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2616 Q. Chen

1 Introduction

Dirac-harmonic maps were introduced in [4,5] as a geometric analytic model corresponding
to the supersymmetric nonlinear o-model of quantum field theory [9,12].

Let us describe the geometric setting. Let (M, g) be a spin manifold with a fixed spin
structure, and ¥ M the spinor bundle over M, on which we chose a Hermitian metric (-, -).
The Levi-Civita connection V on ¥ M is compatible with (-, -). Let (N, k) be a Riemannian
manifold, ® a map from M to N, and ®~'TN the pull-back bundle of TN by ®. On the
twisted bundle XM @ ®~'TN there is a metric (still denoted by (-, -)) induced from the
metrics on XM and ® ! T N. There is a connection, still denoted by V,on EM ® o-ITN
naturally induced from those on =M and ®~'T'N.

The Dirac operator along the map @ is defined as

DV :=¢; -V, ¥
= Wa®ea+ei '1//&®Ve[9a’

where we write a cross-section W of ZM ® ®~!TN locally as ¥ = ¢ ® 6, {¥*} are
local cross-sections of ¥ M, and {6} are local cross-sections of ® TN, {¢;} is a local
orthonormal basis on M, §:= ¢; - V., is the usual Dirac operator on M and “X-” stands for
the Clifford multiplication by the vector field X on M. Here and in the sequel, we use the
usual summation convention.

Consider the functional

L(®, V) = %/M (Id®|* + (v, BW)).

The critical points (®, ) have to satisfy in M° the following Euler-Lagrange equations
for L(®, V) (c.f. [4]):

1
{ T(®) = 3 [P e ) RY (0 ) D) = RA®, W), 0
m‘l’ = Oa

where RY (X, Y) := [Vy, Vy] —Vix,y),for X, Y € I'(T N), stands for the curvature operator
of N, and (@) is the tension field of ®. Solutions of (1.1) are called Dirac-harmonic maps
from M to N. When M has nonempty boundary d M, then we need to impose appropriate
boundary conditions for (®, V), see e.g. [6,7,22].

When the dimension of the domain manifold M is one, Dirac-harmonic maps are called
Dirac-geodesics. The corresponding functional is of the form

1
Low) =5 (/M 171 + (. mw)), (12)

where y denotes the spatial derivative dy /ds, M is an interval, say [0, 1] in R'.
In [11], Isobe introduced a modified functional

1 .
Lr(y,¥) = 5 (/ 711 + (@, D\IJ)) —/ F(y, V),
st sl
where F is some suitable function. The critical points (y, W) are called the nonlinear Dirac-

geodesics. Existence results were obtained in [11] via an approach from critical point theory,
under some conditions on the function F > 0 and assumptions on the metric of the target N.
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Dirac-geodesics and their heat flows 2617

Recently, Branding [2,3] introduced the following regularized functional:

1
Le(y. W) =5 (/S| 717 + (v, DY)+ SIID‘VIZ),

where ¢ > 0 is a parameter; critical points of it are called regularized Dirac-geodesics. He
proved the global existence and convergence of the heat flow of closed regularized Dirac-
geodesic when ¢ is large. However, the final existence of Dirac-geodesics cannot be obtained
by removing the regularization, i.e., by letting ¢ — 0.

It is thus a natural question to define a suitable heat flow for Dirac-geodesics and study
its global existence and asymptotic behavior. This is the main purpose of the present paper.

Leto : [0, 1] — N beasmoothcurve.Fory : [0, 1] x [0, T) — Nand X (-, 1), Y (-, 1)
vector fields along the curve y (-, t), consider the system

y' = V9 +RX, V)P, on(0,1) x (0, 7),
Vy X =0, on (0, 1] x [0, T), (1.3)
V)-,Y =0, on [0, 1) x [0, T),

with initial-boundary value conditions

y(s,0) =o(s), s €(0,1),
(0,0 =x0, y(1.,1)=yo, t€[0,7), (1.4)
X(0,1) = Xo, tel0,7),
Y, 1) = Yo, tel0,7),

where xg, yo are two fixed points in N, Xo, Yo € Ty,N are two fixed tangent vectors, y’

. . a
denotes the time derivative y’ = —y.

The system (1.3) constitutes the hteat flow for the Euler-Lagrange equation of the functional
(1.2), see Lemma 2.1 in Sect. 2. In fact, (1.3) can be viewed as a parabolic system with extra
constraining equations satisfied by the field W, which can be reduced to equations for two
parallel vector fields X and Y along the underlying curve y and hence can be easily solved.
The fact that with this elliptic-parabolic system we get a better handle on the existence
than other approaches seems to indicate that this is the right parabolic version of the Dirac-
geodesic problem. Instead of trying to also turn the first-order Dirac equations for X and Y
into parabolic equations, we rather treat them as first order constraints along the second order
parabolic flow for y. Thus, in particular, we can apply elliptic estimates for X and Y along
the flow and thereby control the inhomogeneous term in the flow for y.

The reason why we only consider the flow of Dirac-geodesics (y, V) defined on an interval
[0, 1] rather than on the circle S! is that, in general, one can not expect that the parallel vector
fields X, Y can be defined on the whole S!. Nevertheless, y could be a closed curve. For the
heat flow of Dirac-harmonic maps from higher dimensional manifolds with boundary, see
[6]. We will prove the following global existence result for the Dirac-geodesic heat flow:

Theorem 1.1 Let N" be a Riemannian manifold. Then there exists a unique solution of (1.3)
and (1.4) for all t € [0, +00).

