Journal of Geometry and Physics 76 (2014) 66-78

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Gradient estimates and Liouville theorems for @CmsMark
Dirac-harmonic maps

Qun Chen?P, Jiirgen Jost™¢, Linlin Sun®P*

2School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China
b Max Planck Institute for Mathematics in the Sciences, Inselstr. 22, D-04103 Leipzig, Germany
¢ Department of Mathematics, Leipzig University, 04081 Leipzig, Germany

ARTICLE INFO ABSTRACT

Article history: In this paper, we derive gradient estimates for Dirac-harmonic maps from complete
Received 31 July 2012 Riemannian spin manifolds into regular balls in Riemannian manifolds. With these esti-
Received in revised form 11 May 2013 mates, we can prove Liouville theorems for Dirac-harmonic maps under curvature or en-

Accepted 17 October 2013

Available online 25 October 2013 ergy conditions.

© 2013 Elsevier B.V. All rights reserved.

MSC:
primary 58E20
secondary 53C27

Keywords:
Dirac-harmonic map
Liouville theorem
Gradient estimate
Noncompact manifolds

1. Introduction

Dirac-harmonic maps have been introduced in [1,2]. They couple a harmonic map type field with a spinor field [3].
This model originated in the supersymmetric o-model of quantum field theory, the only difference being that in the
supersymmetric o-model the (anticommuting) spinor fields take values in a Grassmannian algebra, making the model
supersymmetric, while in Dirac-harmonic maps, the spinors are commuting as in spin geometry, keeping the model within
the category of the geometric calculus of variations.

Let us recall the terminology and setting for Dirac-harmonic maps. Let (M™, g) be a Riemannian spin manifold of
dimension m > 2 with a fixed spin structure, and XM the spinor bundle over M, on which we chose a Hermitian metric
(-, -). The Levi-Civita connection V on XM is compatible with (-, -). Let (N", h) be a Riemannian manifold of dimension
n, ® a map from M to N, and @ ~'TN the pull-back bundle of TN by ®. On the twisted bundle ¥M ® ®~!TN there is a
metric (still denoted by (-, -)) induced from the metrics on XM and & ~'TN. There is also a connection, still denoted by V,
on XM ® &~ TN naturally induced from those on XM and &~ 'TN.

Locally, we can write a cross-section ¥ of XM ® @ ~!TN as ¥ = r* ®6,, where {1/*} are local cross-sections of XM, {6,}
are local cross-sections of @ ~!TN. Here and in the sequel, we use the usual summation convention.

The Dirac operator along the map @ is defined as

pl]/ =€ - Ve].lp
= Y ® 6y + ¥ @ Veba,
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where {e;} is a local orthonormal basis on M, ¢ := e; - V,, is the usual Dirac operator on M and “X-” stands for the Clifford

multiplication by the vector field X on M.
Consider the functional

1 2
Lo, ¥)= 3 (ld@ | + (¥, pw)).
M
The critical points (@, ¥) satisfy the Euler-Lagrange equations for L(®, ¥) are (cf. [1])

1 o B\ pN
() = 50# s € - YPIRY (Ox, Op) P (e1),
p¥ =0,

(1.1)

where RY (X, Y) := [V}, V§'] — V§ y;. VX, Y € I'(TN) stands for the curvature operator of N, and 7 (®) = (V;*M‘@WITN
d®)(e;) is the tension field of @. Therefore, solutions of (1.1) are called Dirac-harmonic maps from M to N.

Dirac-harmonic maps have been investigated under various aspects, see the recent article [4] and the references therein.
In [4], a maximum principle of Jager-Kaul type [5] was established for Dirac-harmonic maps from compact Riemannian
spin manifolds with mean convex boundaries and positive scalar curvatures into certain geodesic balls of the target
manifolds, based on which a general existence and uniqueness theorem for boundary value problems was proved through
the continuity method. Most recently, the space of Dirac-harmonic maps was analyzed by B. Ammann and N. Ginoux in [6]
by using tools from index theory, and the existence of uncoupled solutions (i.e., & is a harmonic map) was proved.

Most of the previous works deal with Dirac-harmonic maps from compact manifolds. It is the main aim of the present
paper to derive properties of Dirac-harmonic maps on complete noncompact manifolds M.

