m, we can choose ¢ = c(p, |V ||+ o)) > O.
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Proof. We only need to check the case of a smooth spinor, i.e., ¥ € I'(E). If not, suppose
that there exist sequences v, € I'(E) and V',, € L*(M) such that

1= ||1/fn||W1‘p(E) = n(”Dan ||LI’(E) + 1 Byn ”Wl*l/P'”(E\aM) + ||1/fn||LP(E)),

and

IVl e < C,

where D, = g + V.. Then for max{p,m} < p’ < w, ¥, is a bounded subset in
LP (E) and hence there exists a subsequence, also denoted by I',,, that converges weakly
to ¥ € L? (M) in the reflexive space L” (E). We may assume that

Yn =¥ inWUP(E), Y, - ¢ inLP(E)

according to the Sobolev—Kondrashov embedding theorem where 1/p = 1/p — 1/p’ >
1/p — 1/m. Hence ¥ = 0 by the choice of v,,. Moreover, if we denote I} = Do + V',
then

”mWn”LI’(E) < ”mn‘ﬁn”LI’(E) + ||(V - Vn)Wn”LP(E)
=< ”mnl/fn”LP(E) + ”V - Vn“Lp/(M)”wn”Lﬁ(E)-
In particular, D1, converges strongly to 0 in L?(E) and so does V', ,,. But we already

know that
By, =0 inW!=VPP(E|3p), Y — 0 inLP(E).

The L?-estimate Theorem 3.3 implies that

1= lYullwrrey < c(ps DYUBYnllLrE) + 1BYnllwi-1rp gy + 1¥nllLe@E) — 0.

Remark 3.4. By a similar computation, Proposition 3.1 holds for the case of a non-
smooth connection V = Vg + I" with I € L™ (M).

3.3, L2-estimate

In this subsection, we want to prove that the solution of the Dirac equation with chiral
boundary values is unique, i.e., the problem

Dy =0 inM
By =0 ondM,

has only the zero solution. In dimension m = 2, we recall Hérmander’s L2 _estimate
method [34] which was originally developed to get the L2-existence theorem for 3-
operators on weakly pseudo-convex domains by using Carleman type estimates. Later,
Shaw [48] extended this method to 3,-manifolds. Here, we use a similar idea to derive
the L?-estimate for the Dirac equations and use this L?-estimate to get the uniqueness of
solutions of Dirac equations with chiral boundary values. In higher dimensions m > 2,
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we use the Weak Uniqueness Continuation Property (WUCP) for Dirac type operators
to get the uniqueness. We shall then use this uniqueness to derive some useful elliptic
estimates.

We will need the following Weitzenbock type formula (cf. [37]):

P =-V*+R, 3.1)
where the curvature operator R is given by
R := %ei . ej . R(el-, ej)
and R(X,Y) = [Vx, Vy] — V|x,y] is the curvature of the connection V = Vo +T'.

Theorem 3.4 (Weighted Reilly formula). Let M, E be as in Theorem 1.1 and suppose
' € DP*(E). Let f be a smooth function on M. Then for every ¥ € T'(E), we have

_ -1 —1
/ exp(f)((zpw, V) + ’"T(h + n(f)) ) + =— / exp(f)[| DY |12
oM m M

-1 —1 -2
:/Mexp(f)<m ap— = Dm )IIVfI|2+R¢>II¢||2

2 4
+ [ expict - )f)HP( (@) )
Mexp m exp > v

Ryllvl* = Ry, ¥).
Remark 3.5. (1) If m = 2, we have

2

Here

- 1 1
/ exp(f) <(¢1ﬂ, V) + 50+ n(f))lllﬁllz) + 5/ exp(f) | By |)?
oM M

1
=/ eXP(f)(gAf+R¢>IIWII2+f exp(— /)| P(exp(/)v)|1*.
M M

Q)Ifm > 2,let f = (1 —1)logu (with t = m/(m — 2)), then

/ ul—f(m,ww”%l/ u—f(hu—ia—”)wn%m—_lf T Dy
oM oM m—2 on m  Jy

—1
Z/ u—f(—’" 2Au+7€¢u>||1/f||2+/ PGP,
M M

m —

Proof of Theorem 3.4. We only prove this theorem for the smooth setting. For the general
case, this can be done by density. Denote the twistor operator by

Pxy := Vxi + %X DY, VX e (TM), ¢ € T'(E).
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This twistor operator has the property

1
IV 1> = 1Py + ;nmwnz. (3.2)

In fact, since tr P = 0, i.e., ¢; - P(¢;) = y o P = 0, we have

NAEEDS

1

Peﬂ/f—%ei'lpl”

2 2 1
_ 2 2 . 2 2
=Py - Ei (Pe; ¥, e IDxlf)-FmIIIDl/fII

2 1 1
= IPYI>+ =) (ei - Py, DY) + — | BYI* = IPYI* + — [ By 1.
m ; m m

For every smooth function f € C°°(M) and every smooth spinor ¢ € I'(E), by using
(3.2) and (3.1) we have

TAExp(HIY I = exp(£)(F(AL + IVLIDIVIZ + SAIY I +2(Vv s ¥, ¥)
= exp(f) (LA + IV LIV + 2(Vy £, ¥))
+exp(NH(IVYI? = (B2 Y, ¥) + Ry, ¥))

1 2 2 2
= exr>(f)<§(Af IV LIV + 2Py v, ) = —(V - BY, w>>
1
+ exp(f)(ﬂpwu2 + Z||1rz>w||2 —(B*Y, ¥) + (R, w)

2 _
= em(f)(%Aflltlfllz + Ry, ¥) + 2—m’"||Vf||2||1/f||2) — (DB(exp(f) DY), ¥)

m—2

+ Lex OBy + exp(f)(Vf- D —NOIP 2
—exp p(F)(Vf - By, ) +exp(— )| Pexp(£)v) 1%

The last identity follows from the two identities

2

IP(exp(f)y¥) > = exp(2f)