Recall that for the usual geodesic heat flow, Ottarsson [18] proved the long-time existence
and uniqueness of a solution for smooth initial data, which has been recently extended by
Lin and Wang [17] to W2 initial data. However, the convergence of the geodesic flow is
unexpectedly subtle. Although it is proved in [18] that there is a sequence {#; } with f; — 400
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2618 Q. Chen

(k — +400), such that y (tx) — Y=o, the convergence of y (¢) need not to be true in general,
see the example of Topping (c.f. [8,23]). Choi and Parker [8] proved the convergence of the
geodesic heat flow for generic metrics, the so-called bumpy metrics on the target manifold
N.

Koh [15] proved the global existence of the magnetic geodesic heat flow:

V' =Viy + Z(y).

where Z € Hom(T M, T M) is the so-called Lorenze force, namely, Q := h(-, Z(-)) is a
closed 2-form on the target (N, h). Examples show that the convergence is also not true in
general.

If N is the round 2-sphere $2(1) and xo, yo € N with d(xq, yo) = 7, then one can find
initial-boundary data (o, X¢, Yo) such that the Dirac-geodesic flow (1.3) and (1.4) cannot
converge to a Dirac-geodesic connecting xg and yg (see Theorem 3.3 and Remark 3.1).

This means that in general one cannot expect the convergence of the global solution of
the Dirac-geodesic heat flow (1.3) and (1.4).

A natural problem is then to study the asymptotic behavior of the above global solution.
Notice that if N is a Riemann surface, then X? A Y® = cw,, for some constant ¢ under the
boundary conditions (see Remark 4.1), where X > denotes the 1-form dual to the vector field
X and w is the volume form of N. This special property in the surface case is useful for
estimating the kinetic energy, but it does not hold in general in higher dimensions. We will
prove the following:

Theorem 1.2 Let N? be a surface with negative Gauss curvature k. If

2
el < z , (1.5)

Kz—i—4||V./—/(||2 —K

then the kinetic energy density k(y) = % || y’ ||2 decays exponentially, i.e.,

k(y(s,t — 1) < Ce(ZCZHVNs/jKHszc,d,zﬂz

1
)t / k(o)ds, Vt>1,
0
where C is a positive constant dependent only on the geometry of N.
Remark 1.1 We note that it follows from (1.5) that

2
2 ‘VN«/—KH + 7 |ck| -2 <0.

The rest of the paper is organized as follows: in Sect. 2 we derive the Euler-Lagrange
equations of the function L; in Sect. 3, we discuss Dirac-geodesics on surfaces and classify
Dirac-geodesics on the standard 2-sphere S%(1) (Theorem 3.3) and the hyperbolic plane
H? (Theorem 3.5), and derive existence results on topological spheres (Theorem 3.4) and
hyperbolic surfaces (Theorem 3.6). These solutions constitute new examples of nontrivially
coupled Dirac-harmonic maps; see [14] for an explicit example of coupled Dirac-harmonic
map from surfaces and [1,5] for constructions and existence of uncoupled Dirac-harmonic
maps (in the sense that the map part is an ordinary harmonic map) from surfaces and high
dimensional manifolds; in Sect. 4, we prove the global existence of the Dirac-geodesic flow
(Theorem 1.1) and the asymptotic property of the solution (Theorem 1.2).

The authors would like to thank the referee for his/her careful reading of our paper and
the constructive and helpful comments.
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2 Preliminaries
2.1 Spin bundle XR

First, let us recall some basic notions from spin geometry. We refer to [10,11,13,16] for
additional references. Consider the real line R with the standard metric and let ddT be the unit
tangent vector. The Clifford bundle CI(R) is the quotient bundle

o0
CI(R) = > &*R/I(R)

k=0
where I (R) is the bundle of ideals, i.e., the bundle whose fibre at r € R is the two-sided
I(T,R) in Z/C:io FR generated by elements v ® v + ||v |2 for v € T,R. It is easy to check
that CI(R) = R x C, i.e., a trivial bundle with fibre the complex line. Obviously, the principal
SO-bundle Pso(R) of R is just the real line R, and the principal Spin-bundle of R becomes
to R x Zj. By definition, a spin structure on R is a lift of Pso(R) to Pspin(IR). Thus, there
are two spin structures on R, the trivial one and the non-trivial one. However, these two spin
structures are equivalent to each other.

Notice thatCl; = Cl(z) (the even parts of Cl,) via the correspondence Cl; 5 x = xO4x! >
x04e5-x! € Cly, where x% and x ! are the even parts and odd parts of x respectively. Identify
RR as a subspace of R? via the canonical inclusion R 3 x — (x,0) € R?. It is well known
that Cl; is isomorphic to the 2 x 2-matrix algebra over C via

o ) (08 =) e (B ) e ()

Introduce the spinor space A = C? and the chiral operator G := /—ley - ep, then Cl,
acts on the spinor space. Moreover, this chiral operator splits A, into -eigenspaces Agt.
It is easy to see that A;r =C (\/1_—1) =Cand A, =C (—\}?]) = C. Thus, we
get two representation spaces of Cly, i.e., Azi, and in particular, of Spin;. Moreover, as a
representation of Spin, A2i are equivalent to each other. This A;“ is the spinor space of Spin;
and we write S = A;‘. The associated bundle of Pspi, (R) via the representation of Spin; is
called the spinor bundle and is denoted by ¥R = R x S. By this convention, we know that