In the classical works of S.T. Yau [7] and others on harmonic functions on noncompact manifolds, the gradient estimate
method plays a key role. On one hand, these estimates may directly give rise to Liouville type results; on the other hand,
they may also lead to fundamental analytic properties such as Harnack inequalities, and furthermore, they are very useful for
establishing existence results. This method has been extended to the case of harmonic maps. In [8], S.Y. Cheng established
gradient estimates and derived the Liouville theorem for harmonic maps from a noncompact manifold M into a nonpositively
curved manifold N. In [9] H.L. Choi proved a similar result for harmonic maps into a regular ball, namely, a geodesic ball By, (R)
with radius R that lies within the cut locus of its center yo € N and satisfies R < 7 /2+/Ky, where the sectional curvature
of N is bounded above by Ky > 0. The gradient estimates turn out to be a powerful tool for proving existence results of
harmonic maps and their heat flows on noncompact manifolds. For example, in [10], ].Y. Li used it to improve the result of
P.Li and L.F. Tam [11] with a different method.

In this paper, we will first derive a gradient estimate for Dirac-harmonic maps from complete Riemannian spin manifolds
into regular balls in the target manifolds, which generalizes the result for harmonic maps in [9]. As an application, we then
prove a Liouville theorem for Dirac-harmonic maps under curvature conditions. We also obtain Liouville theorems under
energy conditions.

When the target has nonpositive curvature, the size of the target ball is arbitrary (topological issues can be avoided by
lifting to universal covers). In the presence of positive target curvature, however, we know since [12] that a restriction on
the radius of the target ball is needed in order to obtain estimates. The optimal size of such a ball corresponds to an open
hemisphere in the case of the standard sphere, as shown in [12]. Remarkably, we can achieve the same optimal condition
on the radius R < 7 /24/Ky as in [9] for Dirac-harmonic maps as in the original work for harmonic maps.

We can now state our gradient estimate.

Theorem 1 (Gradient Estimate). Suppose the Ricci curvature of M satisfies Ricy; > —« for some nonnegative constant «, the
sectional curvature secy and the curvature tensor RV of N satisfy —b, < secy < by and ”VRN H < bs respectively, where b; are
constants with b, > b; > 0, by > 0. Denote

b = b; + b5 + b;.

If (@, W) is Dirac-harmonic and @ : M™ — B, (R) C N", R < 7 /(2+/b1), then, for any x, € M and any positive constant a,
we have

C(m, n) 1+ /ka b 5
sup [|do| < +. [ sup ¥l ), (1.2)
By (a/2) Vb1 cos?(v/biR) a b1 B (@

where C(m, n) > 0is a constant depending only on the dimensions m and n.

Remark 1. Under the hypothesis of Theorem 1, if @ is a harmonic map and we choose ¥ = 0, then in fact we can obtain
the following global estimate for d®:

min {m, n}«

sup |[d?|| < ————.
WP ldel = s (VBiR)
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As the upper bound in our estimate is given by an explicit expression in terms of the geometric quantities involved such
as the bounds on the curvatures of M and N or the radius of the regular ball, it becomes clear that and how these geometric
quantities control the behavior of the map.

We can then apply this gradient estimate to obtain a Liouville type theorem for Dirac-harmonic maps.

Theorem 2 (Liouville Theorem). Assume that M is complete with nonnegative Ricci curvature and the scalar curvature is bounded
below by a positive constant ¢, suppose the sectional curvature secy and curvature tensor RN of N satisfy —b, < secy < b; and
||VRN || < bs respectively, where b; are constants with b, > by > 0, b3 > 0. Then there is a constant § > 0 such that for any

Dirac-harmonic (@, ¥) satisfying @ (M) C By;(R) C N, R < 7 /(2+/by) and ||¥|| < §, we have @ = constant and ¥ = 0.

Remark 2. (1) The constant § can be chosen as
5— C(m, n)(b3e)"/* cos(v/b1R)
Vb ’
for some suitable constant C(m, n) > 0, where b = b3 + b3 + b3.
(2) The condition on the positive lower bound for the scalar curvature of M cannot be removed. For instance, there are

Dirac-harmonic maps (®g, ¥) : R™ — N, with @, constant maps and the components of ¥ nontrivial harmonic
spinors, namely, Jy* =0, =1,...,n.

When the domain manifold M is compact, H.C. Sealey studied harmonic maps with small energy in [13], and derived
some Liouville theorems for such harmonic maps. For Dirac-harmonic maps, we also have the following Liouville theorem
which includes the result of Sealey by letting ¥ = 0.