1
Pehr +ei(Hv + . df -y

1 2

=f‘«XP(2f)<||Pl/f||2 + |lei (/)Y + —ei df -y

+2(Py sy, w>)
—1
= exp(2f><||1w2 + ’”7||w||2||Vf||2 +2(Py s, w>>

and

(D (exp())PY), ¥) = exp(/)((B*Y, ¥) + (Vf - By, ).
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Integrating by parts, we get
fa . exp()((DY, ¥) + L((m — Dh+n(H) 1y 1)
2 _
= / eXP(f)<%Af||1/f||2 + Ry, ¥) + 2—m||Vf||2||w||2)
M m
+ /M exp(—f)| Pexp(£)v)]>
—1 -2
- m—/ exp(N)(IDYI? + ——=(Dy. V£ - ).
m M m—1
By using the identity

(o (st 57))

2

2
exp(—f)”lbw+ Vf v

=e><p<;f)<||12>wll +—<zz>w Vv + ( 2||Vf|| Iy )
m—1 4m = 1)
we get
/3 . exp(H) (DY, ¥) + L((m — Dh +n(H) 1)
=f eXp(f)< AfIVIR + (RY, ¥) + —— vl ||1//||2>
M 4(

+ /M exp(—f)I P(exp(HHy)II*

m—1 Hm m—2
T Mexp( f) ( (2<m—1>f>‘”>

Setg = f/(m — 1) and o0 = exp((m — 2) f/(2m — 2))¥. Then

2

= m—1 5
/ eXI’(g)((IDa, o)+ ——h+ n(g)> o l1%)
oM

—1 —(m -2
=/ eXp(g)<mTAg—W)‘l#llvgllzﬁLRa)HGHz
M

+ / exp((1 —m)g)HP(exp(%)o)
"y 2

It is well known that the curvature operator R of E can be calculated as

2

—1
- f exp(@)Bol?. O
m M

R =Ro+dl' + [wo, '] + [T, wo] + [T, I'],
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where wq is the associated connection 1-form of V (cf. [40]). In particular, |R]| :=
IRllop € LP " (M), where the operator norm R, at each point is defined by

IR |l
”R”op = sup ————.
w0 ¥l

We need the following lemma.

Lemma 3.5. Suppose M is a Riemann surface with boundary and T" € ©P" (E). There is
a function f € (), W?2P(M) satisfying

IAf—IRI =0 inM,
f=0 on oM.
Now we can state the following L?-estimate in dimension m = 2.

Theorem 3.6 (L>-estimate). Let M, E be as in Theorem 1.1. Suppose that m = 2 and
I € ©P(E). Then there exists a function f € ﬂ1<p<p* W?2P (M) such that for every

spinor ¥ € H'(E),

- 1
/ exp(f)((DY, 1/f)+%(h+n(f))||1/f||2)+5 / exp(f) I By ?
oM M

> /M exp(— NI Pexp(HYIZ. (3.3)

Proof. Choose f as in Lemma 3.5. Since f € W>P(M) forall 1 < p < p*, by us-
ing the Sobolev embedding theorem we know that f € C>~%/P(M). In particular, f is
continuous. Moreover, the trace theorem implies that

flam € W?VPP@am),

and hence again the Sobolev theorem W!'~!/P-P(9M) c L9(dM) shows that n(f) €
L9(dM), where we assume 1 < p < min{2, p*} without loss of generality and

11 (1 1)_2—p
qg p p P

‘/ ()P
oM

Hence

< CInDza@m 117y ary < CIV 1540

Here we have used the Sobolev embedding and the trace theorem

H'2@M) c LY (M),

1 1 1 m—2
—(1l-=-)=—>—=0,
2 q q 2(m —1)

where
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which is equivalent to p > 1. For the remaining terms, it is easy to get

‘ f el (DY, ¥)
oM

< ClI¥ 131y /M JNBYIP < ClY Gy

/ NP DI = CI I,
M
As a consequence, by using Theorem 3.4 and Remark 3.4 we know that (3.3) holds for

all v € H'(E) by density. O

Corollary 3.7 (Uniqueness dimensionm = 2). Let M, E be as in Theorem 1.1. Suppose
m=2andT € DP*(E). Then a weak solution of

Dy =0 inM,
By =0 ondoM,
is a trivial spinor; i.e., ¥ = 0.

Proof. 1t follows that v is a strong solution since I € sz*(M), ie, v € HY(E),
according to the elliptic estimates. By using Proposition 3.1 and Remark 3.4, we have
¥ = 0 on the boundary. Theorem 3.6 then implies that P(e/v) = 0 in M. That is, for
every tangent vector field X on M, we have

Vxy + X(HY + 35X -Vf-y=0 (3.4)
in the weak sense. Notice that

XYy ) =@, V- X -9) == X-Vf-9)=2X(NOIYI>

As a consequence,
X -V, 9) ==XNOIYI
Therefore, it follows from (3.4) that

(Vxy, ) + SX (Ol I* =0,

which means that V(e/ |[y||>) = 0in M, i.e., e/ |||? is a constant in M. Remembering
that we have proved that ¢ = 0 along the boundary, we then conclude that ¢ = 0 in the
whole manifold M. O

For higher dimensions, first we have the following uniqueness theorem.

Theorem 3.8 (Uniqueness for small perturbation). Let M, E be as in Theorem 1.1 and
m > 2. There is a constant ¢ > 0 such that if |R| n2 < €, then there is no nontrivial
solution of the boundary value problem

Dy =0 inM,
By =0 onoM.
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Proof. The proof is a direct consequence of the Bochner formula, the Poincaré—Sobolev
inequality, Proposition 3.1 and Remark 3.4. First, according to Proposition 3.1, we know
that ¥|aps = 0, and then the Poincaré—Sobolev inequality yields

11l p2mron-2 ary < CrslIVY Il L2001

Second, the classical Bochner formula (or Theorem 3.4 with weight function f = 0) says

0= f Ry, ¥) + / V]I
M M
Now applying the Holder and Poincaré—Sobolev inequalities, we get
0= VY1172 40) = IRUm2an IV 1 2mson2 4y Z IV 172040 = Csell VY1172 -

Hence, if ¢ < Cgsl, we get Vi = 0. Therefore, v = 0in M. O

In the general case, we still have uniqueness if we require more regularity on I', for
example, I' € DG"=2/4 To see this, we recall the Weak Unique Continuation Property
(WUCP) for Dirac type operators D + V, where D is a Dirac operator with a smooth
connection and V is a potential (see [18] for V continuous, [13] for V bounded, and [35]
for V. e LG"=2/2) The operator D + V is said to satisfy the WUCP if any solution
v o€ H'(M) of (D + V)¢ = 0 that ¢ vanishes in a nonempty open subset of M, also
vanishes in the whole connected component of M. The proofs of the WUCP are based
on certain Carleman type estimates. For sharper results on the structure of the zero set of
solutions of generalized Dirac equations, we refer to [8].