0 1 . T o~
1 O).Slnce Ay =C,

this Clifford product is simply given by the complex multiplication by 4/ —1.
The connection on the spinor bundle R is the canonical lift of the Levi-Civita connection
% on TR =R x Rto ¥R = R x C. The Dirac operator then is § = «/—lc%.

the Clifford product on spinors is given through C1(R) > (f—r — (

2.2 Dirac-geodesics on Riemannian manifolds

Let N be a Riemannian manifold, and y : [0,1] — N be a curve and ¥ €
r (E[O, 1@y~ 'TN ) be a spinor along the curve y. We identify the spinor W as a complex
vector field along the curve y and introduce ¥ = X + /—1Y where X, Y are two vector
fields along the curve y. By (1.1), the Dirac-harmonic map (y, W) satisfies the following
system

(2.1)

(y) = Ry, ¥),
DY =0.
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2620 Q. Chen

Lemma 2.1 (2.1) is equivalent to the following system
Vyy +R(X,Y)y =0,
X =0, (2.2)
VY = 0,
where y denotes the tangent vector field of y .

Proof Choose a local orthonormal frame fields {e;} of N and denote the unit tangent vector
field over [0, 1] by 9, then a direct computation implies that

1
T() = RO W) = Vyy = 2 (W0 - W) Reere)y = Vy_,< NIV Rer ey
Ve

=Vpy+ T\l—'i\i'jR(ei,ej))}

-1 . . . .
= Wi+ L VYo - VIR e

= V7 + g ((xixf + Y"Yf) n ﬁ(yixf - X"Yf)) Rej.e))y

= Vy7 + R(X, V),
and

DY =3 - V¥ = V=1V (X + V-1Y) = V=1V, X — V, Y.

[m}

Definition 2.1 A Dirac-harmonic map (y, X, ¥) asin (2.2) is called a Dirac-geodesic on N.
We say that (y, X, Y) is closed if y is closed.

Remark 2.1 By a “closed” Dirac-geodesic, we mean that the curve is closed, but the spinor
need not close up on S'. On the other hand, it is also interesting to consider closed Dirac-
geodesics defined on S', which can be equipped with two different spin structures.

Lemma 2.2 If (y, X, Y) is a Dirac-geodesic, then ||y |, | X, 1Yl , (X, Y) are all constant
along y.

Proof Since X and Y are parallel vector fields along the curve y, it follows that || X ||, || Y|
and (X, Y) are all constant. On the other hand,

Id 2

- — 7, 7)=—(R(X,Y)y,y) =0,

s3I =(Vy7.7) (R(X,Y)y,y)

which implies that ||y || is a constant. ]

Remark 2.2 Suppose (y, X,Y)isa Dirac-geodesic defined in (0, 1) with H)?H =el>0.

Define y (1) = y(st) and ¥ (¢) = Oﬁ\fl (et) where 6 € C is a constant with ||0|| = 1, then
(y, X, Y) is a Dirac-geodesic with unit-speed defined in [0, €].

Supposeo : [0,1] — Nisa C!l-curve so thato ([0, 1]) is bounded in N, then there exists
an open neighborhood N’ of o ([0, 1]) with compact closure so that N’ can be (smoothly)
isometrically embedded into some Euclidean space R?. If necessary, by choosing a smaller
neighborhood, we may assume that there is a bounded tubular neighborhood N of N in
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Dirac-geodesics and their heat flows 2621

RY. Let w : N —> N’ be the nearest point projection denoted by 7 = (w!, 72, ..., n%) =
()< A<q- By choosing an even smaller N', we may assume that 7 can be extended smoothly
to the whole RY so that each 74 is compactly supported. Hence, in particular, 74, ng =

2_A a3 _A
ggg ; ﬂéc = gﬂazc , ﬂgc[, %,etc. are bounded, where Z = (Z4) are standard

coordinates of RY. Notice that drry is an orthogonal projection.
The functional L can be written as

1 1 2 .
L(y,X,Y):E(/O (;}A) +XAYA—XAYA).

Next, we want to derive the Euler-Lagrange equations of L. For any smooth map 7 :
[0, 1] — R? and any smooth real functions SA, {A on (0, 1), we consider the variation

yo=ny+m, X =m0 (XE+ig"), vp =mjon (vP+c?).
It is easy to check that
vn=y, Xo=X, Yo=Y,

Iy A B
2n -7 )
o | s
and
axA
| =T ET 4 mpeTp ()X n®,
t=0
8YIA _jTA( ) B+ﬂA ( )T[C( )YB D
Y I_O—BJ/C scW)mp(y)Y=n=.

Moreover, if y C N and X, Y are two vector fields on N along the curve y, then
vE(P? =0, vEX? =0, vio)Y® =0,

where vg‘ =43 A _ g4 5 - The following relationship will be used later:

T e =l W), wpe) =nlp(). mg() =7f @), TP =nferC.

Theorem 2.3 Using the above notations, the Euler-Lagrange equations for L become

VA —mperByC + (mpngprpp Y PXE —mgngpnp XPYE) pF =0,

XA —md.yBxC =0,
y4 —rrgc)}BYc =0.