Theorem 3 (Liouville Theorem). Let M be a compact spin manifold. Suppose Ricy; > a for some positive constant a, and —b, <
secy < by for some positive constants by, b, such that b, > by. Let (©, ¥) be a Dirac-harmonic map such that maxrank @ < q.
If for some § > 0,

m—14+34
4(m + 9§)

and the equality is not valid at least at one point, then & must be constant and ¥ = 0.
In particular, if

q—1

by ld®||* + (n—1)gb3 |¥]* <a, (1.3)

min {m, n}
4
then @ must be constant and ¥ = 0.

by ld® > + (n— Db I¥]* <aq, (1.4)

For complete noncompact manifolds M, we can prove the following Liouville theorem for Dirac-harmonic maps under
an energy hypothesis, which extends a result of R. Schoen and S.T. Yau in [14].

Theorem 4 (Liouville Theorem). Let M be a complete noncompact spin manifold. Suppose the Ricci curvature of M is bounded
below by a nonnegative function a, the sectional curvature of N is bounded above by a nonnegative function b; and bounded
below by a nonpositive function —b,, b, > by. Let (&, ¥) be a Dirac-harmonic map such that maxrank @ < gq. If for some
constant § € (0, 1),

q—1 146
——b; [do|* + (n—1)*qb3 |¥|* < a, (1.5)
q 44
and
/ 14 |2 + 9] < oo, (16)
M

then @ must be constant and ¥ = 0.

The paper is organized as follows: in Section 2, we establish basic estimates for Dirac-harmonic maps including
Kato-Yau inequalities and give the proof of Theorem 1. In Section 3 we prove Liouville theorems for Dirac-harmonic maps,
Theorems 2-4.

2. Gradient estimates for Dirac-harmonic maps

2.1. Preliminaries

We first recall the following Weitzenbdck formula [15].
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Proposition 1. For a smoothmap @ : M — N,
1 . .
74 ld@ 1> — div((z(®), D.(en))er) = [VAP|* — ([T (D)) + (P (Ric" (e)), Pw(er))

—RY(D.(e)), Du(e)), Duler), Du(e)), (2.1)
where {e;} is a local orthonormal frameon M. O
It follows from (2.1) that
1 .
SAIPI® = VAP + (Ve w(0), P.(e) + (@.(Ric" (@), . (e) — RN (Pu(e), Pule)), Pule), Puley).  (22)
By direct computations, one has the following.
Lemma 1. If (&, ¥) is Dirac-harmonic, then
1
(Ve t(®), Pu(e)) = =2 (W& ¥ © (Vo ) R ) (@s(e1). D1(6))u)
1
+ 5(‘1’, e - Y* @ RV (P (e)). (Ve,dD)(e)))0s)
— (V. e - Y @RV (Du(e), Pi(€)))bs). O (2.3)

It is then easy to derive the following estimates:

1 -
lz(@)l < 3 (n—1)y/min{m, n} |[RY| & |? ld®]|, (24)
and
1 .
(Ve (@), @ule)| < 5 (n— 1) (min {m,n} — 1) [VRY[ & de|)”
1 -
+5(n— 1) y/min {m, n} [RY| [@|* [d®| [Vd®|
+ (min {m, n} — 1) /n |RY]| @ V¥l [d®|?. (2.5)
In fact, firstly choose {e;} such that (®.(e;), . (ej)) = Aféij where Ay > Ay > -+ > Ay > 0 = Agy1 = -+ = An
Secondly, choose 6, be a local orthonormal frame on N along the map @, such that &, (e;) = A;6; fori = 1,2,...,q, then
lw)? = D I |1%. By the definition of Dirac-harmonic map (1.1), one can get that
1
Ir@)ll = 5 > (0 e Y*)R" B, ) s (er)
i,a,B
<51 2 Wyl IR
O<i<q,a#p

IA

1 o
Sa =D [R*[ de] Z Al

1
= 5 (n—1)ymin{m, n} IRY[| e 1? nde .

Similarly, one can get estimate (2.5).
In order to estimate || Vd®||? and || V¥ ||?, we need to establish some Kato-Yau inequalities. We first recall that for any
Riemannian vector bundle E and any cross-section ¥ of E,

VeI = IV, (2:6)

provided that & # 0. We can prove the following Kato-Yau inequalities for Dirac-harmonic maps which generalize both
the result for harmonic maps in [14] and the result for harmonic spinors in [16].