Theorem 3.9 (WUCP, see [35]). Let M, E be as in Theorem 1.1 andm > 2. Let D +V
be a Dirac type operator, where D is a Dirac operator with a smooth connection and
V e LO"=2/2(M) is a potential. Then the WUCP holds for D +V .

Thanks to WUCP, we can apply some extension arguments similar to the smooth case
considered in [14] to derive the uniqueness theorem.

Theorem 3.10 (Uniqueness in dimension m > 2). Let M, E be as in Theorem 1.1 and
m > 2. Suppose that T' € ©P" (E) with p* > (3m — 2)/4. Then there is no nontrivial
solution of the boundary value problem

Dy =0 inM,
By =0 ondoM.

Proof. According to Proposition 3.1 and Remark 3.4, we have ¢ = 0 on the boundary.
First, there is a closed double M of M and a Dirac bundle E on M such that E|y; = E
and

Doly = Do,
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where Dy is the associated Dirac operator of E (cf. [14]). Here we write ) = Do + V'
and I is smooth. Extend V' trivially to some J* on M, i.e.,

B I' inM,
“lo inm\ M.

Then the trivial extension v of ¥, i.e.

& _ )Y inM,
o inmM\ M,
is an H'(M)-solution of y 3
Doy + V¢ = 0.

We need only check that ¥ is a weak solution. For every smooth spinor ¢ on M, we have

~ o~k ~ % ~ % ~
[ by P o= [ wbiwrro=[ ww+rvo - [ oabov.e)
M M M aM
=0.
Now we can apply the weak UCP of INDO +V to show that ¥ = 0 in the whole manifold M.
Therefore, ¢ = 0in M. ]
Now we can state the main elliptic L”-estimate.

Theorem 3.11 (Main L”-estimate). Let M, E be as in Theorem 1.1 and m > 2. Suppose
that T' € P (E). Then for 1 < p < p*, there exists a constant ¢ = ¢(p, ') > 0 such
that for any € WHP(E),

”w”wlvp(E) =< C(”w‘p”LP(E) + ||BW||W|—I/1L/J(E|3M))-
Proof. Consider the operator
(B.B): WHP(E) — LP(E) x W'VPP(E|3y).

Since I' € L?V" (E), this is well defined. Moreover, by Theorem 3.3, we have the L?-
estimate

||W||W1,1)(E) = C(”mlﬂ”Ll’(E) + ||Bw||W171/1).p(E\3M) + ||¢||Ll’(E)),

where ¢ = c¢(p, ') > 0.

Now one can show that the range of (1, B) is closed and the kernel is trivial. In fact,
the kernel is trivial by using Corollary 3.7 (for m = 2) and Theorem 3.10 (for m > 2).
Now we prove that the image is closed. Let ¥, € W!?(E) with

Dy, — ¢ inLP(E), By, — Yo in WTYPP(Ey).

It is clear that Byg = .
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First, we assume that ||¥,|lL»zy < 1. Then the L”-estimate Theorem 3.3 implies
that v, is bounded in wkp (E). Hence, there exists a subsequence of ¥, denoted also
by ¥, such that ¥, converges weakly to v in W!?(E) and strongly in L”(E). Using
Theorem 3.3 again, we see that 1, is a Cauchy sequence in W17 (E). As a consequence,
there exists a limit of ¥, in W7 (E) and this limit must be . Hence ¢ = Py and

Yo = Byr.
Second, if ¥, is not bounded in L?(E), set

7 Yn

Yp = ——— € WHP(E).
" Wnllee e

Then
Dy, — 0 inLP(E), By, —0 inWIVPPE|s .

By the same arguments as above, /,, has a limit ¥ in W7 (E) such that ||1ﬁ||Lp(E) =1,
Dy = 0and By = 0. This is impossible since Corollary 3.7 (for m = 2) and Theo-
rem 3.10 (for m > 2) implies that ¢ = 0.

Hence, the closed graph theorem implies that (I3, B) is an isometry between H'(E)
and the range of (I3, B). As a consequence,

||¢||W1-p(E) = C(”mW”Ll’(E) + ||BT/f||W171/p-p(E|3M))a
where ¢ = ¢(p, ') > 0. m]

Remark 3.6. If p = 2, we can prove this theorem directly by using Theorems 3.3
and 3.6. First, according to Theorem 3.3, there exists a constant ¢ = ¢(I') > 0 such
that

Il g ey < cUADY N2y + 1B g2g),,) + 1Y 128)
for all ¥ € H'(E). Second, Theorem 3.6 implies that
112y < c@UBYI 2y + 1BV g12gg)-
Combining these two estimates, we complete the proof.

Remark 3.7. We can choose ¢ = ¢(p, [|V']|+) > 0. See Remark 3.3.

3.4. Existence and uniqueness for solutions of Dirac equations

In this subsection, we shall consider the existence and uniqueness of solutions of the Dirac
equation with chiral boundary conditions, to find a solution v € W17 (E) of

Dy =9 in M,

(3.5)
By =By ondM,

where ¢ € L?(E) and Byg € W'=V/P-P(E|yu).
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Several general existence theorems for this system in H'(E) have been derived under
some integral conditions; for example, see [10, p. 53, Theorem 7.3]. which asserts that
(3.5) is solvable in H'(E) if and only if the following integral condition holds:

/ (p.n) =0, Vneker(P,B").
M

Moreover, this solution satisfies the L2-estimate

”w”Hl(E) = C(||€0||L2(E) + ||B¢O||H1/2(E|3M) + ||W||L2(E))-

But the uniqueness may not be true for a general first order elliptic partial differential
equation with an elliptic boundary condition.