Remark 2.3 Denote
A A A A A
Qp = (”c Wgp(y) —alp()mg (V)) VP, RGpp = TpnEp NGy — MG WM g,
then the Euler-Lagrange equations for L can be rewritten as

P4+ Q37 ? = Ry p (P XCYP =0,
XA+ Q4x8 =0,
YA+ Qa8 =o.

A_ _ OB
Moreover, 2 5= Q 4
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2622 Q. Chen

Proof of Remark 2.3 First, we check that Q4 = —Qf .

A_ (- A_C A _Cc\+D_ _C_B D C -D_B
QB—(”C”BD_”CD” )V =TATcpY —TapY T
B_C B _C\.D _. B
:—(JTCTL’AD—JTCD]Z )y = —Qy.
Second,
A-B A_C A _C\..D.-B A_C -D.-B A _C-D_-B A -B.C
Qpy :(”CnBD_nCDnB)V Y =TcTppY Y —TcplgV ¥V = —"TpcY V -

Here we have used n’c“ (y)ngD (»)yPy?B = 0. To see this identity, we begin with the identity
75 (Vg (y) = n{(y), then

mgprl vl +mpalpy? =nlpy®.
Hence, multiplying both sides by €, we get that
mEWmgp(yPy? =0.
Third, notice that 711? (y)XB = X4, we have

ngc)’/CXB +n§XB = XA,

then multiplying both sides by nf(y), we get that ng (y)ngD (y)y€XP = 0. By a similar
computation,

Qax8 = —xp (n)yBxC, QavB = g (y)yBY°.
Finally,

A GyDyE _ (_A_C _G_C G_.C _A_C \..GyDyE
RGpey” XY —(”B”BD”F”EF‘”B”BD’TF”EF)V X7y

_ _A_C -F_C yvDyE +B_C _A_C yDvyE
=ngngpy TppX Y" —y mgpupappXTY

_ (A, C _C yDyE A_C _C yDyE).F
—(anBDnEFX Y* —mpmpgpnppY X )y .

Proof of Theorem 2.3 Suppose 1, &, ¢ has compact support in (0, 1). Then

dL(y;, X¢, Yr)
dr

=/-1 JAPA 4 1/1 (X/AYA+XAY/A) B 1/1 (X/AY'A +XAY'/A)
=0 Jo 2 Jo 2 Jo

_ / Lofagn®) 4 / Lo (g (E” + mhe(NTE ()X
0 0

= YA
as as

1 1 1
/0 XA (4 )6? + e af Y PP ) = 5 (XA A+ xAyA) |
1 1
=/0 (win® +7peyn®) it 7/0 (# E" + ThcITH@IXENP) A
'l
/0 X4 (xp e +7r§‘c(y)ng(y)YBnD)
1 1
+3 (TRE" + e mh X EnP) vA|
1 1
5 (TR0 + e mh Y EP) x4

2
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/0 P —mper®y +(angD”EFYDXE_ngngDnEFXDY )J}F)’?A

1
+/ (ehemSy® (X2 = afpyEXT) = mhem X (VP = 2ppiFy ")) n?

1 1
+/ XA _ BXC) ;.A_/ (YA_ﬂgC)}BYc) g4
0 0
1 1 !
+ (y20 + yAed — —xAcB
2 2 0

1
== [ (7" = med v + (whSom X iy xOYE) )
(nBCnAYB (XD 7P yEXF) —nB nCXB (YD—n ey EYE )) nt

1
(XA _ﬂBCyBXC) ¢ _/ (YA _ngc);syc) A,

0

3 Dirac-geodesics on surfaces

Assume dim N = 2, i.e., N is a surface. Put X* A Y? = cwy,, where  is the volume form of
N and c is a function of ¢ (see Lemma 2.2). Let J, be the rotation by 7 /2 in T, N measured
with the metric and the orientation chosen on N.

Lemma 3.1 (y, X, Y) is a Dirac-geodesic on a surface N if and only if
Vyy =ck(y)Jy (¥),
VX =V, Y =0,
where ¢ is a constant such that X° A Y’ = cwy and k is the Gauss curvature of N.

Proof The proof follows easily from the following identity:
R(X,Y)y = R(X ANY)y = R(cwy)y = —ck(y)Jy (¥).

[m}

Recall that a curve y satisfying V;y = ck(y)J, (y) is called a (c«x-)magnetic geodesic
and models the motion of a charge in a magnetic field with magnetic form ck w. Therefore,
each Dirac-geodesic on a surface can be viewed as a ck-magnetic geodesic coupled with two
parallel tangent vector fields along the magnetic geodesic.

According to Remark 2.2, we can choose an orthonormal basis e; = y, e, along the curve
y. Denote

X (1) = a(cos(f(1))er +sin(f(1))e2), 3.1
Y (1) = b(cos(f (1) + O)er + sin(f (1) + 0)e), (32)

where a, b > 0 and @ are three constants, and f, g € C'[0, ¢].
The following theorem gives a geometric description of Dirac-geodesics.
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Theorem 3.2 Let y be a unit-speed curve with geodesic curvature k, on a surface M, a, b, 0
constants witha, b > 0. If k is the Gauss curvature of M, then (y, X, Y) is a Dirac-geodesic
if and only if

kg = kabsinf, f = —kabsinb,
where X, Y are given by the formulae (3.1) and (3.2).