A

Proposition 2 (Kato-Yau Inequalities). Let E be any Dirac bundle on M with dimension m. Then for any cross-section ¥ € I" (E)
and 6 > 0, we have

1
Ive|? > (1 + (NAEA NG 3 Ipwi?, (2.7)

m—l—l—rS)
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provided that & # 0. More generally, for any € > 1/m, we have
1—
m —

provided ¥ # 0.
In particular, when (@, ¥) is a Dirac-harmonic map, we have

Ive|? =

€ 1—1/¢
||W||2+<1+ / )nvnwn 2, (2.8)
1 m-—1

1 . 2
[Vde|* > <1 + IV lIde]l ||* — yH (n — 1)? min {m, n} |[RY|" |&|* [do|®, (2.9)

1
m—14+9§

and

1
IVe|?* > (1 + —) IV I, (2.10)
m-—1

provided d® # 0and ¥ # 0.
Proof. If V ||¥| = 0, (2.7) is obvious and (2.8) holds since

1
IV = —lipwl?,
m

and € > 1/m. Now suppose that ¥ = 0and V ||¥ || # 0 at the considered point. Then we can choose an orthonormal frame
{e;} such that at the considered point

er = VI~V vl
and

IVII = Ve, 1¥1] < || Ve, ¥ |-

Note that the Cauchy-Schwarz inequality implies that for it follows from every positive number ¢, the flowing inequality
1
2ab < ed® + ~b?
€

holds for all real numbers a, b. Hence, for any € > 1/m > 0, at the considered point, applying this Cauchy-Schwarz
inequality and the well-known triangle inequality, one gets that

2
Ive|?

1 1
— Pl + Z Hvejw + e P¥
J

2

1
€ - Ve].lll — EWI/

1 1 2

— | PE I+ e Ve, o — —p¥| +
m m j>1
2

A%

1 , 1 1 1
—|P¥II* + |le1 - Ve, ¥ — —P¥ | + > e Vgw — —pw
m m m

j>1

2

1 5 1 1 1
> — PP+ e Ve — —p¥| +—— | (¢ V¥ — —pw
m m m—1 = m
1 5 1 2 1 |1 2
= —Ip¥I°+ |e1 Ve ¥ — —P¥| +—— || -P¥ —er- V¥
m m m—1|m
2
1 5 1
= —[I1p¥I” + 1 Ve, W — —Pw
m m— m
1 ) m 2 2
= —— IPVIP + —— |V, ¥ | — ——R(DP¥. e - Vo, ¥)
m—1 m—1 m—1
1—¢ 1—-1/€ 2
> 1w+ ( 1+ [ Ve, ¥ |
m—1 m—1

%

1—¢€ 1—-1/€
7||12)‘1’||2+<1+ )IIVII‘I’II I,

m—1 m—1
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where the first inequality follows by the mean value inequality. Choose € > 1 > 1/m such that
m—1

§= —,
e—1

then
IVe]® > H-il IV ¥l ||2—1||13‘1’I|2
- m—1+456 8 '

Now we consider d® as a cross-section of the Dirac bundle /A" T*M ® @ ~'TN. The Clifford multiplication is defined by
X- (na®Ea) th/\ﬂ‘)‘@Ea _ana®Eou

and the associated Dirac operator P is defined by p = D + D*, where D = 5’ A V., and D* is the dual of D. In particular,
pd® = D*d® = —t(®). Thus, when (@, ¥) is a Dirac-harmonic map, it follows from (2.4) and (2.7) that

1+ ! IV do]l II? 1|| (@)
_— —— |z
m—149§ 1)

1 1
(1 + m—1+8) IV I I* = 2= (n = 1)* min {m, n} R I 11 I1de 2 (2.11)

Ivde|?

v

%

provided d® # 0and ¥ # 0. (2.10) follows from (2.7) by using the Dirac-harmonicity and letting§ — 0. O

Remark 3. One can prove (2.9) directly. Indeed, let d® = ¢>l‘?‘ni ® 6, where {ni} is the dual of {e;}, and choose e; as in the
proof of Proposition 2, then for any € > 0,

IVde|? =) (¢5)* = Z«pn)z +2) @7+ D @)’

a,ij a,j>1 a,j>1
> Z(asu)z +2) (¢%)? +— Z (Z ¢,,>
a,j>1 o j>1
= Z(aﬁn) +2 Z«pu) +—— Z (@) — ¢3,)’
a,j>1

v

SN 4 r@) ) — —— g2 (@)
m—14= u m—1 m—1"1

/f) PRCIR
o

Choosing € > 1suchthaté = (m — 1)/(e — 1) > 0 and noting that Za](q& )2 > |V |d®]| ||?, we deduce that

\

1—¢
> ||T(<P)||2+(1+
m—1

Ivde|?* = (1 + ) IV llde | 1I* — 3 IIT(<P)||2:

m—1+36

consequently, (2.9) follows.
2.2. Gradient estimates
Now we consider the gradient estimates for Dirac-harmonic maps. By using (2.2) and (2.5), one gets that