Notice that in our setting, this integral condition is always satisfied for each ¢ in
L2(E) since the kernel of (Ip, B*) is zero according to Corollary 3.7 (for m = 2) and
Theorem 3.10 (for m > 2). In fact, in our setting, we can show the existence and unique-
ness Theorem 1.1 with the use of the main L?”-estimate of Theorem 3.11.

Proof of Theorem 1.1. We only need to show the existence. We can use a method that
is similar to that for deducing the analogous theorem for second order elliptic partial
differential equations with Dirichlet boundary values (see [29, p. 241, Theorem 9.15], for
example). For convenience, we will give a detailed proof.

First, we consider the case p* > 2 and p = 2. The following argument is typical (see
[10, 29] for example). Let us consider the following closed subspace of H!(E):

HE(E) ={y € H'(E) : By = 0}.

Theorem 3.11 gives the a priori estimate
1 3 gy = /anwnz +llyl? < C/M||Iz>w||2, VY € H(E).

In particular, f ull Dy |?is strictly coercive on H llg(E ), so the Lax—Milgram theorem gives
Ve Hé(E) satisfying

/ {9, Pn) = f (DY, Bn), n e H(E).
M M
Denote & = Py — ¢ € L*>(E). Then

/ (@, Pn) =0, Vne HL(E).
M
Therefore ® is a weak solution of

D=0, B®=0

Since B* is elliptic, all the elliptic estimates stated for B can be stated in a similar way
(see Theorem 3.2). In particular, ® is a strong solution, i.e., ® € H'(E). By using the
L?-estimate of Theorem 3.6 (for %), we know that ® = 0. Hence Dy = ¢ and By = 0.
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In thg general case, we extend B to a spinor 1/~f € HY(E) such that &Ia M = Byy.
Setting v = ¥ — ¥, we then have

Dy =¢— Dy inM,
Bl/?:O on oM.

The previous case shows that there is a solution 1} € HY(E). Then ¢ = 12 + 1 is the
desired solution of (3.5).

Second, we consider the case 1 < p < p*. Let ¢, € I'(E) be such that ¢, converges
strongly to ¢ in L”(E) as ¢ — 0. For each ¢ > 0, let 1/, be the unique solution of

Dy = ¢, By, = 0.

The a priori estimate of Theorem 3.11 says that ¥, € W!?(E) and is a Cauchy sequence
in WP (E) since ¢, converges strongly to ¢ in L? (E). We can assume that 1, converges
strongly to ¥ in W17 (E). Then Dy = ¢ and By = 0. In the nonhomogeneous boundary
case, we set y = 12 + ¢ where ¢ € WP (E) is an extension of By such that ¥ |y =
Biyro by the extension theorem. This is possible since 1 < p < oo. Then we choose a
solution 1@ € WL.P(E) such that

Dy =¢— Dy inM,
BI/A/=O on oM.

Now we get a solution of (3.5). ]

4. Dirac equations along a map

We first consider the following system which is slightly more general than (1.1):

A.1)

Dyt +Qp-yP=n" inM,
ByA =By on M,

where A = 1,...,q, n* € LP(E), By € W!=V/P-P(E|yy) and @ € Q!(s0,), ie.,
Q’g = —Qf;. Under suitable conditions, we can solve this system.

Theorem 4.1. Let M, E be as in Theorem 1.1. Suppose that T" € DP(E), dQ € LP (M)
and Q € L*P"(M). Then for 1 < p < p*, (4.1) admits a unique solution. Moreover, we
have the elliptic estimate

1V lwirey < climlleee) + 1BYollwi-1r.pg)yy))

where ¢ = c(p, ||F||p*’ ||Q||L2p*(M) + ||dQ||Lp*(M)) > 0.
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Proof. To prove this theorem, we construct a new Dirac bundle and a new chirality oper-
ator, and then we apply the existence and uniqueness for the usual Dirac equation.

Let E=®"E = E® ---® E (n summands). Then E becomes a Dirac bundle as a
Whitney sum bundle. Clifford multiplication is defined as

FXOWYH =X -y, VXeTM,

ie., 7 = yF1d. Here y£(X)y 4 := X - ¢ stands for Clifford multiplication on E. Then
the associated I equals I" 1d, i.e.,

TX)(Wh) = T X)yh).

Define I’ by
(X)) = (QpX)y?).

It is clear that I " € QY(Ad(E)). We need only check that [T, 7] = 0 in order to prove
that I" € ©P (E). In fact,

[, 71X, DY = (GO - ™) — ¥ - 25(X)v ") = 0.
Thus, we have constructed a new Dirac bundle E with the Dirac operator l~D defined by
Dy = Byt + Q59"
It is obvious that d(I' + T) € L (M) and I + I € L*" (M).
Introduce an operator G € End(E),
G = (Gy™).

It is clear that

G’=1d, G*=G, GyX)=-7(X)G, VXeTM.
Moreover, VG =0.In fact,
VG = (VxGy A + Q4(X)Gy®) = (GVxy? + GaX)y?) = GVx (™).

In particular, G is a chirality operator on E. Therefore, the associated chirality boundary
operator is

B™) = By ™).
Then we can use the theory of the Dirac equation (Theorem 1.1) to finish the proof. O

Now we suppose that M is a Riemannian spin manifold with boundary 9 M and give

Proof of Theorem 1.2. If we embed N into some Euclidean space, then as shown in
Section 2, we can rewrite this boundary value problem for the Dirac equation as

Jut +Qf w8 =pt inM,

BwA = BwA on oM,



692 Qun Chen et al.

where
Q4 = [v(P), dv(P)]4.

In particular, dQ = [dv(P), dv(P)]. Therefore, if & € Wl2r" (M, N), then ® €
C%(M, N) by using the Sobolev embedding theorem. As a consequence,

Qe L (M), dQe L (M).

Hence, by using Theorem 4.1, we get a unique solution ¥ € Wh? (XM ® ®~!TRY) for
some larger g. Moreover, there exists a constant ¢ = c(p, || P 1,2+ ( M)) > 0 such that

||“I’||Wl,p(M) =< C(||77||L1’(M) + ||BW||W1—1/17,/7(3M))-

Now we want to prove that W is a spinor along the map ®. Introduce W4 = vg\llB .
Then we need only prove that ¥ = 0.

Claim.