Proof Suppose (y, X, Y) is a Dirac-geodesic, by Lemma 2.2, X, Y are of the form (3.1) and
(3.2). By a direct computation, one gets that

V);)‘/ + R(X,Y)y = Ve e1 +abR(cos(f)e + sin(f)ez, cos(f + 60)ey + sin(f + 0)ea)e;
= (Ve,e1, e2) ez +ab (cos(f) sin(f + 0) —sin(f) cos(f +6))) R(e1, e2)e
= (Velel R ez)ez — abk sin(f)ep

((Veyer, e2) — abk sin6) ey,

—asin(f) fe; +a cos(f)Vee1 +a cos(f) fer+a sin(f)Ve, ez

—a sin(f)fel ~+ acos(f) (Vgl e1, ez)ez +a COS(f)fez

~+a sin(f) (Ve1 ey, el)el

= —asin(f) fe; +acos(f) (Ve e, ex)er +acos(f) fer
—asin(f)(Ve,e1. e2) €1

= (—a sin(f)f —asin(f) (Vgl e1, ez>) el
+(a cos(f) f + acos(f) (Veye1, e2)) ea

= a(=sin(f)er +cos(f)ea) (f +(Veser. e2)) .

<
<.

>

Il

and
VyY = b (=sin(f +0)ey +cos(f +0)e2) (f + (Ve e, e2)) -

Notice that (Ve, ey, ez) is just the geodesic curvature k¢ of y in M, and we finish the proof of
the necessity. The sufficiency is obvious. O

3.1 Dirac-geodesics on spheres

First, we consider the unit sphere S 2(1) with the standard metric and let @ be the volume
form.

Theorem 3.3 (Dirac-geodesic on the round 2-sphere) Any Dirac-geodesic (y, X, Y) with
non-constant y on the round sphere §*(1) locally can be defined by

As . As
y(s) = (\/l — p2cos(m), V1= p? sm(m),p),

. As As
X(s)=ar| —sin{ ——— —cs+co |, cos| ——— —cs+¢p ),0],
1 —p? 1 —p?
and

. As As
Y()=br{ —sin] ——— —cs+60+cyp ),cos{ ——— —cs+60+c¢y),0
V1= p? 1 —p2
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Dirac-geodesics and their heat flows 2625

where ¢ = ab)\?sin® and a, b, A, 0, co are constants. Moreover, for p,q € S2(1) and
constants ¢ € R, A > 0, there is a Dirac-geodesic (y, X, Y) such that y connects p, q with
speed A and the oriented area of X + ~/—1Y is c if and only if the following condition is
satisfied:

(3.3)

dist(p,
lc] < Acot (W)

Proof Equip the sphere S?(1) with the standard metric, i.e., the pull-back of the metric in
R3. In this case, the Dirac-geodesic equation becomes

V4 A%y =cy xy,
X4+ (X, y)y =0,
Y +(Y,y)y =0,

where A = ||y || is a constant. First, we claim that y is a planar curve and a circle with radius
12 1 2 c ;
A/A/A* + c* and centered at W(y X y 4+ cy). In fact,

yxy=cyx(yxy)=cy,¥)y —{r.v)y) = —cy,
which means that y x y 4 cy is a constant since
d . .. .
3 WXy ey =y xy ey =0.
Moreover, the length of this vector is
ly x y +cyll = Va2 + 2.

Suppose A # 0, i.e., y is not a constant. Then

Cc . .
<y—m(y><y+cy),y><y+cy>=0-

Thus we have proved the claim.
Now by Lemma 2.2, we have that

X =a(ycos(f(s)+y xysin(f(s)),
and
Y =>b(ycos(f(s)+6)+y xysin(f(s)+6)),
where a, b, § are constants such that ¢ = abA? sin 6. A direct computation implies that

0=X+(X,p)y =a(=ysin(f) +y x ycos(f) (f +0),

and
0=Y+(Y,p)y =a(—ysin(f +0) +y x ycos(f +6)) (f +¢)

which implies that f = —cs + ¢o for some constant cg.
For every constant ¢ and two points p, ¢ € S?(1), one can check directly that there exists
a Dirac-geodesic (y, X, Y) with X" A ¥* = cwy, such that p, g € y if and only if

el o (5t 2)
32+ 2~ 2 ’
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dist(p,

1= ot (L),
2

In fact, embedding S? into R3. Suppose y centered at C and let Q be the midpoint of p and

g in R3, then

l0C| < 100].

This means .
el dist(p, )
Grra HEes\T )

[}

Remark 3.1 Notice that y is just the parametrization of a circle up to orientation-preserving
isometries and X, Y are two parallel vector fields along the curve y.

The inequality (3.3) is exactly the fact the distance between p and ¢ is less than the
diameter of the the circle y.

When the inequality (3.3) is strict, there exists only one shortest Dirac-geodesic (y, X, ¥)
connecting p, ¢ with speed A = ||| and X> A Y = cwy, . In the case of equality. there exist
exactly two shortest Dirac-geodesic (y, X, ¥) with speed A and X" A Y® = cw,, connecting
p, q unless ¢ = 0. Of course, there exist infinitely many shortest geodesics connecting the
north pole and the south pole.