1
i Id@ | = [IVd@|* — bsC(m, n) [ D> — boC(m, n) || |d®]| VAP ||

—byC(m, ) [ V] ld@|? -« |d®|* — (1 - B) lde|*

for some constant C(m, n) > 0 depending only on m and n. Applying the Cauchy-Schwarz inequality, one gets that, for any
81 >0,

1 do|?> > (1-6)|Vd 2—béc 4 do|?
2AII D% > ( D IVde| 5 (m,n) ¥ |[do ]|
1

b% 4 2 b]
—be(m,n)Zp(pﬁLl) ™ lide|” —
1

——— |do|*
2pp+1)
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- b—zam, n2p(p+ D) ¥)* VE)? -
1

1 4 2 1 4
o+ 1) [d® )" -« [dD |7 — by <1 - E) [de|l
> (1-6) |Vdo|? - (b§+b§

C(m,n) |¥|?* ||d®|?
5 b]> (m,n) |¥]* ldo||

2

1
— 2Cm,n) |¥|* IV¥]® =k [[d® | — <1 - 7> by do||*,
by p+1
for some C(m, n) > 0.Let § = 1 and choose §; such that

1 1
1-$6 14— =1
( 1)(+m—1+6> +

m—1+28’

1

§1= ——,
YT m+1)?

then according to the Kato-Yau inequality for the map (2.9) when § = 1, one gets that

1 1 m? + 2m
—Aldo|? = (1+ —— ) IVIde]| > = ———=—n — 1)?>min{m, n} b2 ||[@||* ||d®|>
5 lde|] _< +m+1)ll de|l || 4(m+1)2( ) {m, n} by [[¥]" [|d® ||

bZ
- (bﬁ + 133) Cm,n) [¥|* |do|?
1

2

1
—2C(m,n) |@|? V¥ |? -« [d®|* — <1 - 7) by [[de|*
bl p+1

1 b?
> 14+ —— ) |VIde| > = [ b2+ =2 ) Cm, n) |¥]? ||do|?
_<+m+1)ll de|l || <2+b] (m,n) |¥[* ldo]|
2

2 2 2 2 1 4
—=C(m,n) |¥]° IV¥|* =« [do]* = (1 — —— ) b1 [[dD]". (2.12)
b] p+ 1

Since (@, ¥) is Dirac-harmonic, by the Weitzenbdck formula (3.10) in [2] and the Kato-Yau inequality (2.10), we have
1 2
SAIEIE = wI> AP + [V w17

2 Sm
> 2| |? IV )? + ”V ||‘1’||2” + > Iw(*— (- — Db |¥|* |do|?

1 2 m
> WP IVElP+ 1+ —— ) |V I¥IP]|" = S« 1w]* = b5C(m, n) & )|* [[de|*. (2.13)
m+1 2
Now we fix the constant

Co :=C(mm, n)

in the above two inequalities (2.12) and (2.13), and set

~ . /Gb 2 . /Gob ,_\/ 2 ~_\/ 2 2 4
e= "2 IvI",  Gi=27E e=y/ldolT+e=/ld|" + TV
We have the following.

Lemma 2. Suppose Ricy > —«, —b, < secy < by and || VR"|| < b3, where b, > by > 0. Denote

b3 + b4 + b?
by ::¥ and
1

p = min {m, n} > maxrankd®. Then we have the following inequality
1 |Vel?

m 4 1 )
Ae > —— — —ke—C(m,nmbo |[¥|"e—|1——— by ||dP?| e,
m+1 e 2 p+1

(2.14)
where C(m, n) > 0is a constant depending only on m and n.
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Proof. Denote u := m%r] then by (2.12) and (2.13), we have

b3 + b3
b

1 - m
280 = (14w (IV a7 + | ve]?) — Dce? - (bg N

1
- (1 - 7) by [ld@|*.
p+1

)C(m, n) |@* lde |

Independently,
ve|? S
Vel = | 4ez|| =e*(|do| V |do| +eVe)2
<e?’ (I|c1<1>||2 IV de| |I* + & HVéHZ +2|do]| IV Ide] e HV«?H)
<e? (Ildcbll2 IV de| |I* + & ||V€’H2 + [[do|? HVT?HZ + IV [de] |I? éz)
= IV Id@ |l > + || ve|®.
Therefore,
Ae > M||Ve||2 e — cm, myb 1w e — (1 L by |d®|?e. O
= 2 ’ p+1 '

Denote by B : N —> R™ a function which will be defined later, and denote f = e/(B o ®). For any point xo € M, we
define a function on B, (Xg) by
e

F:(a2—r2)f:(a2—r2)80(p,

where r(x) = dist(xo, X). It is easy to see that if e # 0, then F must achieve its maximum at some interior point x*. We may
assume that r is twice differentiable near x* (cf. [17]). By the maximum principle, we have

VF(x*) =0, (2.16)
AF(x*) < 0. (2.17)
We recall the Laplace Comparison Theorem [ 18], for some constant C(m) > 0 depending only on m,
Ar? < c(m)(1 + k1), (2.18)
where the constant C(m) can be chosen as 2m.