JUA+Q4 - U8 =0 inM,
BYA =0 on oM.
If this claim is true, then using Theorem 4.1 again, we get ¥ = 0, which completes the
proof of Theorem 1.2.
Now, we prove the claim. In fact, noticing that v?n =0,vg ABYB = 0since nis a
spinor along the map ® and B is the restriction of a spinor along ® to the boundary 0 M,
we have

JUA = vaiyB +dvg - w8 = —devC WC ppdvo - WP ugnf +dvp - wB

=dvy V8 = —dnj - (dnCnB —ncdnB) w8
(devB — devB) \if = —Qg B,
and
BYA = vaBYE = 2By S = 0. O

Remark 4.1. Using the same method, one can prove that

Dy =nelP(EQ®'V) in M,
BY =By e WIVPP(E® @ 'V)|jy) ondM,

admits a unique solution W € WLP(E ® ®~1V), where E is a Dirac bundle on M, V is
a Hermitian metric vector bundle on N, I is the associated Dirac operator of E ® oy,
and the Dirac connection V = V + I satisfies the condition I' € QP (E) and @ €
WL2P"(M; N).

Remark 4.2. If ® is smooth, then ¥ M ® ® ! TN is a smooth Dirac bundle; in this case,
Theorem 1.2 is just a direct corollary of Theorem 1.1.
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Now let us give some further remarks on the Schauder theory of Dirac equations. The
interior Schauder estimate for the Dirac equation is

Theorem 4.2 (see [1]). Let M, E be as in Theorem 1.1. Suppose that V' € C%(M) for
some0 < a < 1. Then forall M’ @ M" € M,

19 1o < c(er, dist(M, 3M”), 1V llg;a7) DY Mz 4 1 N0z a7

Due to Proposition 3.1, one can also state a boundary Schauder estimate for the Dirac
equation.

Theorem 4.3. Let M, E be as in Theorem 1.1. Suppose that V' € C*(M) for some 0 <
a < 1. Then

IV h4asm < el IV laa) NPV ez + 1BY l1ason + 19 llo;a)-

Proof. The classical argument for Schauder estimates (see [29]) can be combined with
Proposition 3.1. O

By using the main L?”-estimates of Theorem 1.1, we can get

Theorem 4.4. Let M, E be as in Theorem 1.1. Suppose that T' € D'(E), T € C*(M)
and dI" € C¥(M) for some 0 < o < 1. Then

IV lh4a;m < cCot, IT lam + 1T lasa) NPV s vt + 1BY [1-4as90)-
Proof. By using the main L?-estimates of Theorem 1.1, we know that for large p,
¥ llo:mr < c(p, ITp)UPY NLr ey + 1B lwi-1.p (£,
< (@, T lla:m + 1AL s a) BV s + I1BY l11+as0m)-
Then applying Theorem 4.3, we prove the desired result. O
Similarly to the case of the L”-estimate, we can prove the following two theorems:

Theorem 4.5. Let M, E be as in Theorem 1.1. Suppose that I' € DUE), T € C_'“(M)
and dI" € C*(M), 2 € C*(M), d2 € C*(M) for some 0 < o < 1. Let n € C*(M) and
Byg € CH*(dM). Then (4.1) admits a unique solution € CY%(M). Moreover,

IV h+a;m < ety IT Nl i+ AT s s 120e v+ 1210 00) (DY s aa+1BY 140900

Theorem 4.6. Let M, N be as in Theorem 1.2. Let ® € C14(M, N) forsome(0 < o < 1.
Then the Dirac equation

DY =necC*M;TM QP 'TN) inM,
BY =By e CY*OM; TM QO 'TN) ondM,

admits a unique solution W € CHY*(M; ¥M ® ®~'TN), where I is the Dirac operator
along ®. Moreover,

”\IJ”lJra;M < c(a, ||CD||1+<1;M)(”77”01;M + ”BIp”lJra;BM)-
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5. Short time existence of first order Dirac-harmonic map flows

In this section, we assume that M (m > 2) is a compact Riemannian spin manifold with
boundary d M and choose a fixed spin structure on M.

Let us consider the family of coupled systems of differential equations for a map
®: M x[0,T] > R? with ® = (®4) and for a spinor field ¥ : M x [0, T] —
TM ® &~ 'TRY with W = (¥4) along ®:

) .
<— — A)CDA + Q4 - dd? +(Q4,d0B) =0 inM x (0, T],

ot (5.1)
Jut + Qi - wB =0 in M x [0, T],
with the initial and boundary conditions
Q(x, 1) =p(x,1), (x,1) €M x[0,TIUM x {0}, 52)
BY = By on dM x [0, T], '

where B is a chirality boundary operator.
The following two lemmas are similar to those for the harmonic map heat flow (cf.
[27, 30, 42]).

Lemma 5.1. Suppose the image of ® lies in N and WV is a spinor along ®. Then (O, V)
satisfies the Dirac-harmonic map flow (1.5), i.e.,

0D =1(P) — R(P, V),
D\IJ = 0’
if and only if (®, V) satisfies (5.1).

Proof. A well-known computation. O
Lemma 5.2. Suppose that (O, V) is a solution of (5.1) which is continuous on M x [0, T']
with ¢ (x, 1) € N forall (x,1) € IM x [0, TIUM x {0} and r is a spinor along the map
dlam for all time in [0, T). Suppose ®(x,t) € N on M x (0, T]. Then ®(x,t) € N for
all (xlt) e M x [0, T]and ¥V (-, t) is a spinor along the map (-, t) forallt € [0, T]. In
fact, ¥4 = vé‘-IJB satisfies the Dirac type equation

Jurt + Qi WB =0 inM,

BY =0 on oM.