Hence, if dist(p, g) < m, there always exist infinitely many constants A such that (3.3)
holds. In other words, there exists an infinite number of Dirac-geodesics (y, X, Y) with
X*AYP = cw,, such that y connects p, g. However, if dist(p, g) = m, then ¢ must be zero
and y must be a geodesic.

Next, for topological spheres S?, Schneider (c.f. [20]), and Rosenberg-Schneider (c.f.
[19]) proved the following existence theorems for closed magnetic geodesics (solutions of
Vyy = h(y)J,(y)) on S2.

Theorem A (c.f. [19,20])

(1) Let h be a positive smooth function on §?, and ¢ > 0 a constant. Suppose that one of the
following three assumptions is satisfied: (i) ¢ (27‘[ + (supk™) VOI(SZ)) < 4(inf h)injg,
(ii) k > 0 and c./supk < 2(inf h), (iii) supk < 4inf k. Then there exist at least two
simple closed magnetic geodesics y such that ||y| = c.

(2) Suppose that S? has positive Gauss curvature. There exists a constant € > 0 such that
for all smooth functions h : §> —> R satisfying 0 < h < ce for some constant c, there
are two embedded distinct simple closed magnetic geodesics y with ||y | = c.

We have the following

Theorem 3.4 Suppose the sphere S? has positive Gauss curvature k. Suppose one of the
following four assumptions is satisfied: (1) 7 < 2|c| (inf k)injg; (2) sup o/k < 2|c|inf k;
(B)supk < 4infk; (4) |c|k < &, where c is some constant and & > 0 is a suitable constant.
Then there are at least two simple closed unit-speed Dirac-geodesics (v, X, Y) such that
X°AY’ = cw, where w is the volume form of s2.

Proof of Theorem 3.4 1t is a direct consequence of the theorem mentioned above and
Lemma 3.1. In fact, in our case, # = ck and the speed is one. Hence, our conditions become
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(1) m <2]c|(infk)injg,

(2) /supk < 2]|c|infk,
(3) supk < 4inf,
(4) forsmalle > 0, |c|k < e&.

Hence there are at least two simple closed unit-speed curves y satisfying
Vpy = ck(y)Jy ().
For such a y, choose some point x € y. Choose two vectors Xo, Yy € T S with
Xo A Yo = con

Define X, Y to be the parallel vector fields along y with X(x) = Xo, Y(x) = Y. Then
according to our definition, (y, X, Y) is a Dirac-geodesic. Moreover, X bAYP = cwy. O

3.2 Dirac-geodesics on the hyperbolic plane

Let H? be the standard hyperbolic plane with constant curvature —1, that is, the upper half
plane
]HI2={(x,y)€R2:y>0},

with the metric 1
ds? = F (dx2 + dy2) .

Next we will derive the local representation of constant geodesic curvature curves in H2. Let

dx dy ad ad
wl=—, wm=-—", eg=y—, e=y_—.
y y ax ay
Then a direct computation implies that
dx
W) = —.
y

Let y(s) = (x(s), y(s)) be a curve in H? with geodesic curvature k,, then

. .0 .0 1 2
y=x—+y—=£e +&%e.

ax ay
In other words, . .
gl=2 2=
y y

Now according to the definition of geodesic curvature, we get
E = (8" — k@2 + €7) £
2= (8" e /EP + 676
Then (£1)2 + (£2)2 is a constant. Without loss of generality, (§ 2 4 (£2)2 = 1. Then

'i::l = (Sl _Kg) %‘27
§ =~ (5~ kp) 8.

Suppose now k, is a constant, then
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Ke

[1-2

(1) If &' = kg, then £2 = 0, i.e., either y = yo > 0 with kg, = £1 or x = y+C

with ’Kg’ < 1.
(2) If &' # kg, then from
d
S s =
& — kg y

)

we get that gl = kg +ay (a # 0). By the assumption (é§1)2 + (.532)2 = 1, we have
}'} 2
(kg + ay)2 + (;) =1.

dy

y,/l—(lcg—i-ay)z.

Setting k¢ + ay = sint, we know that

Therefore
ds =

dr
dS -
sint — kg
Hence . Ldv dr
£2 = Yo 2O cost.
y ydtds
Hence &' = sin¢. Then
1
X = ——cCcost + xg.
a

Thus,
Ko\2 1
=)+ (y+ ) ==
a a
As a consequence, we have

Theorem 3.5 In the hyperbolic plane HZ, there exists a contractible closed Dirac-geodesic
(v, X, Y) with speed one and X" N Y* = cwy, for a constant c if and only if |c| > 1.

Now suppose (M, g) is a hyperbolic surface with negative Gauss curvature «. Let B C R?
denote the open ball of radius 1 centered at 0 € R?. An immersion y € C' (3B, M) will
be called oriented Alexandrov embedded, if there exists an immersion F € C! (l_?, M), such
that F|3p = y and F is orientation preserving in the sense that for all x € d B there holds

(DF(x), Jy o) (¥ (x))) > 0.
Matthias Schneider proved

Theorem B (c.f. [21]) Let M be a closed oriented surface with negative Euler characteristic
x (M) and let h be a positive function. Assume that there exists a constant hg > 0 such that

h>+/hy and k > —hy.

Then for every positive constant ¢ € (0, 1), there exists an oriented Alexandrov embedded
closed magnetic geodesic and the number of such closed magnetic geodesics is at least
—x (M) provided they are all non-degenerate and ||y || = c.