(2.15)

Lemma 3. Set

m C(m)(1 + /kr) 8r2

A= 2 az —r2 (az_rz)z’

then at the point x*, we have the following estimate

1 |[VBo®)|> ABo®) _ g IVBo D)

r
m+1 (Bo®)? Bo @ (@2 —r1r%)Bo @
1
- (1 - ) by 4@ > — A — C(m. mbo ¥ [}* <. (2.19)
p+1

Proof. We first have
Ve eV(Bo @)

Vf = - ,
! Bo® (Bo ®)2

and

Af = Ae fABo®) 2(V(Bo ®), Vf)
" Bo® Bo® Bo® '
By using (2.14) and setting u = 1/(m + 1), we get
| Vell®

m 1
A > p—— — —kf —Cm, b |¥|*f — (1= —— | by |[d@ | f —
f_MeBod) 2Kf (m,mb ¥ " f ( p+]> 11d@ " f

fABo®) 2(V(Bo®), Vf)
Bo®d Bo® '

(2.20)
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We also have that

2(V(Bo ®),Vf) (V(Bo @), Vf) (V(Bo @), Vf)
——5.e = - —2pu
o® Bo @ Bo ®
. (V(Bo @), Vf) (V(Bo @), Ve) FIVBo®)|?
=T T T G gy 2 B 32
(V(Bo @), Vf) [Vel> — fIV(Bo®)|?
= e T T o TR Boay
Therefore,
Af (V(Bo ®), Vf) IVBo®)|>  A@Bo®)

G e K Bo )2 Bod

- ﬁ) by [ld® .

At the point x*, since F achieves its maximum, as a consequence VF(x*) = 0 and AF(x*) < 0. By the definition of F, one
has that

vr? Vf
a? —r2 f ’

- %x — C(m, mybo @ ]* — (1

and
Ar? +Af 2(Vr?, Vf)
@—r>  f  f@-r) "
It follows that
2 2| vr2|?
o A 2w

f a?-r? (a? — rz)z -

0.

Using ” vr? H = 2r and (2.18), we then have

0> Af  Cm)(1 + Jkr) 8r2
- a? —r? (az_rz)2
(VBo®),Vf)  [V(Bo®)|> ABo®)
> —(2-2p) M  —
fBo@ (Bo @) Bo ®
m C(m)(1 + /kr) 8r?
——K—C(m,n)bonwn“—(1——)171 laoy? — SMAF VN .
2 p+1 as—r (az—rZ)
However,
V(Bo®),V VBo®),V
VBV o, (VB0 ®), V)
fBo® (@2 —-r1r%)Bo @
s -2z VB
- H (@ —12)Bod’
and we conclude that
VBo®)|>? ABod V(Bo® 1
IVBo®)I* _ABod) , [VBo®)| [, by (4O — A — Cam, b [1* < 0. O
(Bo @)2 Bo® (@ —r?)Bo @ p+1

Now we are in the position to give the following.
Proof of Theorem 1. We use the key Lemma 3 to prove this theorem. Choose

B(y) = v/b; cos(v/b1p(y)).

where p is the distance function from the fixed point yo on N. Since ¢ (M) C By, (R), one gets that Bo @ > 0. From the
Hessian Comparison Theorem [18] and ||V p|| = 1 we have

HessB < —b?/z cos(\/a,o), (2.21)
IVBI| = by sin(y/byp). (2.22)
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It then follows that
IVBo®)| < (VB)o@| [[d®|| = bysin(y/'bip o ®) [do]|,

and
A(Bo @) < (HessB) o @ |[d®|? + |[(VB) o ®|| |7(®)]
< —bY? cos(y/bip o ®) [dD|> + b1b,C(m, n) || ||d |
1 1
< _p? bipod®)||dP|?+ —— bBo® ||dP|* + —— 12C(m, n)b,b2 | ¥ 4.
= —b" cos(vbip 0 @) 1P| + oo sbiBo @ 4O + 2o (p 4+ DC(m. mbib} V]