Proof. Define p : R? — R? by p(z) = z — () for z € R?. Consider

q
o, 1) = [lp(@G, > =Y llp* (@, 0]
A=1
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‘We can see that

a
(5 - A)w(x, 1) = =2[[Vp(®(x, ) +2(3ip — Ap, p)

= 2| Vp(@(x, )I” +2{5 3, — ADP) + mjc (VOF, VOT), p%)
= —2[|Vp(®(x. 1))
— 2 (@)(QDE - A0 +(Q(P)E, D)) — T (@) (VOE, VOT), p(@)%)

Notice that & g is a projection when restricted to N, so after restriction to N we obtain
Vg (@) (QP)E - ddC + (D)2, dOC)) — f (@) (VIE, VOE) = 0.
By the mean value theorem,

—2(v5 (@) (@)L - ddC + (QP)E, dDC)) — 1f (PNVDE, VOC), p(9)*) < co.

cQ.
9t =

Since p > 0andp = 0on oM x [0, T]UM x {0}, we deduce that ¢ = 0Oon M x [0, T].
Hence ®(x, ) € N for all (x,t) € M x [0, T] according to the maximum principle.

Next we show that W is a spinor along the map . In order to do this, we consider
PA = vé\-IJB. Then

Therefore,

JUA = 02wl L vug w8 = aviE L wC vy b
=Vvp U8 = —Vr} 98 = (Vrlnf —nfvn§) 9E = —qf - U5
Moreover, U4 satisfies the boundary conditions
B¥* =0
for all time # € [0, T]. By the uniqueness of solutions of Dirac equations with chiral
boundary values (Theorem 4.1), we get ¥ = 0, i.e., ¥ is a spinor along ®. O

To state the short time existence for the Dirac-harmonic map flow, we first recall some
basic facts about heat kernels on Riemannian manifolds. An important property is that the
heat kernel is almost Euclidean [20, 41]. In other words, if p is a heat kernel, then p and
& are of the same order, locally uniformly in (x, y) as ¢t — 04, and a similar statement
holds for the first derivatives of p and &£, where

E(x,y,1) = (4m)—m/ze— dist(x,y)z/(4t)‘
One can show that the Dirichlet heat kernel A (x, y, t) is also almost Euclidean [20], hence

h(x,y,1) < ct M2 distw. )2/ @4n)
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and

IVhG, y. ) < cr™/27 1™ a0 /G0 gigy(x, ).
We summarize these properties in
Lemma 5.3 (see [20, 38]). For every B > 0, there exists a constant ¢ = c(B) such that
h(x,y,1) < c(B) "> dist(x, y) 7,
IVAGe, y, 0l < e(Byr "2~ dist(x, y)' =27,
IVah(x, y, O] < e(B)r "2~ P dist(x, >, x,y € IM,
ast — 0.
Proof. This is a consequence of the inequality
xPe™* < ,B’Sefﬂ, Vx, B > 0.

The improvement in the exponent of dist(x, y) in the third inequality is due to the fact
that the derivative is in the direction normal to d M. O

Now we can prove the main Theorem 1.3. For the short time existence of the harmonic
map heat flow, we refer the reader to [27, 30, 42, 43].

Proof of Theorem 1.3. We split the proof into four steps.

Step I: Short time existence for the flow (5.1) and (5.2). Let h(x, y, t) be the Dirichlet
heat kernel of M. Define an operator T by

r
Tu(x,t) =up(x,t) —/ / hix,y, t— r)(Q(u) cdu + (Qu, U(w)), du))(y, 7)dydr,
0 JM

where
! oh
uo(x,z)=f h(x,y,r>¢(y,0>dy—// 2Lyt = D60, Do ()
M 0 Jom ony
Here
Q) =[vu), dv)],
and

Qu, W) = AR5 p (W), e - W) )’ = Rw)(W ), ¥ (),
where W (u) is the unique solution of

Jut = —Qu)4 - v8 inM,
ByA = BwA on oM,

according to Theorem 4.1.
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It is clear that u is the unique solution of

0
Euo = Aug in M x (0, 00),

uy = ¢ ondM x [0,00) UM x {0}
For every ¢ > 0 and each u € (_,_, C'*%(M x [t, e]) N CO(M,), define the norm

llull := Nl coazxpo,eny + SUP VUl Dl oz
tel0,¢]

Let X ("; be the completion of the following subset of C°(M,):
{u e () €000 x [1,e)) N COM,) :u = on PMS}
O<t<e

where
M, =M x (0,e], PM,:=dM x[0,e]UM x {0}.

Foru e X 3), according to Theorem 4.1 we have, for large p,
I Dllcairy < cPIYC D lwirarn = CUuIDIBYOC, Ollwi-1/r.rom)
< C(lulDIBYo(C, Dllcragary < CUuIDIBY [l cro.ag,)-

As a consequence,
T : X; — X;

is well defined. For 6 > 0, let B = {u € X(‘; D lu — ug|l <8}
According to Lemma 5.3, for every 8 > 0,

h(x,y,1) < c(B)tP~m/2 dist(x, y) 2P,
IVA(x, y, DIl < c(B)tP 1"/ dist(x, y)' =2,
IVah(x, y, Ol < c(B)P1 72 dist(x, y)*%,  x,y € IM.

1) We now prove that ug € X(‘; Let vg = ug — ¢. Then

orvg — Avg = A¢p — 0 =: f in M7,
vog=0 on PMr.

Since ¢ € C>1*(M7), we know that f € C%%*(M7) and
1 fllcogityy < eldlicziogryys I flleooaqiy < c@IBllcarog,)-

Moreover, vg can be given by the following formula, for (x, r) € Mr:

t
vo(x,t)=/ / hix,y,t —1)f(y, 7)dydr.
0o JM
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The Schauder estimates imply that vo € (No_,_7 C*"¥(M x [t, T]) N C%(M7). The
following estimates follow by straightforward computations:

o, D] < 19 llcarogz,ye [Vuole, DI < cBBllcarog, e

for all (x,7) € M, and B € (m/2, (m + 1)/2). In fact,

t
|v()(x,t)|§ / / h(xsyst_r”f(ys T)|dydf
0 JM

t
< ||f||co(,g,)f0 /Mh(x,y,t—r)dydr < 1 £l cogs -

and
t
|Wo<x,r>|sf / Vah(x,yt = O Lf O 1)l dy dr
0 M

t
< cBISf Nlcogi, / f |t — 7|72 dist(x, y)' 7 dy dr
0 JM

< B fllcoig P2

forall 8 € (m/2, (m+1)/2). Therefore ug € X&, and for §, & both small we have ug € N
if¢p € N.