As a direct consequence of Lemma 3.1 and the above theorem, one can get the following
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Theorem 3.6 Let (M, g) be a closed oriented surface with negative Euler characteristic
x (M) and negative Gauss curvature k. For every constant ¢ # 0 with

Vho

ho = k| = —,

where hg > 0 is some constant, there exist at least — x (M) non-degenerate and oriented
Alexandrov embedded closed unit speed Dirac-geodesics (y, X, Y) with X° A Y = cwy.

Proof Suppose (y, X, Y) is a Dirac-geodesic with unit speed and X” A ¥* = cwy, . Then
(7(s) = y(hs). X(s) + V/=1Y () = V/AX (5) + /=1v/2Y (Ls)) is a Dirac-geodesic with
speed A and X A Y = cAwy. Since

v ho

ho > |k| = —,
|c|

we have for 1 € (0, 1)

JVh
ho > li| = 22
lc| A

Then Theorem B tells us that there exist at least —y (M) non-degenerated and oriented
Alexandrov embedded closed magnetic curves with i = ck A. The rest of the proof is similar
to Theorem 3.4. O

4 The Dirac-geodesic heat flow on Riemannian manifolds

In this section, we will consider the Dirac-geodesic flow on Riemannian manifolds.
Fory :[0,1] x[0,T) — N and X (-, 1), Y (-, t) vector fields along the curve y (-, t), we
consider the following system

y A =it +QayP — Ry ()Y EYCXP, on(0,1) x (0, T),
XA+ Qixt =0, on (0, 1] x [0, T), (4.1)
YA+ QavE =o, on (0, 1] x [0, T),

satisfying the initial conditions

v(s,0) =0(s), s€(0,1),
v(©0,1) =x0, y(,1)=y0, t€l[0,7T), 42)
X(0, 1) = Xo, te[0,7),
Y(0,1) =Yy, t€[0,T),

where x¢ and yg are two fixed points, and Xo, Yo are two fixed vectors. We observe

Lemma 4.1 Suppose the image of y lies in N, then the Dirac-geodesic heat flow (1.3) is
equivalent to the system (4.1).

Lemma 4.2 Let (y, X, Y) be a solution of the system (4.1) with the initial conditions (4.2)

satisfying o C N' and xo, yo € N', and Xo € TyyN', Yo € Ty N'. If the image of y lies in
N, theny C N'and X, Y are vector fields of N’ along the curve y for every time0 <t < T.
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Proof Denote p(y) = m(y) — v, then a direct computation implies that
1o 9 2 . »
) (8t - 8?2) lo)I* = (,0 - P, P) — ol
= (v o) (~287C + REppyCYPXE) —xhc i Pi €. oA ()
2
||
Notice that if y C N’, then
(30 (~287C + REp7YPXE) = 777, 02 ().

Hence by using the mean value theorem, we get that

2 N 1ol = C ol

9r 952 Py = PN -

Thus, if o C N’ and x¢, yo € N’, then y must be in N’ according to the maximum principle.
On the other hand, if ¥ € N’, then

d /4 B A -CyB AyB A -ByC , A(_B _D B_D \ . EyC
E(”B(”X ):—nch X +vpX® = —mpcy" X~ +vp (JTDETL’C —ernCE)y X
A -ByC A _D_-EyC A_D ByC

= —npcyV X" +mppncy X" = —mpngey X
Moreover,
A B+ C A _D A_D \ +E. BvyF A_D “EyF
—Qpve X =(nDEnB —NDJTBE))/ vpX' = —mapmppy  XT.
Hence

d
— (vinx®) +eplx =o.

Therefore, if Xo € Ty, N’, then vg (y(O))XB(O) = 0 for all A and we get that ng = 0 for
all A. In other words, X is a vector field along the curve y. Similarly, Y is a vector field of
N’ along the curve y. ]

Now we can give the

Proof of Theorem 1.1 First, we shall use Lemmas 4.1 and 4.2 to obtain short time existence.
[m]

Claim A solution of the system (4.1) with the initial conditions (4.2) is equivalent to the
Sollowing system of differential equations for a curve y : (0, 1) x [0, T) —> RY given by

v =7t + Q7 = Rgep iy YexP
on (0, 1) x (0, T), satisfying the initial condition
Y (s,0) = o(s), s €(0,1),
y(0,t) =x0, y(,t)=yp, t €[0,T),
where X and Y are smooth vector-valued function of (Xo, v, y) and (Yo, v, y) determined

by

XA +QaxB =0, on(0,11x[0,7),
X(0,1) = Xo, 1€[0,7),
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and )
YA+ Q4YB =0, on(0,1]x0,7),
Y(0,1) = Yo, t€[0,7),

respectively.

Claim (Short time existence) A solution of the system (1.3) with the initial condition (1.4)
exists at least on some short time interval [0, ty) for some ty > 0 according to Lemmas 4.1
and 4.2. Moreover, the maximum time ty is characterized by the condition

sup |y (s, 1)|| = oo.
t<ty

Second, we shall derive a differential equation for the energy density. As a consequence,
the energy density grows at most exponentially, implying the long time existence.

Claim (long time existence) Define the energy density e(y) of y by

) 1””2
e = - s
Y 5 4

then

B oy < AT s R
(at_asZ)”— 2 e

Thus, a solution of (1.3) and (1.4) exists for all time.