Inserting this into (2.19), we have at x*,

bl ) 4Tb1 4
ldo|* — —5——F—=—= do|| <A+ ——=C(m,mb |¥]",
p+2 (@2 —r2)Bo @ (Bo @)?
where b := b1by = b3 + b3 + b3. In other words,
b1 5 4rb1 4
e’ — e<A+——C(m,n)b||¥|"*.
5128 T @ Eest ST GogptmmbIvi
Therefore,
bi(Bo®)* , " 1 4\ 2 2\2
pTF (x*) — 4rbsF(x*) < A—i—WC(m, mb |l |*) (a* —r*)°". (2.23)

For the RHS of the above inequality, we have the following estimate:

(@—r) (A + mam, mb ||wu4> < ((gx + ﬁam, mb ||wn“) @ + C(m)(1 + via) + s)

2
C(m,n)by , b 2
< Wa (1+\/Ea+ /b—]nwu al .

It is elementary that if Ax> — Bx — C < 0 with A, B, C all positive, then

- B N C
X< - —.
—A A
From this and (2.23) we conclude that
C(m,n)a b
Fx) < ————— 1+ ka+ [ — sup |¥|?a], (2.24)
by cos?(+/b1R) ( b1 By @

from which (1.2) follows. This proves Theorem 1. O

3. Liouville theorems for Dirac-harmonic maps

Using the gradient estimate for Dirac-harmonic maps, we can prove the Liouville property for Dirac-harmonic maps,
Theorem 2.
Proof of Theorem 2. Since (&, ¥) is Dirac harmonic, we can get from the Weitzenbdck formula that

€ 1
Al = (4 —3 (min {m, n} — 1) (n — 1)b3 ||d<1>||2> (4P
It is obvious that this theorem is valid if M is compact. Now, we suppose M is noncompact. Suppose |¥ || < §, then according

to Theorem 1,

ldo < S0 WVHE
~ bycos?(v/biR)

Thus,
€ C(m, n)b?
All] = ( - f(ﬁ Il
4 bjcost(+/biR)

for some constant C(m, n) > 0 depending only on m, n.
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If one chooses § such that
€ C(m, n)b? 5=

4 b3 cos*(y/biR)
then ||¥ || is a bounded subharmonic function on M.

)

1
Now we prove that ¥ = 0. For every positive number c, let u = (||¥|| + ¢)™ 2, then

1 _3 1
Au=—- (¥l +0) 2 Al +30¥]+0)2 IVull?

< AN +O73 I+ 30wl +0)2 [Val?. (33)
Since the Ricci curvature of M is nonnegative, the Omori-Yau maximum principle holds [17,7], that is, for every n > 0, there
exists a point p € M such that at p,
u < infu + n, IVul|l < n, Au > —1.
It follows from (3.3) and ||¥|| < § that

C 1 1
30 ¥l <n (inf(IIWII +c) 2 +4n) (¥l +0)* <n (372 +477) 6 +0?

Let n — 0, we obtain
sup |¥|| = 0.
Hence, d® = 0 since (1.2), and ¢ must be constant. O

Proof of Theorem 3. Choose a local orthonormal frame field {e;} such that ®*g" is a diagonal matrix at the considered
point, i.e. (®.(e;), P.(ej)) = A;d;. Let g be the rank of @ at the point, we may suppose thatA; > A, > --- > Ay > Oand
q < q.By using Newton’s inequality, we have

RV (@, (), Pu(e)), Dule), Pule))) < 2b1 Y AN

1<i<j<q’

, 2
7 N\ 2 q /
-1 -1
< (3)(%) (Zk?) = bilde ) < T b jdelt,
i q q

i=1

Applying the Kato-Yau inequality (2.8), i.e., choose ¢ = (6 + 1)/(m + &) > 1/m, we have
1
+46

)
Ivde|?* > P IV lide ]l 11> + - lz(@))1?.

Then according to (2.1), we obtain

lA [d@|” — div((T (@), P.(e)))er) > 2 IV o]l I — m-1+9 Iz (@)II”> +ald®|* — - 1b do|*
P s b i) — 1‘F8 n1+—8 1 .
On the other hand, we have the following estimate
1
lr@)l = = | > W e YPIRN (O, 0p) Do ()
a£p.i
1 P g
o
< Sba ) WO |[WP] 101105 D
a#p i=1
1
= Sh (=D ¥ Vald]. (34)
Hence, if for some § > 0 such that (1.3) holds, then
1 . 8
—A|d|? — div((t(®), D.(e))e) = —— [V [|d@| [I* + [|d |
2 1+6
qg—1 m—1+96
X (a— by |d@|]> — ———— (n— 1)*qb3 [|¥]*
q 4(m +6)
8
—— VIde®| |*.