2) Now we will prove that for ¢ small, T(Bs) C Bs. Let u € Bs. Then |u| < Cj.
Consequently,

||Q(u)||c0(117[><[0,8]) = [[v(w), dV(u)]||c0(Mx[0’g]) = Cts[lép]”vu('v t)”CO(M) < c(Cy),
€l0,e

and

120G, ¥ @)l cogrxgo.ey < € SuP 1WC D0z,
tel0,¢]

< e(C1) sup IBY Dl vmpou)
t€[0,¢]

< cCOIBY 2100 Garo.ey < €(CDC2,
for p large enough, where the second inequality has used Theorem 4.1. Hence,
12 @)l coggy + 120, W@ llcogsz,) < (C1, C2),  Vu € By

Asa consequence,

ITu — uoll < c(B)e(Cr, Co)lldull oz, e ~/%  for B € (m/2, (m +1)/2).
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3) Now we prove that |Tu — Tv|| < %Hu — v|| for u, v € Bs and & small. First, we
have

Tu(x,t) — Tv(x,t)

'
= —/ / h(x,y, t — t)(Q(u) cdu 4+ (Q(u, Y (u)), du))(y, T7)dydr
0 JMm

t
+/ / h(x,y,t— r)(Q(v) ~dv + (Q(v, ¥ (v)), dv))(y, 7)dydr.
0 JM

Moreover, noticing that
Qu) — QW) = [v),dv@)] - [v(v), dv(v)]
=) —v(), dv@)] + [v(v), dvu) —dv(v)],
and
Qu, W) — Q, ¥(v) = Rw) (W), ¥(u)) — R®)(¥(v), ¥(v))
= (R@u) = R)(¥@), V() + R)(Yu) — ¥ (), ¥(u))
+ RO (Y (), W(u) — ¥(v)),

we have

120) — )l cogz,) < ¢(C1. C)llu — vl
and
192G, @) — @@, ¥@)lleoiz,y < ¢(Cro C)lu — vl + 1% @) — ¥ )l cogrzgo.e))

= c(Cy, C)llu —vll.
The last inequality follows from the fact that
VW' - v = -z - (YW’ - vw?°)
+(Qwg — QW3 - Y’ inM,
BW¥@w) —¥((w) =0 on dM.
And Theorem 4.1 implies that for large p,
W) = V)l cogzy < c(PIV @) =Wl
<c(p, Cr, C)llu = v[ ¥ )llLr(E) < c(p, C1, C)llu —v].
Thus,
192 (u) - du + (Q(u, W), du) — Q) - dv — (Q(v, ¥(v)), dv}ll ce iz
<c(p, C1, C)lju —vl|.

Using a similar argument for v, one gets

ITu = To|| < e(B)e(Cr, C)eP " Ju — v]
forall B € (m/2, (m 4+ 1)/2).
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Therefore, there exists a fixed point of T in Bs, i.e., we have proved the short time
existence for (5.1) and (5.2).

Step II: Regularity. Let (®, V) be the solution of (5.1) and (5.2) constructed above.
Theorem 4.1 implies that W € L>(M,) and hence ® € [y, CO*(M x [r,¢]) N
C(M,) by the LP-estimate for the heat equation. For all 0 < ¢, t < ¢, we have

JACH VA1) = Qa0 - (BB —wE( 1)
+ (¢ T) — Qa¢0)-YE( 1) inM,
BW(, 1) —W(, 1) =B 1) =¥, 1) on M.

Again by using Theorem 4.1, for large p,
IO 1) =W Dl gy < c(p. Cr. C)t — 7%/,

Thus, ¥ € (Noos<e CO0(M x [t,e]) N C_'O(MS). The Schauder estimate for the heat
equation implies that ® € (,_,_, CELa(M x [t, e]) N CO(M,). The interior Schauder
estimate for the Dirac equation implies that W(-, 1) € C>%(M) for every t < ¢. If one
uses the boundary Schauder estimate, one finds that W(-,7) € C La(pn) forr < e.
Suppose that
limsup ||d®(., ’)”CO(M) < 00.
t<T,t—T

The discussion above implies that this flow can be extended to a larger time 7| > T,
hence 77 is not the maximum time, a contradiction.

Step III: Uniqueness. Finally, we state the uniqueness. Suppose that (®;, ¥;) are solu-
tions of (5.1) and (5.2). Letu = ®; — &, and n = ¥; — ¥,. Then

|0u — Aul < C|Vu| + Clul + Clnl,  |dn+ Q1 -1l < C|Vul + Clul.
Hence, applying Theorem 4.1 and using the same computation as for vy, we get

InC Ollcogzy = Cllull,

and
lull < Cllulle?™/>  for0 <& < Ty and B € (m/2, (m + 1)/2),

where ||-|| is the norm corresponding to M. Thus, if ¢ is small, then |Ju|| = 0,i.e.,u =0
and hence n = 0. Then we can prove the uniqueness of the Dirac-harmonic heat flow by
iteration.

Step IV: Completion of the proof. We have actually proved that ® € Nif¢ € N.
Therefore, we can use Lemma 5.2. As a consequence, ®(-,7) € N and ¥ (-, 1) € XM x
O, 1)"'TN forall 0 < ¢t < Ty since By (-, 1) € (EM @ ¢(-, 1) ' TN)|sp for all .
Then applying Lemma 5.1, we complete the proof of the theorem. O
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6. Dirac equations along a map between Riemannian disks

In this section, we discuss a Dirac equation along a smooth map ¢ : M = (D, A|dz|?) —
N = (D, p|dw|?) where D = {|z| < 1} is the open unit disk on C. Let £ M be the spin
bundle on M. Consider a Dirac bundle *M ® ¢~ TN and split it as (see [40, 53])

IMR¢'TN=E"MR¢ 'T''N)d (S Me¢ ' T'ON)
&ETMRP T Nyd (=" Mo~ 'TO'N),
where
TtTM={(yeXM:3; -y =0}, T M={4ecEM:3, -y =0}

We identify Clifford multiplication in the orthogonal bases d;, d; with the following
matrices (see [24, 40]):

e (00), (8 )

And the spinor ¥ € ¥M ® ¢~ !T N can be written as

+ f*
e ()ons (7)o

(O)EE M, <1>GE M.