Proof
3 97 . . 2 , o 2
(3 — 32) <) = (%7 = 5935 9) = %371 = (5 (' = %39) 7= |95

X° A Y| ?sup | R
= (R0t 177, 937~ [ < AT LRI

< 5 ).
Notice that at the boundary 9[0, 1] x [0, T),
de(y) . .. .
2 (Viv.7)=(y—RX.V)y.7)={y.y)=0.

Hence,

(||xD A Y| sup IR )
e(y) <exp 5 t Jsupe(o).

Finally, the uniqueness of this flow is obvious.
To prove Theorem 1.2, we need some preliminary lemmas.

Lemma 4.3 Let N" be a Riemannian manifold, (y, X, Y) be a global solution of (1.3) and
(1.4). Then the energy of y is a decreasing function of t, precisely,

dE(y) __/1 Iy
dr 0 v '
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Proof Notice that

1 1 1
/O (v’ R(X, Y)))):/O (RO, )X, Y)=/0 (V) VyX —V;V, X, Y)
1 1
= —/0 (VyV, X, Y)=—(V,X,Y) |§)+/0 (V) X, V;Y)=0.

As a consequence,

dE(y)

1 1 1
2= [w)= [ == [ 0w o)

1
[P [k == [P
0 0

Based on this lemma, we know that y is contained in some bounded subset of N. To see
this, for every s, s" € (0, 1), we have
!

) v 1/2
s 1/2 s 1/2
/ | < s — /| (/ 2 < ls— 5|2 QEGH
S N

<|s =" QE@).

[}

dist(y (s, 1), y(s', 1)) <

Hence, there exists a sequence y (-, ;) such that y (-, ;) absolutely converges to a C'/2 curve

inC%for0 <o < 1/2ast; - oo.
The kinetic energy density of y is defined by

1 2
k =—||y'||".
=117
Remark 4.1 If N is a surface, then there must be a constant ¢ such that

R(X,Y)y =R(XAY)y = —cM T, (7).

To see this, first we have X A Y = c(f)w™ (y) since X and Y are parallel vector fields along
the curve y. Second, at the fixed point x(, we know that c(#) does not change the value since
Xo and Yy are given.

Now we claim the following inequality

Lemma 4.4 Assume that N is a Riemann surface with negative Gauss curvature k, then for
any e € (0, 1),

9 0
( )k(y)<(20 [v¥v=[ +—)k(y> 201 -0 |vEe|

ot 0s2
Proof
a9’ 2
(at 32)"(7’)—( A AN YRS I

= (VV/ ()// - VVV) ’ yl> - ”y/“z + R()/, y/! )‘/’ )//)
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= (v RX AV V)= |7+ |9 Ay
= ((Vy RX AV +REX AN ) = 7+ 0 [y Ay
Suppose now «V < 0, then
3 02
(3 = 32 ) k0 = 216t [P V=] Iy Lv=x 17 a v/ | = ket 131 17
7P+ ly Ay
2 2,2
< (2 o]+ S5 )k - a e
Noting that
VK12 = (7, ') < 2|77 k),
namely,
21,
[vvkm| =3 1717
and substituting this into the above inequality, we get the desired conclusion. O

We recall the Poincaré’s inequality

1 1
2 2 12
x /0 T s/o 17

for smooth functions f with f(0) = f(1) = 0. Now we can give the

Proof of Theorem 1.2 Denote

ck?
P

2
C:ZCZ‘VN«/—KH +5

then we have
2
ds

\

d M o ! [ _
0> a/o e k(y)ds+2(1—8)/0 Ve C1/2k(y)

d 1 1
—/ e “k(y)ds +2(1 —8)712/ e “k(y)ds.
dr 0 0

d Q(1—e)m2=C)t !
— e k(y)ds) <0.
dr 0

2 || oN 2 2
2¢ HV V=K H + Y <2(1 —¢&)m
&

A%

Hence,

Therefore, if

forsome ¢ € (0, 1), then the kinetic energy of y decays exponentially. Obviously, |cx| < 27,
hence we can choose

el 0.1
&= — , D).
27

That is, if we make the assumption

2
2 ‘VN«/—KH + 7 |ck| <2,
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or equivalently the assumption (1.5), then

1 2 1
/ k(y)ds < e(ZCZHVN‘/:“ +2nICK\—2n2)t/ k(o)ds. 43)
0 0

Let h(x, y, t) be the Dirichlet heat kernel of [0, 1]. Applying the differential inequality of
k(y)
3 9? 5 lon 2
( 7) k(y) < (20 HV =K H +7 ICKI) k(y)

at  9s2

(3 92 ) (e,(2c2HVNHHZerCK\)tk(V)) <o

8r 052

we get that

—(2c2 ||VN~/—K H2+n|c1<\)l

For every t > 1, denote F(s,t) =e k(y(s,t +t — 1)), then

1
F(s, 1) 5/ h(s,x,1)F(x,0)dx
0
1
< / h(s,x, Dk(y(x,r —1))dx
0

1
< C/ k(y(x,t —1))dx. 4.4)
0
With Lemma 4.3, and (4.3) and (4.4), we have

2¢% ‘|VNJ?K‘|2+ZH\CK|—2HZ)I /
0

1
k(y(s,t —1) < o=l k(o)ds

2 1
< Ce(202|‘VNJ?K‘| +2ﬂ\c;«|—2ﬂ2)r/ k(o)ds.

- 0
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