1446
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The above inequality implies ||d®| is constant, and consequently d® = 0. So, @ is constant and ¥ is a harmonic spinor. It
is obvious that the scalar curvature of M Sy, > ma. Thus,

2 1 2 Mma 2
Al 2551\/1 ¥l 27||‘1’|| )

which implies ¥ = 0 since M is compact. O
Now we give the following.

Proof of Theorem 4. We first show that @ must be constant. Firstly, we have the following Kato inequality:
[Vd@|?* = |V [d@] |I*. (3.5)
Forany e > 0, we letu = +/||d®||? + €, then (2.1) and (3.5) imply that

uAu — div({(t (®), D.(e;))e;)

1 - .
54 Id@ |2 — (I [? +€) " [ | [V [[de || |2 - div((z(®). D.(e)er)

A%

e (Id@ |2 +€) " IV IId® | 17 — (@) + (B, (Ric" (1)), ®.(e))
— RV (. (e), D.(e)), Diler), Pi(e)))
— It (@)]* + (P, (Ric (&), Pi(e)) — RV (Du(er), Dule)), Puler), Duley)).  (3.6)

v

Secondly, for any smooth function with compact support 1, we have
div(n?uVu) = n*uAu + 2nu(Vn, Vu) + n? | Vu|?.

By integrating on M, we have

f n*ulu — *div((t (@), P.(e))e) = —2 / nu(Vn, Vu) — / n? | Vul|® + 2 / n{T(®), ®.(Vn)). (37)
M M M M

Fix xo € M, and choose 7 such that

1, X € Br(Xp);
ne) = [0, X ¢ Bay(x0).

and0 <n <1, ||Vnl|l < C/R, where C is a positive constant. We have the following estimate

1
2 2
—2/ (v, w)—/ P2 [Vul? < 2(/ > ||Vu||2) (/ i ||Vn||2)
M M Bar(x0)\Bg(x0) Bogr(x0)\Bgr(x0)

—/ > ||Vu||2—f P 1Vul?, (38)
Bor(X0)\Br(x0) Br(xo)
and forany § € (0, 1),
1
2/ N (@), (V) < —/ > ||r(q>)||2+8/ 2 [Vl (3.9)
M Bar(X0) Bor(X0)\Br(x0)

From (3.6)-(3.9), we have

1 1
2 2
2(/ nzuwnz) (/ u2||Vn||2) — (-9 n2||Vu||2—f 72 [ Vul?
Bor(X0)\Br(xg) Bar(x0)\Bg (x0) Bor(x0)\BRr(x0) Bgr(x0)

> —<1+1>/ o ||r<¢>>||2+/ P2 (@, (R (€)), @, (e))
Bar(xo

8 Bar(x0)
- / °RY (D (e1), Di(e)), Diler), Pile))). (3.10)
Bar(x0)
Independently, for § > 0in (1.5), we have
1 .
- <1 + 5) I7(@)]1? + (. (Ric" (€))), P.(e) — R (Pu(er), Pule)), Puler), Du(e)))

146
46

q—1

> ||do]? (a— by [lde|* — (n — 1)* qb3 ||W||4) > 0.
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Thus,

2 2
2([ n2||Vu||2) (/ u2||Vn||2) — -4 nznwnz—/ P [Vul2 = 0.
Bagr(x0)\BRr(x0) Bog (X0)\Br(x0) Bor(x)\Br(x0) Br(x0)

This inequality implies

CZ
a-o [ vups [ v [ (3.11)
Br(xo) Bar (x0)\Br(x0) R Br(x0)
Lete goto 0,
CZ
(1-9) IVide| | < 7/ de|*.
BRr(xo) R Br(xo)

Since f w 1[d® |I> < oo, consequently, letting R go to infinity, we get that

/ IV lde | < 0.
M

Thus, ||d® || must be constant. Since fM ld®||*> < oo, and any complete noncompact manifold with nonnegative Ricci
curvature has infinite volume [19], & must be constant.
Next, we show that ¥ = 0. Since @ is constant, according to the Weitzenbdck formula in [2],

lsz—Wﬂ 1s w|?>0
3 =l ||+4M|| I =0.

Then ||¥ || must be constant since there is no nonconstant nonnegative L?> subharmonic function on any complete manifold
M [19]. Thus & = Ossince f,, [¥||* < oo and M has infinite volume. O
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