The connection on the spin bundle ¥ M is then given by the following operators (see
[40]):

with

9 1dlogh 3 1 adlogh
VEM — _ , VZEM — _
% 5z T4 oz % 02 1 oz

Therefore, the Dirac operator on XM ® ¢~ ' TN is

0 - el
— 7y 1/2 dz 4 0z 0¢p 0z
D=2 9 1ologh alogp dg .
3z 4 0z dp 07
0 d 1dlogh dlogp 3¢
@2)»_1/2 _ dz 4 0z a(f_) 9z
0 1 dlogh 0dlogp ¢
—h = 0
az 4 0z d¢p 0z

The chiral boundary operator [23, 24, 32] is given by

11 =+z7! 1/1 =+z7!
:I: _— p—
5= 2 (:i:z 1 ® 2 \+z 1)
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Now we consider the Dirac equation

Dy =0 in D,
Bty = B*yy ondD.

As discussed above, Dy = 0 is equivalent to the systems
S5+ (30ogh)z + (log p)ggz) fT =0, f7 + (3(ogh): + (log p)g¢:) f~ =0,
and

S+ (30og 1)z + (log p)gds) fT =0, f + (3(ogr); + (log p) ;) f~ =0,

where the spinor i has the form

+ I

Let g be a solution of the Riemann—Hilbert problem

gz = y(log))z + (log p)p¢pz in D,
Reg = log(k1/4p1/2) on dD.

All solutions can be given by the following formula [11, p. 71, Theorem 21]:

1 1 1/2
g(z)=i1mg(0>+1ogxl/4<z)+—,/ ogp@UN ) ¢ +2
27 oD g é'_z

1 ((log P9 @) ¢ +z  (ozp)yhe@) 1 +2¢
D 3 -z ¢ -zt

dg

)d; AdC

4mi
for all z € D. Then
e ft=0, £+ (logp+logr/): — g:) f~ =0,
and
i+ ((ogp +1oga!/?): — g2) fT =0, f~_{+ g:f~ =0.
Therefore, there exist four holomorphic functions A*, A=, AT, A~ such that
Ffr=e8A", f~=1"12p7le8A—, Fr=27"12p71e8AT, f=e8A-.
The chirality boundary condition B¥y = B is now equivalent to
AT+ VAT = A4 12 Img(f0+ + z_lfof),
At + Z—l; _ }Ll/4pl/26—i Img(fo+ + Z_lfo_),
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f0+ J;()Jr
=" )@a+[0 )2,
v <f0> ’ <fo ’

Since the index of z~! is —1, the solutions A1, A™, A‘*‘, A~ must be unique accord-
ing to Theorem A.1 (see Appendix A). In particular, f*, f~, f*, f~ are independent
of the choice of g. In fact, any other choice of g is g + ic where ¢ is some real number.
Then the solutions AT, A=, AT, A~ mustbe replaced by e AT, ¢ €A™, e At i€ A~
respectively. As a consequence, 1, £, f +, f ~ do not change.

Next, we construct these solutions by using Theorem A.1. Denote

for z € 0D, where

1 MOV p(p ()2 Mm@ (£ () £ ¢~ 57 () i

F():=— z¢ 9D,
2mi Jyp =z
1/4 1/2,—ilmg(e) ( 7+ 1A
Fo) = 1./ ML) p(P(8)) /e (fo @£ fy @) dc. 24D,
2mi Jop {—z

Then, for z € D,
At (@) =F(), A (@=+"F1/2), AT@)=Fk), A @=+z"F1/?)
are the solutions.

To summarize the previous discussion and using Theorem A.2 (see Appendix A), we

have

Theorem 6.1. Suppose that ¢ € C'™* (D) and By € C'T*(dD) for some o € (0, 1).
Then there exists a unique solution € C'*%(D) of

Dy =0 in D,
By = Bfyy ondD.

Moreover, there exists a constant ¢ = c(a) such that

+
¥ lh4e;0 < B> Yolli4a;aD 1@l +a;D-

Remark 6.1. When the domain is D = {|z] < 1}, the MIT bag boundary operator is

given by
+ 2 +iz - Fiz
Buirr = 2 (:l:iz 1 ) ©3 (:i:iz 1)

The index of Fiz~! is —1 and therefore we can use Theorems A.1 and A.2. In particular,

the above theorem is also true for MIT bag boundary value conditions.
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Appendix A. The boundary value problem for the 9-equation

Let D = {z € C : |z] < 1} be the open unit disk in the complex plain C. We say that
(A*, A7) is a holomorphic function pair on D if At, A~ are two holomorphic functions
on D. Consider the transformation

At(2) := AT (), Vz e DT := D,
A= (2):=A—(1/7), Vze D :=C\D.

Then At and A~ are holomorphic in Dt and D~ respectively. Moreover, if A, A~
satisfy the boundary condition

AT — @F =f ondD,
then AT, A~ satisfy the boundary condition
At — g0A~_ =f ondD.

Theorem A.1 (see [11, Theorems 5, 14, 15]). Suppose that ¢ € C*(dD) with ¢(¢) # 0
forallt € 0D, where 0 < o < 1. Let f € C*(0D) and k be the index of ¢. If k > 0,
then there exist exactly k + 1 linearly independent holomorphic function pairs (AT, A7)
on D such that

AT —<pA_*=0 on dD.
If k = —1, then there exists a unique holomorphic function pair (A%, A™) such that
At — A== f ondD.

Moreover, A* € C¥(D) N A(D). In fact, if we set

y@) = i./ g 4 . ¢ap.
ap ¢ —2
f(;)e—V(C)

~ . d 5 Z aDa
2rni Jop & —z ¢ #

then
AT@) =e"Dy@), A () =zlerW/Dy1/z), ze€D.

Moreover, there exists a constant ¢ = c(a) such that
AT <
” ”a;D = C”‘p”a;D”f”ot;D~

We also need the following Schauder estimate.
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Theorem A.2 (see [11, Theorems 5, 29]). Suppose that f € C*(D) and h € C'T*(3D)
for some 0 < a < 1. Then every solution of

gz=f inD,
Reg=h onaD.

is of class C 4o (D). Moreover, there exists a constant ¢ = c(«) such that
lglhi+e;p < ¢l flla;p + 12ll140;00 + [Tm g(0)]).
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